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A FUZZY EXTENSION OF DE BAKKER’S SEMANTICS
BY
NECULAT CURTEANU

§1. Introduction. Elements of Programming Languages Semantics.
We give here a series of definitions and results as given in {11, which will
be used below. References to {1] and possibly to f2] will be constantly
required in order to clarify the topics under discussion. Some of the nota-
tions and concepts which will be used in this paper are contained in the
following.

Notations and Definitions :

1.1. Tvar={x, v,..}, the se of integer variables.

1.2. Cons=1{..., —1,0, L.}, the set of integer constants.

1.3, V={.., —1,0,1,..}, the sei of integers.

1.4. W={tt, ff}, the set of truth-values.

1.5. So=1 var-V, the set of siates, with ¢ as arbitrary elements.

1.6. T=23qu {bs}, where ,bs" is the undefined or bottom™ state.

1.7. si:=m/x[s1+8sf-..[ if D then sy else sa fi, integer expressions, where m
is an integer constant ; the operation L+ as well as other operations if needed
are defined, b is an assertion.

1.8. b: :=true/false/sl=s,[.../b/h,::b,.f 3x (b}, assertions, boolean expres-
sions in particular,

1.9. §::=x: =s/Sy; Saf if b then Si else Ss fi, statements.

It is assumed that the following mappings :

LV XVaV, ="YX VoW, ,—“: WaW, =" WxW-W, ,A":
W « W W have been defined, possessing those properties that are known
for the operation of addition, equality relation, negation, implication,
conjunction.

For each of the notions above ,meanings” dre established which in
fact constitute mappings defining cortain rules for working with integer

expressions, assertions, statements, etc. The basic interpretation as made
evident in the quoted papers is that the execution of a given statement
is characterized by a change of state which is defined as a mapping ®:Z-2
possessing certain properties. It is essential to organize the set of states

as a complete partially ordered set.

1.10. Let C be a partially ordered set. A chain in C 1s defined as a sequence
of elements x1, %s,..., 50 that %< X for i=1,2,..., where L% is the relation
of partial ordering of C.
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L1%. An element x is called lub

<x>, denoled as lub <x; =, if

(i} x=xx, for i1,2,...,

(i1) for every y satisfving (i) we have x=<y.

112, The partially ordered set C 1s called complele  partially ordered
(cpo}, if any chain in C has lub.

1.13. Let Cy and C, be partially ordered sels. The mapping ©:C,-C,
is called monotonous if for any x, Y where x<y we have O(x)< D(v). We
have given a similar notation fo the order relations in C, and C..

1.14. The mapping ®: C,=C,, where C, and Ce are cpo sefs, ¢s called
contintions if for any chain <x,> in C, we have ® (lub <x;>)=lub < ®(x,) >.
The Tarski-Kleene theorem gives a constructive solution to the
fixed-point equation x=~ ®(x), for ® a continuous mapping (in the sense of
Def. 1.14) from C (cpo set) to C. Such results are rendered necessary for
example by the fact that with while statements or recursive procedures
the final state is the solution to such an equation, where ® changes states
into states or @ is a change of state changes. The aim of this paper is to
extend the results obtained in the above-mentioned works for the case of a
new set of constants featuring a new ordering and new operations. .

These new constants which we shall call fu z z y constants illustrate a
common situation in practical work, where a given real value has a certain
degree of certitude. The fuzzy constant will thus be a function with values in
[0, 1] whereby a certitude degree will be attributed to each argument (real
constant) in the interval [0. 1]. We shall try to see whether in executing
statements containing expressions based on such constants, we may rely
on the same semantic rules, and, if so, under conditions,

§2. Partial order in the set of fuzzy constants. Let us consider u
as a measure on R and the usuval, induced topology on [0, 1]. Let F be
the set of functions F={rfr : R-[0, 1], 7 is w-measurable}. We shall consider
the sets D°'=(0, bo] and D'=[b,, 1) with 0 <bo<h, <1, and the sets -

(2.1) LYry={afr(a)<e} and Lir)={a/1—r(a)<e}.
Remarks 2.1, The sets defined in
D* and D' respectively.

2.2. We shall stress here that the sets in (2.1) can be empty. The
working hypothesis will be that both sets are non-empty, since the opposite
hypothesis would be non-significant.

