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(11 §,—a8,;;

Go=({5:}, {a, 8}, P, S;), where i V1o (i
{Sih {a, 8}, Py, S)) {(Z)Sﬁb:

a) S:—=aS

Go={({Sa}, {x, 3}, P5, Ss), where Py : (a) S &
S ) (0) Se—y;

A) 5,=118,

Gy=({S:}. {1,2}, 1, S,), where P, : { Ey) -

it is ecasy to prove that
L=CL¥G,, Gs, Gy ; ab)={a"b[n>0} .

Then L={ba*"{n>0} is the language obtained by the mirror image
operation from L. This language is not an # cyclic interactive language.
We suppose that there exist an initial word we and an n-cvelic interactive
system (G1,Ga...,G,), 723, such that

L=CLYGy, Ga... Gy ; w0).

The words ba and baa are in CLYGy, Gs...Gpy ws) , therefore they are
the control words for the derivations in the grammar G,.

If the word ba is a control word for the derivation in the grammar
G, it results that the word g (ba) has not nonterminal symbols. But the
word baa is also a control word for the derivation in the grammar (,, and
this lcads to a contradiction since after applying the productions labeled
with & and « onc obtains a word which has not nonterminal symbols ;
therefore we can not apply a second time the production labeled with a.
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ON A DISCRETE OPTIMIZATION PROBLEM

BY

CONSTANTIN SMADICI

In this paper we deal with a discrete optimization problem, which
has been formulated as a mathematical model for some scheduling problems,
{1]. A set of optimal splutions for such a problem has been characterized
by means of a continued fraction associated with the problem, [2], or by
means of some binary vectors, [3]. By using an explicit form of the optimal
solutions, in this paper we characterize these solutions and, for some parti-
cular cases, a simple method for finding them is given.

I. Let us consider the integer programming problem, P(m, s, B) :

Zxy=% 4 %,...4 %, min.
subject to

—1
(Il) Z x,e,zb, 'i=1,..., iy

j=0

vely, i=1,.., m,

where m, s, b are positive integers and @ denotfes the addition mod.m,
when the residuals mod.m are considered L,..., n.

If [a], ae R, denotes the smallest integer greater than a, in [2] it is
shown that the minimum of the objective function of P(m, s, b) is [mbfs)
when s and in [3] it is shown that this result is true for all s.

It is clear that for every feasible solution, w, of the problem P(m, s, b)
there exist the non-negative integers 8, i=1,..., m, such that (x; 8) is a
solution of the system

=1
a) Z Yes=b+8y, 1=1,..;,m,
(1.2) i=o0
b) Xys 8‘ EZ.'.; f:=1;...; My

and conversely, if (x ; 8) is a solution of the system (1.2), then # is a feasible
solution of the problem P(m,s,b). By adding the equalities (1.2a) one
obtains

(1.8) sXx,=mb+ 38,
and supposing

(1.4) mbe=sgtr, 1<rgs,
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it follows that for every solution (x5 8) ol (1.2) there exists

4 NoNn-negative
lntwu { such that °

{1.5} X8 =st-]-s—r.

We note that, if # s defined by (1. 4) then [mibfs — (mbt s—r)ls. By using
the formulas (1.3)— (1.5). it results that for every feasible solution. v, of
the problem P(m, s, 5), there exists a non- negative integer £ such that

(1.6) Xxp={mbls]+1t

and Xou,=  mbdfs. Hf X8,=s5—». where r is defined by (FA4) and (v 8) is the
(01rcsp0ndmg solution of r[u svstem (1.2). Since for an optimal solution of
P(m, s, b) we have Xx;=Imb/s], becanse of (1.5) and (1 0). it follows that
the problem of finding the optimal solution of P{m . s, b) can be redueed
to that of finding the solutions of the system

L
) I R O LT A BV 1 B . JR Oy

{1 fet

) andiel,, i=1,.., m,
where 7 is defined by (1.4).
Theorem 1. (,onsm‘ut/wj»oblmr Plm, s, b), wheres—my-+- k. 1< hgm— |
and fhe problem Pl k, h) where b s defined

