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ON THE UNIFORM MATRIX SUMMABILITY OF FOURIER SERIES
BY

RAJENDRA PRAS Al and ASHOK SAXENA

In this paper we generalize the theerem ol Saxcnafor the uniform
matrix  summability,

. Let f{x) bea 2m-periodic function and Lebesgue integrable n the
interval (==, 7). Let 118 Fourier serics be given by

o b Yy e cos X0, sin nx).

=1

(1.1 f(0)~

\.]

We shall use the following notations

(1) = ©(x. £) =f{x + 1) L Fv—0)=YLx)

t
|

»{f) S OO0 du, S =aa— e, T b\

L]
where |7 denotes the integral part of 7.

2. Lot () (=0 1.2. 3.0 k=0, 1.2..) be a triangular matrix
of real or complex numbers and let

(2]) Gy = E )‘H.kblk-

k=
A series Y, with partial sum U, is said to be summable (A) to U if the se-
quence {9, tends to a finite mit U as n—0.
‘The necessary and sullicient conditions for (A} to be regular are that
(i} there is a constant M such that

(2.2) Y o =M for cvery i

k-0

(ity for every £

(2.3 hm 7y, O
(2.4)  {iii) i Yy kep— |

noea



282 RAJENDRA PRASAD and ASHOK SAXENA 2

3. The object of this paper is to introduce the concept of uniform
matrix summability which we define as follows :
Let

(3.1) to(x) + 102 () Faea{x) ...
be any infinite series and
U\,(x)-—-ua(x)+u1(x)+ua(x)+...+uv(x).

Let (My) (n=0,1,2,..; k=0, 1,2,..) be a triangular matrix of real
or complex numbers.
If there exists a function U= U(x) such that

(3.2 5 hus (U5~ U(a)}=0()

uniformly in a set £ in which U/ = U () is bounded, then we shall say that
the series (3.1) is summable (A) uniformly in E to the sum U.

The conditions for the regularity of the method of uniform {A) summa-
bility defined by (3.2) are the same as in the case of ordinary (A) summabi-
lity, because they are independent of x.

Particular cases of (3.2) :

(i) uniform harmonic summability (3)

when
1
» k<,
A= { (n—k+41) log (n+1)
0 R=>n.
and (i) uniform Nérlund summability (4)
when
3—51’—'-5" k<n,
?\n,k el ]
¢ E>n

In this paper we take {3,;}2_, to be a real nonnegative non-decreasing
sequence with respect to &,

4, In 1965 Saxena {37 established the following theorem for
the uniform harmonic summability of Fourier series :

Theorem A : If
dn(z)uo( ‘ )
log 1t

uniformly in a set E in whick f(x) is bounded, as t— -0, then the series (1.1)
1s summable by harmonic means uniformly in E lo the sum f(x).

In the present paper, we generalize Theorem A by replacing the
special sequence of coefficients
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log (n+1)

(el o) N
[N
0, k>n,

o0 N . 1 N ,
l more g ne ‘al SC([UC}}CL U{ LOL‘“!CICntS o lld LStabllSh t}]L 110 11&
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Theorem : If
¢
B =
U (log llt)

{40, in which f(x) is bounded. then the series (1.1)

formly in a set E as F0, :
f'{msjf‘mmr?z}bte (A uniformly in E to the sum flx). ¢ i our theorem -
18 5. We requirc the following lemmas for the proo et
Lemma 1. Suppose that f and g have period 2w, tha

is V, that » and « are real, and that

—ngaghg ), then
b
J(@,b, 5 2= § f(O+=)g(8) e 400

; 3 hen | A j—c0.
wuniformly in a, b and « w | - -
! Lemma 2.[2]: If {}n ejfao?s @ non-negative and non—d;cre;smg se
23 s k) B | d
quence with respect to k, then for 0<a<bg, 0<igm and for any