(least upper bound) for the chain

(2.1) are measurable for any ¢ in

Definition 2.1. 2.1. 7, < 7., if there exists e e D% and ¢' < D* so that:
L2(r1)s Li(rs),
Li(r)2Ly(rs),

(2.2)
(2.3)

V0<e<e®, and

V0 esel.

We shall note that the relation < is a preordering relation. We shall

—

now introduce the equivalence relation over F :

[
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(2.4) yo=zre, f re < ra and r2 X
. 1 2.1, ry—vrs {ff there evists evelrand a1 ose that rifu) =
emma 2.1, ry—r. 1f

ro(a), Yaeld{rgu Li{ri). ‘
"~ Proof. We shall consider only 1
) o sl s anale
as the v case is perfectly ana
of 0, as the other « ‘ logo
i an ¢ o that L9(ry)=12rs). VOLoged,
s o
(@) =roa). Va=La(r) (=Lh(r2)). o
YO< c<e®, implies rla)= rg(a)l, tVa a)“:g,,.
) N v he an ¢ so that riajsé -
Indeed, if ry(e) <rofa) tor ¢ E[-?".(}'-_{)\'IU‘. thm:f ,}m \:;;lhf’o:;, oy \\}hich is B
;1; (q)‘ It follows that 7,(«)<¢’ implies rofa) >=¢e’, \'cd ’n\;d e
‘1L,tr‘1cllicti0n The direct implication is thus proved.
COT < . 2z L ’
icati lows immediately. L e somses
P]Kdtl;z’?nfg:f’(:‘“; 3. In what follows, cquality will bL.l f;fidq,ig ;-gqua['it‘\ .
common or strong equalily, when rifa)=ra(a) l{()r m} r_'_ AR
cak cquality whenry == 7. Obviously ri=7r: implics ri=7,
wedk 4 = 2
is not {rue. ‘

2.4. For constants of tht g
iff 7, = r., so that for rcal, nonfuzzy constants
1 p = 2, i |
calitiee coincide. N < o ok i
Ltludhlt)lt:i‘?in(i?il(ﬁl (212 We shall call a chain in F, the sequence ;
=1,2,.,rnsl, for which :

w the neighbourhood
T ~r, follows that there

gous. | IOTl'l'h__i_lfO].l

or, vquivalently:

he case mmvolvi

2.5)

This is bereause I,E(rl)sl,‘g(r._.)‘

¢ have ri=="r:
type r{u) =10, 1}, va =R, we have i ;
: he strong and the wea

) " € [ ¢

(Y i ¥ :i R i')’{” i..

then there exists the descendunt
which :

(2.0) B
is a chain in I,

s I in DY and DV respectively, for

S L
seguences el > and < ;o

o < ‘00 (r,)=...
(2.7) I (ny s Le(r)s.. Ly {r-ns Ll (n)
! h ()=
(2.8) L:} (r,)le__; (re}2...2L01 (ran)2Le1 | (ra)
>.., Vizi.
(2.9) For a EL‘,’;} (r)) we have ri{a)> riafa)

) ry < raiff 3D

Vl)r—'-LO;“ (?‘-_',). VO%BQFS . ?".'.]i 1:{ - _»HU““;
By taking ¢f:=mn [e% , el it fo
—min {8, ¢3} it follows:

Proof. n -e< 7o iff 38 =D, LY

= 1]

o that L8 (ra)SLY (ra), Y0<e<e . .

:}i:’o (rl)ELot‘) (r2)S Loy (75). Similarly, by taking ¢ :

L% ()= L% . Ve get then (2.7) and (2.8)

) ) SLee (ra)SLey (rs). Weg .

ks 6 ot ; irst indices we get:
(219) is also proved by induction. For the first indices

Lo(r) L)

by induction.

0
0<eged=ri{a)>raa), Ya=La (ra).