{1.8) [ b—gimbisT,

= - - . e
If Xas an optimatl solrdion of Pln, bk, b) and v s

[mblk1 into m non-negative tnfegers, then =
of the problem P(m. s b)

Proof. It is casy to prove that mib/s|— mb kl= (s—=nkl. where
ae R, denotes the greatest 1ntL5ct less then, or equal to a an(l ¥ois

defined by (1.4). Consider 1._(1,) an optimal solution of P(m, k, ) and
a=(1y)a partltlon of [s——-r)/kj>0 in to m non-negative integers. Since

pEH =]’mb,-s]—~?mb/k and Lr,——[mb/k it is clear that

puariifion of nrbfs —
p 4
vy s oan oplimal  solulion

_{l_.

(1.9) E;’i+ Zvi=Tmbfs.

Because of {1.8) and 3,20 one can prove witheut difficulties that x-F v is
a feasible solution of P(m, s, b) and therefore, by (1.9), v+ is an opti-
mal solution «f P(m, s, b) and theorem is pm\ cd. '

Theorem 2. (Consider the problem Plm. k. b} such t/.'ut Ilghgm—1,
h<hk and .k relative prime numbers. If M={t4¢h; (=0 L omblk—1}
thewt @ opliinal sclution of Plm, k. b) is given !fj.

1 e M,

(1.10) Xp=
0 il
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Proof s Consider amib-dimensional vector v () defined by
Voastl ik Y gtk mb)

O bl th; ILthgmb) .

(1)

s sy to prove that the vector o (1) delined b (1.10) has the form

h—1
(1.12) RO W

h—Jﬂ
where the vectors =B (G o001, 01, are defined by
{1.13) =gy MmO 1L b= i=1...., m.

On the other hand 1t is obvious that 2* is an optimal selution of P(m. k. 1).
1

1
Now suppose that ¥ is an optimal solution of (. k, 8}, where § <6 and -
is defined by

(1.14) v= Yy 2

Because of (1.13) it is casy to prove that T4z i3 an optimal solution of
PO, k, 1), Henee we can state that the vector v={x;), defined by (1.12)
s an ()l)tlmdl solution of P(m, k. b) and the theorem is proved.

Remerk 1. We romark that the vector v defined by (1.12) 1s obtained
by adding b m-dimensional binary veetors z¥, A=0, L., b—1, some of
them being optimal solution of P{m. A, 1) It is casy to prove that when
0 p< b1, is an opumal solution of Ltm. &, 1), then we can replace in
(1.12) =% by any cvelie transformation of 27 and one obtains also an optimal
solution of P(m. k. b).

Kemwark 20 Consider  the  problem 7(me, £, 8) such that b—gh ¥,
I<r<m—1 and suppose that v is an optimal solution of ’(m. &, r}. Then
X+ is an optimal solution of (m, %, by, where v is a m-dimensional vector
the components of which are all cqual to ¢. so that theorems | and 2 and
this remark can serve to prove that the optimal value of the objective fune-
tion in P0m. s, b) is mb/s| for all s. On the other hand. Remark 1 provides
a method for finding a class of optimal solutions for Fm, s, b).

Fxemple 1.0, Consider the problom (7, 11, 6). By theorem I, if x
is an eptimal selution of £2(7. 4.2}, tlun A lsan uptlm 1l solution of [17 11,

0) beecanse in this case  mbls mb b Taking into account theorem 2 it
lolows that y=:4+:" is an opumal sointion of (7.4, 2). where 0=
={1.0.0,0.1.0.0), 22=(0.1,0.0.0,1.0) and by using le‘ld]]\ 1 onc
ablains thc following oplimul solutions ol' ]’f'f' 4, 2|:fl L0000, 1, 0),
(1O 1,001,001y, (20,01, 1.0.0), {1, 11 0j, (2000200)
and lh<n (\(11( transfomations. whic h are ()I)Umd] solutions alse  for
(7. 0).