- : B)\n. a-<
z An, ek 5“"_”“ < :

k=g

3 = 1ft].
where B is a constant and < {n _ _
Lemma 3 [2]. If {}n s}fo 15 @ #O%
with respect to k, then as n—®
: i Amp=1 as n—o00. uniformlyfor all k< n, so thai
n k
im0

Aw 6= (n—k-}—l k
1
}\m ﬂ:O (_):

k4

negative, non-decrcasing sequcnce

)since

6. Proof of the theorem : It is well known that

Su(#)—f1)= E:S P —Gnrt 2n sin 1 ¢

0
sin (n41) ¢ +
sin 4 ¢

L) . n
- ,I_S o ot g, ! Sf(x+z)

2 sin } ¢ 2.
0
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(6.1) : S.f( —) —m——Sin.(”H)tffr—-ﬂi)S“%i“ (B e
i sin 4 ¢ GE sin i f
; 2
| ’ i
A o Sty : :
zJ () n 3 dt4+ 1y #1241, (sav).
0
{6.2) Now [y=o(l) untformly in E by lemma |,
. e sm {n+1 )t b i :
Again I, = S (v —f) ———2ZT 1 S SR,
2z / sin }{ 2z Slat) sin L4 =
8 -8 .
I 8
i Coposin (n4) ¢ -
(6.3} —ZRSf(A-r-ﬁ)-—;;—gt—dt: O(1) uniformly 1n E by lemma |
Lastly
b T
1 =) Ssm RS Y ) |Ssin ()t
= ) sinii = sinl¢ -

&

Ve si |
Al Sqm (n—{-_)t(ﬂl‘

= sin} ¢

since

[/(x) |< M for every x=E where A is some constant.
(6.4)

Iy=0(1) uniformly in £, by lemma |
Combining (

6.1), (6.2). (6.3) and (6.4) we get,
E
3 e ] sin (r+1) ! . .
Salx)—f(x)= 2__5 (D(!)Wdt Fo(l) uniformly in £ and therefore,
0
L 1 S in (&
s . sin (k+1)¢
k;ﬂ P 15 (2)—/(x)) = r.-;u e ZT!S (D(t)m"— di-o(1) usiformiv in E,
0
[
) L= sin (41} ¢
= | (). znkuol-mymg—t"— dtto(l) uniformiv in [,
|
s
S(D(t) Ja (&) dto(1)  wuniformly in L.
0

Jalt)= | é, P qm&.m 'I t (S 5 ]

Therefore.
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where .
" ﬁ

()i 4-o(1) unifermly in

(6.5) =L,+L.+o(l) umfonn]y in E (sav)
(i) Now uniformly in 0--igin

, [ [& . sin(2R+1)EE
i [ﬂ(t) |= P [T

i Eezf) Sin ..5 f

< E Dhoes | (2R41).

Applying Abel’s lemma we get

.ln(t)szL["il{{Z s ])\2k+l—2l‘ 3 l}+(2n 1) ‘n‘:"n”"""]l/

T Lk=0 =1

. [z.o[—) F2Mn—1)+2n+1) M] —0 (n) as n -2,
2n ”

(i1) Now for 1/ngi€3d<m.
. sm (k+1) 2| 1 ﬁ - "_ksin (2’»—.—2k+1) ¥
) 1= 5, ,?.:’o " sin L 27| = sin 1 ¢

=0 ();"—“—‘)) by lemma 2.
ti

Thcreforc. , .

"

o) Jult) dt— [ o) |1 Julh) | d-t) =0 { 10 1=

(6.6) L,

[T e
S ey B

‘_-O(fn.o( ! )) uniformly in E=o(1) uniformly in I as n-.

log n
and \ \ ,
L= So(t) Ja () dt=0 (S;m(f YU 7L dt)) O(S\ o) | -)\—";—’;Z-’——dt).
ButSs'i q:(:) ] - -tiﬁ*“[ (r))"t—-:—'fi -+ 2§cb(t) }\"; T 0 —

8

_g‘—‘:—‘—) pand = oo (=] +°(15f3\f;§_§/t‘i')+

B

-
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n

2

T o(sd——()\”’ n=s) uniformly in I
1z.‘lc;gl/zf ] R

: ! ) ]

1 e n-[2] 3 xd)‘,,, a2 .