1]
LorysLrs), 0O<e< ed=rofa)>ra(a), YasLey (ra)

1)
LY(ra)= LY(r4) D<eged=ra(a)zria), Yaesly (74}
e\ A T e ] =
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Taking into accoun i
1 L relations (2 50, 1
Lemma 2.3. Cousider the fzmc‘;z'cgn‘?) Bl it followgif2.9).
1- .70
| im ria) a (U Lp (ryu (0Ll (7)),

3—

(2.10)  7(a) = ,
convent ;
Fhen s il ot tent (for instance (bo+-0.1)[2) otherwise (cventuall )
L fscll 15[y the lub conditions Jor the <w;= chain in F o
roof. For aes UL?O (r e e Do o e
defined. For a, = q ill i i),x : » @S scen in lemma 2.2, #{a) is well
o er m = QL. deD, we obuain n(a)<nia). <7
at 7, defined by (2.10) is well defined SR
The lub conditions o
(2.11)
(2.12) for any #' isfyi
: tisfy
fied with le y 7 satistying the property (2.11 L wi
with lemma 2.2, where e} and 2‘ ar):: (detez;n‘?ﬁegalglieri vl be veri-
wise,

Remarks : 2.5, 1
= &0, 1t can be = : ;
with <e! >and<e} = as in lemmlz)lr(;v;d that if &f=lim ¢} and e'=lim ¢!

(2.13)

¢
r¢<7, ¥ieN, and

o
t‘_JLL.g (n)Eng () and L (#)snlk (7)
. L I

in general, we can
al, get equalities in (2 .
are adequatel o & “( .13) if the se 0
the meagure O%Y tlfilfgietn.f'l he inclusions (2.13) wiﬁlii’;cﬁs Tc& >and <¢f >
0 and 1. It is to be noot‘ aE{gtlments for function 7 in tﬁgn:i llflz:tlons as o
sense of Def, 2.1. lced that function 7 has suitable prgper(ililersh(i)r?ct}?f
e

2.0. If the two sequences <e0> and —<e'=— i le
o ¢, > In lemma 2.2 satisfy :

then these limits i
can uniformly isf i+
2.7, We nly satisfy lub conditio
(2.19) 5 absentn?ﬁgn“ﬁt function » is unique to an e-tilsuagi'tl 1) I?nd {2.12),
L0“ or ,1° 1s unique since the e-equality y. It condition
3 fl y quality becomes an equality on
efinition - -
§ 2.3. 4 chain fulfilling condition (2.14) is called an unif
miform

0
e, >0 and e'=0,

2- . A . gD —

L:I ¥ . . .
1 (7) is bounded, are satisfied is called a well-approximating chai
chain.

In the set F whi
le _ l(:’h has been ordered i :
east clement the function class7: R — [Oedl ﬁoirh:fhrigﬁngci. (w§ hgwe as the
c’ o5 7(a)< 0y, VaeR.

. . .
" e Sholy it by 7o, Of course 7, <7, reF
It is desired thf{lfsgCleartaet icommutative operations @l and © with
tions with real perationsy @ and © generalize the he set I
al constants in the following sense : corresponding opera-

if r,(a)._{ 0 for a#a

| fOra:a" 2.'-1,2

b
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0 for asa,t-as and analogous

a, <R, then 7,@7s{a) ={ | for a=a,-}-a
=y -~

with the above mentioned operations,
and that 7,, is the neutral clement

for ©. We shall assume that F,
¢ compatible with the

forms a commutative semiring structure
for @®. We shall also assumt that the operations ar
ordering structurc in F (i.c. arc monotonous), so that:

[ 4 ¢ 4
(2.15) 7y X 1= @Y 2 r@r and 71 Or 27. O, Vi1, 73, ¥ €F.

We denote by (1? , <) the partial ordered set of the classes of equivalent
states. We assumc that the ope
and also that F is a commutative semiring
perations @ and © in F is also preserv
s.

We shall extend the

dby De Bakker
ants F, with the

rations @ and © preserve the classes ref
with the ncutral element ;,,,.
The monotony of o ed. In F equality
ble inclusion as in the casc of set
d’s assignment rules.

1 semantics as synthesize
the set of fuzzy const

~ A
r,=7. means dou
§3. Hoare’s and Floy
notions used in denotationa
Ly using instead of V (Def. 1.3},
properties specified in §2.
Definition 3.1. A state is an
a set of variables as defined in 1.1.
We shall now define in connection with the set of states the following
preordering and cquivalence relations :

element o & =Ivar=F, where Ivar is

< e
Definitions. 3.2. 61 X os, o or(x) < o(x), V2 e Jvar.

£ e
3.3. 61= 02, if 6132 02 and o2 < o1

3.4, The state (denoted ,bs") for which bs(x) = rps, VXS

< Ivar, will be called bottow stale. We shall adopt the definitions from {1],
with the following mention : not all definitions will be absolutely nccessary

to this paper and they are not the only versions possible.
Definitions for fuzzy expressions (Fexp), boolean expressions (Bfexp)

statements (Fstat) :
3.5. s :==r[s[5: @5/ [if D then s, else sz fi.