I.emma L. swuppose i problem Pl s, by, s=
couseder b b—g mbfs|. hen v is wn optimal solution of Plm, s, b) iff there
cxrsls S (8,) such that (x [ 8) 15 u solulion of {he system

g 1< h€m—1 and
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e |

k
(1.15) a) ,-Z Lrigy=b+38; i=1,.,m b} X3,=s5—7,

=0
c) x, 8,2, i=1,...,m,

where v is defined by (1.4).
Proof : We have shown that x is an opti i i
B ' : ptimal solution of P(sm, s, &
(x; 8) is a solution of the system (1.7). It is obvious that (I.7a,(?t;l) isr,nglilg

Zag=[mb/s] ; hence the system (1.7) is equi
the lemma i¢ proved y (1.7) is equivalent to the system (1.15) and

Lemma 2. Consider the integers m, kb, 1<hsn
0tt, . R, <m—1, and let d the
grealest common divisor of m and k , denoted by d=(m, k). Then Z:; ihee
€{l,...,m}, there exists a wunique 7{l,...,d} such that the equation

(2.1) z@yk:;gamd_’_?

y
El
I"Od. m ave COﬂS‘!d&JEd 1,..-; hi.

Proof : Suppose i =k (mod. m), 1<h,<d. It i S
. = ar i<d, 1s well known that th
equation (2.1) has solutions y eZ iff 4 divides J—1; and because ls:h,sde

it follows that (2.1) has soluti <d iff j=
is fomows | (2.1) lons y=Z for 1<j<d iff =5, and the lemma

Remark 3. Let m, k be two integers such that 1<k<m— =
k=oad, m=8d. If we define M, z'———l,%., d, by ShA S

(2.2) M.={i®ky, Oy B—1} i=1,..,4,

then one can casily prove that

23) a) M.nM,=g, for all 1,7, 1+, b) | M| =8, i=1,.,4d,
) If i={l,..., m}, i=k; (mod d), 1< h<d, then &, m—d+h, sM,,

Lemma 3. Suppose m, keZ, I1<hgm—1, de= = =
If 4y and y ave defined by sEsmTd, de=lin, B), k=od, m=pd.

2.4) L=min {y; 0<y<p—1; 1D yk=m~d+1},
y={l+4d; 0gi<a—1}n {loyk i sy <t} |

then we have
(2.5) ym=tk--d

Proof : Because of (2.3¢) it follows :
(2.6) {1®th; 0<t<B—1) o {1+id; Ogt<a—1}.
Now suppose p, €2, {=1 ,..., v, such that
(2.7 O=p<po<< ... <P <ty

I@pkefitid; 0<tSe—1}, i=1,.;7.
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where £, and v arc defined by (2.4). Since I<h<m—1 and ¢, v arc defined
by (2.4), it is clear that

(2.8) 14-pih==1@ ph-+-(i—1}m, 1=1,.., 1.
Because 1@hk=m—d+1 and k=ad, it follows
(2.9) T {4+ 1) k=14+{a—1) d--ym.

which shows that (2.3) is truc, and the lemma is proved.
In the next scction we will use some notations which we give here,

Notation 1. Suppose m, heZ, 1<k<m—1 and d={(m, k). Then for
all 4, i=1,.., m,i=h, (mod. d), 1<h<d, we shall denote by t,i=1,...,m,
the nimbers defined by

(2.10) ti=min {y ; 0<y<P—1. i@yk=m—d-Fh;}, i=1,., m.

We note that when 1gi<d. then =1, and 4, =1 for all p, p=h,,..., d.

