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ou gp= g 00 (1.3} devient (1.7}, respectivement (110} of les caleuls nlii-
ricurs de méme gue les résultats différent du cas des varicteés 1, (4. 3).

Voict I'explication d'avoir repris. presque chaque fois Papplication de
Falgorithme de la méthode du repere mot ile.
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SOME PROPERTIES OF »#-CYCLIC INTERACTIVE LANGUAGE
BY

T. JUCAN

In |1 the notions of interactive system of grammars, interactive
langnage, s-cvelic interactive syvstem and si-cyelic interactive language,
are introduced. Some properties of interactive language are also given.

In the present paper same properties of n-cvelic interactive languages
are studied.

Definition 1. (scc |1, also [21, 43--50). 1 phrase-structure srammar
ts a fuple G (1, 17y, P, S), where

1} Va 15 a findte set of nontcrminal svinbols ;
2) Vy @s a findte set of termanal symbols ;
k)| P as w findte set of productions ;
4) S is a start symbel in Ty,

Let Py=={p,. s ok e a set of labels for the productions in 12, dis-
tinet productions in f” have distinet labels,

Lot

» e LI Py

figh {
S=ty-= u—= upt= . —= .., m20

be @ left-most derivation.

The word e=pu Pias - Pagmy, 18 called a control word. The mupping
o Pi=o (VU 1) is defined by gefe) =1,

Definition 2. LetG,=(1"y, V7, P, S)) and G=(Vy,. Vp,, I, S.) be twa
Phrase-structire grammars as in definition v with V. = P, and oy, & 17,
Fhe interactive derivation denoted w \Gd w. 1s defined by

5) w,w € L(G,));
6) Iyvel(G.), v=gelw,) and g, (v)=1w..

The relation . — 1s called an inferactive derivalion between G, and (1,
46,
I'he reflextve and transitive closure of relation = will be denoted by .
.0 Cn,
A pair of grammars (G, G.) is called an interactive systen.
Definition 3. The inferactive language L(G,, G.; we) s defined by

L(Gy, Ga ) we)={wfw e L(G,), woﬁ;'w} .

where wo € L(Gy) 15 the initial word.
Definition 4. Let (G,, Ga,.or, Gu), n23, be phrasc-stricetre  grammuars.
Lhe si-cyelic interactive derivation denoled by w, e Wy, OS defined by
"‘ . -

0yt
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3 x;€L(G)), w1=2x,;

3 x, EL(G:), gg,(xx)=x!;

3 Xy EL(G’), gG. (xfl- l)=xa 5
and g (%a)=1ws wssL(G)),

where Vo S P‘m‘ Igi<n, and Vp S P‘;'

The reflexive and transitive closure of relation = is denoted by === ".

Definition 5. The n-cyclic interactive languége”gmemted by an ‘ordered
n-tuple of grammars (Gi, Gs...Gn) 15 defined by

CL? (Gy, Gayeee Go § wo)={wfweL(G)), Wo s * w},
-

where wo 15 the initial word.

Theorem 1. If the lanugage I contains two words of the form w.aw.a
and wbwb, wheve w,, wa, wy, wa € VY, and a, be Vy,, then it can not be gene-
rated by an n-cyclic interactive system (G, Ga,... Gy) tn which:

a) there exisis a linear grammar Gy, 2<i<n ;

b) the grammars G, 2<k<i, have not productions of the formu—3,
noy productions which strike out terminal symbols. L )

Proof. Suppose there exist an initial word we and an n-cyclic interactive
system (G;, Gy,... Ga), which satisfy the conditions of the theorem,
such that

L=CL“(G1, Gz;u- G,; ] wO).

Then it follows that there exists an #-cyclic interactive derivation
WA —s wsbwb or wibwd g Yhawa.

3 0,

Without loss of generality it can be suppose the s-cyclic interactive
derivation is of the first form.

If in the grammar G, the production whose label is 4 has the nonter-
minal symbols in the right-hand, then x.=gg¢,(w,awea) should contain
some nonterminal symbols ; this contradicts the hypothesis on the grammars
G:, 2< k<4, it results that x,=ge (w,aw:a) has the following form =x,=
=Wyedy Wesa, where dy EVT,.

If we repeat the same reasoning, then:

i) one obtains a word which has nonterminal symbols, and this word can
not the control word (therefore the contradiction) ; or, ii) after repeating
(i—2) times the reasoning we obtain

Xy 1 =Wy 1 @ 1Wei_1 @1 With g, € VT:_1 and x:-1=ga,_,(x¢- 2).

The word 4., is the control word of the derivation in the grammar G,.
In the grammar G, the production labeled with a,. ; has the form :

¥ SE—— |
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7} {a,) A-a B,

or

3) (fir- l) 1 —ay,

where 4, BeVy, and a;EV}'.

If the production labeled with 4, has the form 7), then x;=g¢ (% 1)
contains the nonierminal symbols ; therefore x, can not be the control
word for the derivation in the grammar G,,,. The n-cvclic interactive deri-
vation can not continue, hence a contradiction.