3.6. b ::=true/false[sy < Sefsr = $a/...[0{by=>bof 3% [b].

37. §::=x:=8/Sy; Ssfif b then S, else S. fi. Weshall
define as meaning for the fuzzy expressions and assertions (boolean expre-
sions) the mappings:
d7T: chxpa(i‘—é,ﬂ’), with T as in Def. 3.1 and W

V:Fexp—(Z—F) an
as in Def. 1.4 in the following way :
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3.8. V() (o)=7,
V{x} (a)=a(x),
V{$:@®s3) (a)=V(s:) ()@ V(s:) (o),

V{ifbthen sy else s, fi) (o) =
_ | V(s {a),if T (b) (o)==t
V(Ss) (O’), if T (b) (c) -_—ff

39. T {frue) (o) =1t

?

T (false) (o) =ff,

T(s1 2 ) (o) =(V(51) (5) X V(ss) (o),

L(s: 2 52} () =(V(s1) (o) = V(ss) (o)),

T(b) (c)— {ff' if T(b) (o)=#

t, if T(b) ()=,
1'(by=> by} (o) = #, if T(by) (e}=ff or T(bs) (6)=1t
I in the conirary case,

L(3x[b)) (c)=tt, if there exists r eF such that
L'(b) (o{r|x}) =1, wherethe state ofr{x} is defined in 3.10.

3.10. Let us consider o€ X, xelvar, yeF, We shall call
the version state of o the state denoted ofrfx} satisfying:

() o {rfx} (x) =7

(i) o {r/x} (y)=oly), for sy,

g,‘l::; : mj sa}:l;:g S?)}]tg C;:;Z?c:migftn o '

M : Fstat (X - X) satisfying :18 fhe mapping
3.11. M(x :=s) (s) =0 {I'(s) (a)/x},

M(Si 0 Su) ()= M(Ss) (M(S)) (),

M(S3) (o), if
I (b) () =1,
M(S3) (o), if
T(b) {s)=1.

M(if b then Sy else S. fi) ()=

I

i
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An dmportant cluss of semantic objects is the class of correctness formulac,
I form :
3.12. f e h,'.Sl i Sg/S] -’_- S_!/ {p} 5‘ {q}/fl .'"\ fﬁ.

In 3.12 b, p, q are assertions ; P is named a precondition. and g a postcon-
dition. The meaning of the formulac is given by the mapping 7 2 £ form —
~ (X = T1). with the propertics:
313, For b, 1" has similar properties fo 3.9.
v °
J’(S] j b_’} (G)=H 'Ef 111(51) (0’) i A‘I(Sg) (O’),
T(Sy <& Sa) (o) =ttif M(S.) (o) = M(Sa) (o),
TP} S {g}) (o)=tt if T(p) (c)=tt and o' =M(S) (o)
implics T{q) (a")=H,
T(E £ (8)=tt if T(f)) (o) =t and T(f:) (o} =il
3.14. A correctness formula £ is called wvalid
if T(f) (o)=tt, for all s <X

Finally, let us remake the definitions of substitution (where s[¢/x7 significs
that in expression s, the variable x is replaced by cxpression t) :

3.5, r[tfx]=r; aftfx]=t; vitlal=y (x#)
(s:@se) [t{x]=si[t/x]Ds:[t[x]; if b then s,
else s fi [t|x]=if Dt/x] then s, [t]x] else s. [t/x] /1
true [t[xl=true; false (t/x) =false;
(51 % 53) [/¥) = (salt/] 3 52 [4/])
(51 = s2) [t{¥]=(s:]t/x] = suft/x]) s
(b) [t/x]=Db[t]x]: (by=Ds) [t/x]1=(ba[t/x]=>Dbalt/x])
3y[b] {t/al=
(y 3y [b], if x=¥
(i) 3 [b [t/a1], if x&y and v 1s not free 1n g,
(i) 3y [bla'fy] [tfxT1), if v#Ex and y s free int,
A'#Ex and 3’ is notl free b ooy t.