Notation 2. Consider m veal numbers a,, i=1,..,m. and h€Z, 1<ks
sm—1. 7, 7e{l,...,m} such that {{i21,1®lh=j}%# G then ay; ; denotes
Lhe namber defined by

T
(2-1 i) Aag, 5= 120 Tdgem,

where T'=min {{-—1, /21, i@th=j}.
We remark that {¢; 21, i@th=/}* iff i=j7(mod. &), where d==
(, k) is the greatest common divisor of m and &.
3. Now we rcturn to the problem P(m, s, b} defined in the first section
Suppose s=mqg+k, 0ghgm—1; if k=0, it is clear that x is a feasible so-
lution of P(w,s, by iff

(3.1) gXa;zb

and therefore cvery optimal solution of P(m, s, b) is a partition of |bfg
into s non-negative integers and conversely. Hence, we can supposc s=
—myg+k, 1sk<m—1. In section 1 we have shown that in order to find the
optimal solutionss of the problem P(m,s, d), it is sufficient to find the
solution of the system (1.15). If we define f;, 2=1,..., m, by

k-1
(3.2) fom ¥ xigs d=1., m,
I=0

then obviously the system (1.15) becomes
(3.3) a) f‘zg L3¢ i=1,..,m, b) 2d;=s5—17,
C) xy 8.E€Z,, i=1,.., m.

Lemma 4. Consider d=(m, k) 1=h; (mod. d), 1<h<d, 1==1,...,m.
T hen the system (3.3a) has the same solutions (x ; 8) as the system
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3.4 ; b i
(3. ) fii.i'l_‘f[i-é-li‘u] = Bliin) 8[-’ vaecae t=lom—1, f,==04-3,
where o m—u’ Shyor==1..., n.

DProof dkmv into account (2.11). it is casy to prove that
(3.5) Qs “igrite n=di~thigr. H L= 1, i —digise ,—dier dare -+

Fdgen i kray =d— gy A t= 1.
Henee the system (3.4) s cquivalent to the svsiem
) A

(3.6) f,wfiH;S,—S,-“, 1=1,..., m—1, fae=0348,
and obviously this system is cquivalent to the svstem (3. 3a). The theorem
is proved.

Lemma 5. Suppose IShgm—1. d—(m. k), il m—1}, 1=k, (nod. <

d), I<higd. Then

(3.7) i) If t<i<m—d we have fiizo—[iirmen=1i— e

i} f m—d-lsism—1 we have

(3.8)

S —fi1ien=0,

where " =m—d+-hy, 1=1,.... m—1,
Proof. By using Notations 1,2 and because of (3.2) we can write

fik—1

: _ tik
B39 fum= E Yigpl=to,m—1, fursen= X v i=1 ., m—1,
iS

where £ Igigm—1, is defined by (2.10),
Since :@He_m—d Hr, it follows that

(3-10) Jiio—fisrra = Vo= Voagn,- 1= ... m—1,

It is clear that when m—d+ 1<igm—1 then {=1" m—d--h;and therefore
the formulas (3.10) prove the lemma. By lemmas 4.5 and the fact that
the system (1.15) s cquivalent to the svstem (3.3), it follows that the
svstem (1.15) is cquivalent to the svstem

c'll;- .\';—“.\‘,-t=8l,"in)—S“..:Al‘i«@“‘ 1= pooap H.!—d,
b) 0=8[;‘j-1—81“ IRLESE .‘1.2——?)!—(!—'—[ nooap Ht-—I,

k—1

C) ‘.m+ 'Zj 3.j=b+ am' d) 28‘-=S“—J', L‘) R 8.. “ Z+. 1 ],‘”' m,
i=

(3.11)

\\f]utc d=(m. k), ©"=m—d+h, t=1,.,m—1 and ey, 1= 1,....m—1, sa-
tisfy Is /.",-Sdl‘tfff,- (mod. d), i=1,..., m—I.

l laking into account Remark 3, it follows that {3.11h) is cquiva
cnt to )

(3.1 B dia s aiy A=, dl, '
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Henee {311 b, d) can be replaced by
(3'2} 8{,’_;):(.\"—7)/1! ,‘I.:“_-' ..... !’(.

From the above results it follows that woe can state the next theorem
Theorem 3. The solutions of the sysiem (113) are the same as the
selutions of the svstem

a) Aij— Xj» 8[!‘-!‘]_8[5'%1-!"&” .i'.:"[ ..... Wi f{.
k-1 R
{3.13) b xuh Y vi=h43.. Q) Bua =(s-n)d i1,
Je=1
d) v, 8=l a=l M,
where d and [, f=1.. m-— 1. are defined as above.