[o( ) o(logn) +o (S-——-———-—log . d.x) —i—o(s ,...._..__[_1) ]umformly in L,
1
3

! log x
! S
| o a1 k+1 n
Lt O 1 __{,, ?\ﬂl n-lx
[ M 0(logn) - ({S +S+.‘. +S+"'+S} log Er]dr)
5-'1 a k =1 ’
a a+l k+1 n
'dlm n-Le e
1o ({S +S b _|_S + .4 S }-A-—A)) uniformly in I.
oy : log »

-1

where a = [37']+1

1 H—1 3 "
=1o(l -{—o(—-_ e k : M
[ ) log n) +0 (k=§—1 e k) —I-O(k;a og & Al.,m_k)] uniformly in £,

1 n
= O([ Lol ——1| - \ ” i
[ )T (log ”) i‘o(kgo }mn-k) +0(10g .”) Z )\m n—}c—‘ln, ﬂ-k+1}]

k=a

uniformly in E.

=[o(])—]—-o(ioﬁ) +o(§"3 )‘,,,A.] —|—o( = ){An, o—hm,.-w}]

Pynr logn
uniformly in E.
=[o{1}4o(1)+o(1}+0(1)] uniformly in E.
as n—co. by regularity condition and lemma 3

(6.7) o(1} uniformiy in E.

Now combining (6.1), (6.2) and ... (6.7), we get the proof of the theorem.
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NOTION DE SPECTRE DANS UNE CATEGORIE QUELCONQUE (I)
FPAR

EUGEx POPA

L'objet de cette note est d'étendre, dans le cadre d'une catégorie
quelconque (éventucllement additive), ccrtaines constructions fondamen-
tales en géométrie algébrique [4]: spectre, anncau de fractions, localisé,
¢tc. Dans Ie §1, on définit un foncteur contravariant, noté Sp, sur une caté-
goric quelconque, & valeurs dans TOP. Lorsque la catégoric est additive,
on peut définir, sur chaque espace topologique Sp 4, des faisceaux de groupes
abéliens 0,; Cette construction est acomplie en §6. On utilise de facon
cssentielle un certain foncteur Q,, introduit au §2. Un role important joue la
notion d’objet complet, qui est détaillée en §3. §4 et §5 contiennent des
application 2 TOP (et & ENS, comme cas particulier), tandis que §7 traite
l'exemple classique de la catégorie A- mod. Un dernicr paragraphe contient
une breve disscution du comportement des constructions précédentes,
par l'action des foncteurs.

Les trois derniers paragraphes paraitront séparément. Cette notc est
le développement de la conférence présentée a Cape-Town 1976 {7].

Pour tout ce qui concerne les catégories, nous renvoyons a [5], (8],
19]. € sera une catégorie quelconque. Pour un objet A 0b C, on note
P(A) la classe des sous-objets de de A. P(A) sera ordonnée par la relation
Q’inclusion : 4'S A" si et seulement si, il existe un monomorphisme 4’ —»4",
compatible avec les monomorphismes A4’—4 et A" —A. Si € posséde des
limites projectives finics, on note A'n A" la limite projective du diagramme :

Af
i A, A" eP(A)
Afl_)A
et #-' (B} la limite projective du diagramme:
B’
$ B’ eP(B)
ASHB

On note u |, la composition 4’'~A=B.

Un ensemble ordonné sera identifié avec la catégorie correspondente.
Une application f: XY entre deux espaces topologiques sera appellée
homéomorphisme sur son image, si f: X=f(X) est un homéomorphisme.
ANB désignera la différence d’ensembles; @4 scra le complémentaire par
rapport 4 un ensemble qui sera clair du contexte.