(v in cxpression b (or t) has a bound occurence if it occurs in a subexpres-
sion of b in the form 3x [b’]. Any other occurence of x in b (or t) is called
free). In what follows we will usc the same notations for the variables to

which we assign values (of the type) 7. We extend all the definitions
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for the set b by similar definitio
) 2 : ns to Def. 3.1 — 3.13. These definiti
a}rle easqy obtaincd by taking care to use only operations whiclcl 1:";15({(;?5
the equivalence classes on operations with elements. ! ’
o AN
3.16. o(v)=0(x), VYx=lvar.

The variant of a class of states is:

3.17. c{?/x}=om, where yer,
We have analogous propertics to those in the case of the variant of a state
We define ’t;he mappings: @ : Fexp - (ﬁ-»f-}), T: Bfexp—»(ﬁ - W)
M Fstat+(3,-Y), by : |

3.18. W(s) (6)=T(s) (5) (V as in Def. 3.8)

3.19. T(p) {o)=ttif T(p) (a)=tf, Yo = (1 asin Def. 3.9)

3.20. M(S) (s)=M(S) (a) (M as in Def. 3.10).

We recall that the i T A
can give now: e operations @ and © in I preserve the classes in F. We

Th 1. For ¢ ) )
e t?orem 3.1, For the assertionsp and expressions s and t for which
(3.21) T(p [s/x]) (6)=T(p) (M(x:=5) (6)}, Voe¥, and
(3.22) V(t[s/x]) (a)=T{t) (M(x :=5) (a)), VoeI,
the Hoare's and Floyd's assignment rules are valid :

(3.23) {p(s/al} 5 =s {p}

(32‘1) {p} x: =s{3dy Tarfal A ELY a1 .
a vari;ble not free in p or s. ol biglescbigl). whee or
roof. We specify from the beginni i
ginning the artial i

Lf)(l)lrlrr:l;lae (3.23) and (3.24) have the significance thal(ﬁpthey )arec‘zzrall(izfltr:f(fi
def} ‘tqr a state o but also for all the states equivalent to o. With ihe new
thelnlrll.)I;Sfand assuming (3.21) and (3.22), the proof parallels the course of
proo L theorem 2.19 from [1], the set of states being replaced by

the set X,

Let us show, for instance, the F1 ’ i
- how, e} “loyd’'s assi : '
equivalence with the formulation of (3.24). From theg;c}gc;ﬁ;tzu(lizf?rﬁscliotnhse

(3.24) will be true if from T(p) (5)=#¢ and o' = _M(x:=s3) () = {V(s) ()/#}

results that there exists 7 =F so that T o {7
slts tha 7ol L)/ w=Syle]) (6" ) =
(The equality ,, x==s[y/%]" is in the sensc of cquality for E%}isggs (gf g;lu};i)alefé

states). Let o X be arbitrary with c:(x)=;. We note c?”—~3{7¢/y}. ¥rom the
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analogous definitions of Def. 3.13, it remains to show T(p[y/x]) ("} =1t

and T(s=s{ /s ()=it. We have: Tiply/x) (1)=T) (" {00)
1) =T@) (5"{a" () =T (5"{7/}) because & ()= 7 {lr} ()=
2 and o Hixy=a' (v} fixt=c (@) ()3} {rly} {rlxi=o rly} Ul¥)
therefore: “T(p) (':; {;/y} {;/x})= (because y isnot free in p ors) = "T(p
(> 1) =TO)G (o)) =T ()=it. Tlr=s 1) () =0 ()
@(sfy/x]) (")), and considering the two members onc by one: @(x) (¢")
T ()= V) ) =) (3), and @ (s[y/x]) (&")=V(s) (0" o (1))

=(according to the previous obscrvations)==(@(s) (o).
According to the corresponding definitions it follows that we have

=

I

I

the Floy d ’s assignment rule for the set £ The equivalence with (3.24} 1s

immediate for the reason that 7'(s;=s:) ('c;)=tf iff T'(s1=82) (o) = t, Vo .
Remarks 3.1. The conditions (3.21) and (3.22) are special cases of
the formula (T2) in [2], where the statement is the assignment one. The
significance is that during processing, assignment which causes a change of
state, and substitution, which is a syntactical operation and leaves state
unchanged, are intervertible yielding the same truth-function.
3.2. The conditions (3.21) and (3.22) are satisfied for those types of

assertions which we have discussed. )
The fulfilment of these conditions and of e-equalitics are sufficient

for the proof of the theorem, if we do not use the set Z.
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