Lemma 6. For coerv solution (x: 8) of the system (3.13) we have
= 1

(3‘14) Z .’\']—'—5[ Z vy (‘Jt—l) m_msll‘m d |1} (T i) 8'l,l'l‘"sl'.':.a'i'a

J=1 i—edf 1

where d=(m, k) h=od, m=0d ond ~ is defined by (2.4).
Proof : Suppose that (v ; 8) is a solution of the system (3.13). By
adding the first 2—1 oquahtw% of (3.13 a). one obtains

-3

(3.15) Jilx,——(a—l) )'; i 3

m-—-dH-1 m-d+1

K=l _
= ¥ [ Buue—Buinien’-

=
Since v is defined by (2.4), it results that v amongst the numbers T} yd,
v=0, 1., a—1, preceed m—d+4-1=1@®7%, in the sequence
{3.16) L, 1@k, 1®&B—1) L

and the others, x—+ succeed m—d--1 in the same sequence. On the other
hand, if 14-v&, 0<}<o¢—1 is before m—d -1 in the sequence (3,16} then

(3'17) 8[1-!ud'.l)=8[1-irud.m—d-‘:-l)_"S[m-—d-l1.1:
and when 14-3d, 1< vga—1, is after m—d+1 in the sequence (3.16) then
(3.177) 31t vty = Bl s ydm—d+ 1t Situm—d 1y
Taking into account (3.17).(3.17) and Remark 3 it follows
k=%
(3-18) i§ [Sli,i'l_sriﬂ-i*@n]=°‘8u.m-.-t 1" f‘{ 1)3:1.1:—8|J.-.m--

Hence by (3.15), (3.18} it results (3.14) and the lemma is proved.
Lemma 7. The svstem (3.13) is cquivalent to the system
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a) :r,»—:t’,-c-—'o‘[.-..--;- 3[.'_1,,'0@.1) ,1:] yenny M- d,

(319) 1) X wyldb—(a—) (=) Y 8,1

tn—d--1
) Suy=(s—n)/d ,i=1,.., 4, d} =« 8€Zy d=1,. m.

Proof : In order to prove this lemma it Is en
' s : ough to prove that j
(3.13) we can replace (3.13b) by (3.19b). It is clear rihat SIM. :-.—;LS -‘118 .
and because of (3.13 ¢} it follows that Saar="=8n... By l(-nmf'; 6 we S
replace (3.13 b) by ' ( o

(3-20) o Z xj_'b_“stt.m-hi-ﬂl'.' Tsn.n-

m—d+1

Since 8y0,=(s—r )/d it is easy to prove that

(3.21) bty = [d,l;—}-*((s—r)] ofk.

Because of (3.20), (3.21) and of the fact that 3 —g+ny =8 — i
follows that we can replace (3.13 b) by (3.19 b) S}Td d;lll,e leun’llr]nasﬂ'”;_t;rlé]x}:e(jlf
Remark that [db+vy(s—7)]fk=Z, since ym—ik=d and then

(3.22) (db+v(s—7) Wh==yTmbls1~t,8+ gt lmb/s].

Consequently it results that the right hand side terms of the system (3,19 a,

b) are all integers, when §,€Z, i=1,..., m. In the followi 2
number defined by ' n the following, & denots the

(3.23) b=[db—(a—7) (s—7) Y,

where b is defined by (1.8).
Theorem 4. Consider the system (1.15) in which s=mg Lk
. g+k, ISkgm—1,
d=(m, k), k==od, m=d and v, t; the numbers defined by (2.4). T};en
1) If d>2 the system (1.15) is equivalent to the system

m

a) - ) 9«'1=5+3{m—d+1.1)+3ﬁ,s')—8(i+1.i-ca1),fEMf:

m=d+2
(3.24)
b)  X— %= —prrgeeny FEM, di<m—d

C) 3[4_4,2(3—7)/d ,£=1 yeaey d d) Xty 8; EZ+,‘ 'i=1,..., W

ng:::: M, is defined by (2.2) and i"=m—d-|-h,, t=L..,m are defined as
i) If d=1 then the system (1 13} is equivalent to the system

a) x=b+3uien, i=1,... m, b) X8 ,=s—7,

(3.25)
C) Xy 8; EZ+ 11’:1 yeueg ML
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Proof : i} Consider (m, k)=d>2. By lemma 7, the system (1.15) is
equivalent to the system (3.19). Since the system (3.24) is obtained, from
(3.19) by adding the cquation (3.19 b) to the equations 1-+1d, y=0, 1,...
B—1, the first part of the theorem is proved.

i) If d=1 the system (3.19) becomcs

(3.19%) a) A —Xp= 8 i1 E=1,.,m—1 b) -Trn':E'f'stm.H

c) Zdy=s—r d) x,8,€Z,, i=1,., m
By adding the equation (3.19'b) to each equation (3.19” a) it results that,
in (8.19'), we can replace (3,19" a) by

(3'26) xi_b."*_s[m.ll_;'Sl'\'.m:-"'s[i+l.l) A=1,.,m—1,
Since, in this case ({-++1)@hHk=4,i=1,..,m—1, it is casy to prove
(3.27) Stmy+ S — S+ 1.y =8p,041 A=1,..., m—1.

Hence (3.19%) is equivalent to (3.25) and the theorem is completely proved.
The next corollaries are direct consequences of the Theorem 4.

Corollary 1. Suppose (m, s)=d>2. If x=(x,) is an optimal solution
of P(m,s,b) then x=(%,), defined by

m

=X.— Z x4 for all ".EMH

m-d42

‘=x,—|—x,,,__¢+.‘. ,fOI' all ’i$M1,‘ is-..‘"l—d,

tall

(3.28)

)

F=0, i=m—d+1,...,m,

s also an optimal solution of P(m, s, b).

Remark that this corollary shows that for finding all the optimal
solutions of P(m, s, b) it is sufficient to find those optimal solutions with
the last d—1 components equal to zero.

The following corollary has as direct consequences Theorems 7 and 8
of the [3).

Corollary 2. Consider the problem P(m, s, b) such that s—r=0, where
v is defined by (1.4). If b is defined by (3.23) then

1) when (m, sy=1, the problem P(m, s, b) has only one optimal solution
x=(x;), where x,;=b,i—= ,...,m.

il) when (m, s)=d>2, all the optimal solutions of the problem P(m, s, b)
are given by,

m

Xy=b— x., for allieM,,
(3.29) ‘ m-);ﬂ .
%= Xm-gn; fOr all 1&M,; i<m—di=h(mod-d), 1<h<d,
"
where xg i=m—d+2,...,m are non-negative integers such that x <b.
m—d-2



116 CONSTANTIN SMADICE

1]

Corollary 3. I/ the probiem Pl s, b) 1s such that (n.s) = | and bz0
thew all the optimal solutions of P s, 8) ure viven by

(3.30) o, SN e ey

where 8 (8,) is a partition of s—r into not-negative integers. Morcover
the numbher of the optimal solutions of 1. s. fias cqual 1o the number of
the partitions of s— 7 inte m non-negative mtegers, We remark that i "
and s are given, then for b sufficionily large  the incquality 620 holds.

Theorem 5. The problesn Pl s b) has o wiigite optimal solution
U mand s are relatively prie numbers and mbls = 7.

Proof : By using Corollary 2 i1 is clear that when (e, s) =1 and
mbis €Z then P(m, s, b) has a umique optimal solution. Conversely, suppose
that (w5, &) has a unique optimal solution ; i Corallary 1 it follows

that (m.sy=1 and by Theorem 1 it follows that Pla ke, b) has a unique
optimal solution too. Then Theorem I oand remark 2 show that mblke 7.

Now it is casy to prove that mbf/k =2 iff (s—-rifk=Z. where v is defined by
(1.4) and Ly using again Theorem 1 it results that P(m.s, &) has a unique
optimal solution only if s—7=0 and the (heorem is proved.