If the production labeled with @, ; has the form 8), then after having
applied it the first time, the word obtained will not contain the nontermi-
nal symbols, thercfore the n-cyclic interactive derivation can not continue,

It follows that the word wibw.b can not be obtained from w,aw.2 in an
n-cyclic interactive derivation.

Remark 1. From the proof of the above theorem, it can be easily
seen that it is sufficient for the productions labeled with ay, a,,.. 4 5, DOt
to have to X in the right-hand.

If we put wy=w,=mwy=w,=X, it resulis:

Corollary 1. The language L which contains two words aa and &b
is not an #-cyclic interactive language generated by an n-cyclic intcractive
system as In theorem 1.

Theorem 2. An infinite language L which contains a word of the form
ww with weVy is nol an n-cyclic inleraclive language.

Proof. We suppose that there exist an initial word w, and an #n-cyclic
interactive system (G, Ge,... Gy), 223, such that L=CL*G,, Gs,..., Gy ; wa).

Let w be of the form w=a,a,...a,, aiEVT‘, 1<igm. The word ww

is a control word for the derivation in the grammar G, ; therefore the pro-
duction in G, labeled with 4, has in the left-hand the start symbol, S., of
the grammar G..

If applying the productions labeled with ay, 4s,..., 4w one obtains a
word which contains the start symbol, S, then applying once again these
production one obtains a word which will contain the start symbol, S,
lLence a word which is not a control word for the derivation in the grammar G,.

If applying the productions labeled with 4,a.,... @, one obtains a
word which does not contain the symbol S,, then the production labeled
with @; can not be applied once again.

In both cases the n-cyclic interactive derivation can not be continued
from ww, and this contradicts the infinity of the language L.

Corollary 2. An n-cyclic interactive language L which contains a
word of the form ww is a finite language and the word ww is the final
in the n-cyclic interactive derivation.

Corollary 3. An n-cyclic interactive language L on a one-letter alphabet
fa}has | L|=1or | L |=2;in the second case the initial word is a.

Theorem 3. The infinite language L which contains a word of the form
awa, with aeVy and weVy, can not be an n-cyclic interactive language.

Proof. We suppose that there exists an initial word w, and an #-cyclic
interactive system (Gi, Ga,... G,), #28, such that
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L=CLMG\, Gy, Gu ; w0).

The word awa is a control word for the derivation in the grammar ¢ ,.
Therefore the production labeled with a in the grammar (;; has in the left-
hand the start symbol S.. of the grammar (..

If the production labeled with a in the grammar €. has in the right
hand only the terminal symbols. then the derivation in grammar . can
not he continued. Therefore the language L can not be infinite.

If the production labeled with « in the grammar G, has in the right-
hand the nonterminal symbols, then after applying the last time of pro-
duction labeled with « one obtains a word which contains the nonterminal
symbols, hence it is not a control word for the derivations in the grammar
(s ) therefore the language L can not be infinite, and so the theorem is
proved.

Corollary 4. An #n-cyclic interactive language L which contains a word
of the form awa, a=V,y and w < V5, is a finite language and the word awaq
is the final word in the n-cyclic interactive derivation.

Corollary 5. The language I which contains two words of the form
awya and bw,d; a, b=V, and w,, w, =%, can not be an n-cvelic interactive
language.

Theorem 4. If an n-cyclic inleractive language contains at least two
words, thew for ana two words u, v €L with U =z v it vesulls that | v |<k [ u |,

0
where ko1s independent on i and . '
Proof. Let L be an m-cvelic  interactive language, therefore L=
CLYGG oy G 12}, 02 3.

Let ks 1<tgn, be the maximum number of symbols in the right-
hand of the productions of the grammar G,.

From # =¥ it results that there exist x, Yo%, where v, €L(G))

£
u

I<7ign, such that nu=ux,, ge, (.r,)=rrg.....gcn (¥n-1) =1, ge(v)=0.
From these relations it results :
I o |= | g(:, (xn) ngl | Xy kl .g(.‘n.(-rn— l) |‘~<-,-'r'-‘lkn I Xuon l=-lf\,1kn><
x !gcu- 1 (""H-'-f) g---s”"lknkn 1500 feil! X I="I'1lkﬂ/"ﬂ- Leer !“'3 l:‘sr(n':(x!) ]S..k]k,,...

F o

ok | =hike by | u .

If we set k=17 k.. k,, onc obtains | w <k | u . Q.E.D.

Remark. This theorem cstablishes the dependence hetween  the
length of a word of an s-cyclic interactive language and that of the prece-
ding one in the #-cyvelic interactive derivation. ‘

Lemma 1. The empty set, (5, is not an n-cyclic interactive langnage.

Proof. Every n-cvelic interactive language containsat least a word
the initial word. )

Using the propertics of n-cyclic interactive languages and lemma 1, 1
can be proved that the family of n-cvelic interactive languages is not closed
with respect to the regular operations.