Example 3.1, Consider the problem P(m. 5. b) where m—19, s=21,
b==42. By Corollary 2 it follows that this problem has a unique optimal
solution x=(a,), where Xy=2, i=1,..,19,

Lxwmple 3.2. Consider the problem  P{m, s, b) where m 6,519

-~ =
b=21. In this case b—5-—-0 and because (m, s) =1, s-—r=7, it follows
that all the optimal solutions of 2 {6, 19, 21} are of the form Y=8,1=1,.., 6,
where 8=(3,) is any partition of 7 into 6 non negative integers,

Examplc 3.3. Consider the problem Plm, s, b) where m—10,5 -4,
b=>5. In this casc s—=he=4, ¢ 2,8—r=2 d--2 and b=2, By using Theorem
4 and Corollary 1 we obtain the following optimal solutions of P(10, 4, 5
(2,1.2,1,2,0,2, 1, 2, 0). 2, 1,2,1,1,1,2, 1, 2, 0}, (3.0.3,0, 2,
0,3.0.2,0) (30,2 1.2.0,3,0,20), (3,0.2,1,2.0 2.1, 2. 0y,

(2, 1, 0,2, 1, 1,2, 1,00, 1), (2, 1,2, 1. 1,4, 2. 1, I, 1} and their cyclic
transformations.
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SOME REMARKS CONCERNING THE KERNELS OF A STRONG
CONNECTED DIGRAPH

BY
DANUT MARCU

Let D= <1, of > be a strong connecled digraph {1]. with @ ={n,, Mayerny
Hy) thecset of nodes and of={a, a.,..., a,} the set of ares. In [3] we.gweha
szﬂicicnt condition for the existence of a kernel in a strong cpnnecte%dlgrap .
In {2] we suggested a method for finding the kernel in a digraph. oxt'eov‘er,
the algorithm from {2} can be considered as a simplified demons;atlon
of Richardson’s thcorem [4. Tn this paper we give a nesz) and com-
plete form of the theorem 6 from [37, using a simplified proof, fmg \cflv_e
make some remarks concerning the kernels of a strong connecte i-
fDrdph‘Let # be an arbitrary nodc of 4. We denote by 7tf, the sct : g, =
{n}) {m Q| there exists <=un, m > A} (sce [2]). For a subset X, we
consider {sec [2]) the set: OZ'LI]zL_J(?Z;;"]QxI.

Theorem 1. Let D= <, ob> be a strong connccled digraph. I[ ‘;'t
exists a unigue partition P=1{My, @} of a, so that cvery arc c}f of links
a node of U, with a node of Ly, then D contains at least two kernels.

Proof. From the hypothesis, it results that for every two nodes »
and m from 7, we have no arc <n, m > <4, (i.e. for every two =, m;(){l
we have <n, m=<@). Similarly for__OZz. Meoreover, because 15
strong connected, we have: @[ )= M. ]=". -

Hence, 2, and 7, are kernels of D {see [1], 12]) (Q.E.D) -

= 3 graph consisiing 1 a single

Theorem 2. If D= <, oA> 45 a digrap ‘
elementary even civcuit (with an even number of arcs), then, D contains exacti Y,
two kernels and only two.

Proof. Let [ha= R Bip By e
forms D. .

We define the sets : I‘={”'}’ Ny, My v} and Kae= {n,z, LI TR B

E] B d 5
i i 1 rif Ao 1s an even circuilt,
Evidently, the last node of X, is n o if and only if %o .
Heicc, in view of theorem 1, it results that X, and &, arc the single
cernels of D. (Q.E.D. ‘ . ) o
e IS{e?nark. ginident)ly, in view of theorem i),k if D 115 a digraph consisting
in a single odd circuit, D does not contain a kernel. ‘
" Cof"oliary. Let D= <, of > be a strong connected digraph. If D con-
tains a patr of kernels (P={K,, K.}, who forms a partition of (R so that every

", n,-“] be the even circuit who
P
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