Theorem 5. The fumily of n-cyclic interactive languages is not closed
with respect to the operations :
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D) union ; S} star operation ;

2} inlersection ; 60) houomorphisim ;

3)  complement ; 7) dulersection with resular sels ;

1) concatenation 8y mrror fmage.

£roof. Without loss of generality we suppose n=3. Lot 4, 6. and (4
be the following grammars :

Ges=({A} dal. P/ A4). where P, :{ )t
2} ol —a
(o= ({B}, {3. 4], 'y, B) where 1, (a) I3 —34
Gs=({C}, {1. 2}, P5, O}, where 17 : { (4) (/ &
(4) ¢ =2

and Ly, Ly the following languages
Ly=CLNG., Go. Gy ) a) {a, aal ;
Le=CILYGy, Go, Ga; aaa)={aaal .

) Liule={a. aa. aaa} is not a 3-cyclic interactive language (Corollarv 3).
2) LinLe=g is not a 3-cvelic interactive language (Lemma 1.
3) L=Vi\L, is not a 3-cvelic interactive tanguage (Corollary 3).
1) Ly. Ly={a", ¢®} is not a 3-cyelic interactive language (Corollary 3.
5) L7 is not a 3-cvelic interactive language (Corollary 3).
6) Let Gy, Gy, and Gy be the following grammars :

(0) 54—)“5|

Ga=({Se}, {a, b, ¢}, Py, S4), where 17, - (I) Si—-bS,
(2) S,—be

(ry==({5:}. o v 2), B, Ss). where 1 :

(-") S, =05,
(ra==({Sa). 10 I, 21, s, S6), where Py (v) S4—=15,
(=) Sp—2

and L=CLYG,. G,. Gy ; abe)—{abc/nz k.

We define the homomorphism /s by Afa)=«, h(b)=P, k(c) ==« then
h(L)=={af" «| n= 1!, which is not a 3-cyclic interactive language as it results
Irom theorem 3.

7) & is a regular set, @n Li=@& and & is not an n-cvelie ‘teractive lan-
lage (from Lemma 1), -

(¥
Lyl

1
8) Let Gy, Gs and G, be the lollowing grammars :
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Gr- ({S:h, {a, 8, P, S,), whae P, : { {1 Sp—aS, ;
(2) S;—b;

Go=({Sa}, {2, 3}, P5, Ss), where P, : (a) Ss—xS,
(B) Semy;

Gv=({S}, {1, 2}, I, S}, where P.:{ () =115,
(3) Si-2.

it is easy to prove that
L= CLYG,, Gs, Gy ; ab)={a®b/n>0} .

Then L={ba**/n>0} is the language obtained by the mirror image
operation from L. This language is not an # cyclic interactive language.
We suppose that there exist an initial word we and an n-cyvclic interactive
system (G1,Ga...,G,), #23, such that

L=CLG), Ga... Gy ; wa).

The words ba and baa are in CLYG,, G,..G,, wo) , therefore they are
the control words for the derivations in the grammar G,.

If the word da is a control word for the derivation in the grammar
G, it results that the word g,(ba) has not nonterminal symbols. But the
word baa is also a control word for the derivation in the grammar (G,, and
this lcads to a contradiction since after applying the productions labeled
with & and @ onc obtains a word which has not nonterminal symbols ;
therefore we can not apply a second time the production labeled with a.
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ON A DISCRETE OPTIMIZATION PROBLEM

BY

CONSTANTIN SMADICI

In this paper we deal with a discrete optimization problem, which
has been formulated as a mathematical model for some scheduling problems,
[1]. A set of optimal splutions for such a problem has been characterized
by means of a continued fraction associated with the problem, {2], or by
means of some binary vectors, [3]. By using an explicit form of the optimal
solutions, in this paper we characterize these solutions and, for some parti-
cular cases, a simple method for finding them is given.

1. Let us consider the integer programming problem, P(m, s, B) .

Zxy=% 4 %,...4+x,, min.

subject lo
=1

(1.1) Y xews2b i=1my xeZ, i1, m,
J=0

where m, s, b are positive integers and @ denotes the addition mod.m,
when the residuals mod.m are considered 1,.., ».

If [al, ae R, denotes the smallest integer greater than a, in [2] it is
shown that the minimum of the objective function of P{m, s, b) is [mb/s)
when s<m and in [3] it is shown that this result is true for all s.

It is clear that for every feasible solution, x, of the problem P(m, s, b)
there exist the non-negative integers &, i=1,..., m, such that (x; 8)is a
solution of the system

=1
a) Yos=b+48, t=1,.,m,
(1.2) Jgﬂ
b) Xy S‘EZ.(.;I::I;...;m;
and conversely, if (x ; 8) is a solution of the system (1.2), then % is a feasible

solution of the problem P(m, s, ). By adding the equalities (1.2a) one
obtains

(I.S) 52x,=m-b+28,,
and supposing
(1.4) mbe=sg+r, 1<rgs,



