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Proposition 5.16. &7 1" csf compacte. alors spa{P)=a,
Dimonstrafion. 1" ¢tant cempacte. chaque F& A a un point d'accu-
mulation sur I, soit Fy. 11 existe alers un ultrafiltre plus fin que F ot F,,
Corollaire 5.17. 57 1" esf 1y alors ol existe wne fonckion
Ly L f['_:_\ (l‘}——)i‘
telle que apl (IM)=tHa (1), VIVET

Le résultat suivant a été utilisé dans {6 :
Proposition 5.18. 8¢ I" ¢st compact et ASX alors:

An@0(A)Sspa (I'n@O(A))

Démonstration. Soit FeAn@0({A) donc A «F. ]l existe un ultrafiltre
U plus fin que F tel que €4 €U, |' étant compact. il existe Fy eI tel que U
soit plus fin que F;. Alors 4 € F,. ce qui prouve que Fy=1'n @0(4).

L’application fpy permet. dans certain cas, la comparaison des solu-
tions du problé¢me de Dirichlet, relative & deux bords. On considére, comme
exemple, le cas simplili¢ suivant. Supposons {3] X localement compact et
S un ensemble de fonctions u: X—(—o0, +o0]. i.s.c. Pour chaque bord
I" et chaque fonction f: ' » [ — 0, 4 0] soit:

HY(x)=inf {u(x) | v =8, lim inl wzf(F), VFel} (xsX).
o

Supposons I' compact ct soit &4 un bord. tel que 7ra (I)=4. Alors on
a Yapplication ora A= ¢t Iinégalité sulvante cst valable:

H}lf-‘lr'_._\ﬁ H_l;
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SUBGRADIENTS OF CONVEX FUNCTIONS ON RIEMANNIAN
MANIFOLDS

8Y

CONSTANTIN N. UDRISTE

Suppose M is a complete connected finite-dimensional Riemannian
manifold. Let 4 be a totally convex sct in M and f: A K be a convex
function. The set 774 of cotangent vectors to A at a point x 15 a convex
cone in 753, Let ¥ be a generic point in 4 and yx(f), ¢ =[0, 1], be a geodesic
are such that ved0) =1, vey{l) =y, va{0)=X.eT:A. We denote by Ty
the set of all geodesic arcs joining the points x and . .

1. Definition. 4 7-form w, =154 is called the subgradient of [ at x if
(W2 A+ wdv 0)), Yved, Vo, el .
& f2( )Definition. The set of all subgradients of f at x is called the subdiffe-
yential of f at x and is denoted by 8f(x). The mulliform map Of : x~»0f(x} 18
called the subdifferential of f.

3. Remark. 1f fis diffcrentiable at x, then e,=df(v) .

4. Theorem. The sct df(x)< TiA contains at least one element.

Proof. Since f is convex on A, we have

vaylt)) — fx v
1) = iy » LI 5 Dy X,
where ¢ =0 and Df(x; X,) is the unilatcral, directional qcri\':}ti\'e (7Y of f
at ¥ with respect to v,(0)=2X:. But 774 is a convex sct in T:M and .”(,f—v
—Df(x; X,) is a convex function (7). Therefore [8] there exists @, € T.M
such that w.(A,)<Df(x; X} and hence fy)—flx)z el Xs) Le. o, € df(x).
5. Theorem. The set 3f{x) is convex and compact.
Proof. Let ), wi=df(x). Then
A ?f(x)—-—o)}('[:w(())), FO)2flx) + 02y (0), YveE A, Vyne Ty '
Multiplying the first relation by I-s, the second by s E‘[O, 1], andladdlsg,
we find f(3)2f(x)+(1—5) ol +sef) (v2(0)) . vyed. So (1—s)oilse:s
€df(x) and hence df(x) is convex.

*) Communicated al {he National Colloguivm of Geometry and Topology, Chj-
Napoca Seplember 22— 24, 1978,
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We shall show that 9f(x) is closed and bounded, i.e. compact. Let
{wp} <df(x) be a sequence of subgradients convergent to a covector o,
Suppose w,¢df(x), i.c., Je>0. Iz«M, 3y, such that f(z) +¢ = f(x) 4
+ @x{v2(0)). On the other hand f(z)>f(x) + wv,:(0)). By subtraction we
get e<{w—of)(72:(0)) < llo; — ol [[v2(0}]]. It follows [jes, —el||> — :

Il v(0) |

Vo €N, which contradicts the fact that {w?} converges to «, Hence
wy €8f(x) and 8f(x) is closed.

Let w, Eaf(‘c), ie. m,(.Y,,(O)) +f($) Sf(.)') or [le| ”Y:w(o))” Cos e+f(m)"<-
S fly), Vyed, Vv

Y1y €y Tt follows that |jw.|| is finite, and hence af(x)
is closed.
6. Theorem. 0, € 3f(x) iff x is a minimazing point of f.
Proof. 0, =0f(x) iff f(y)2f(x)+0,(vn(0)), Yyed, Yy, T, iec, iff
x is a minimizing point of f.
7. Theorem. o, df(x) iff Df(x; X)2wdX,), VX, eT,A.
Proof. Supposc w, €9f(x), L.e. f(¥)2f(x)Fwilya(0)), ¥y €4, Yy, e,

Let v, (f), £€[0, 1] be a geodesic arc such that v,(0)=X,.Substituting v
by v,y {sf), $>0, we find

Sy (st)) — f2)

&

>0

]

> w,(X,)

?

and taking the limit as s—0, we conclude that Df{x; X)ZwlX,) .
Conversely, the relations

Dt s Xe)peu(Xe) . fiy)=fy> L), e )

imply f(¥)—f(x)2w.,(X.) and hence o, €df(x).

8. Corollary. xisa minimizing point of fiff Df(x: X,) 20, VX, e T.A.

9. Theorem. Let A be an open totaldy convex set. The Junetion f: AR
1s convex iff whatever x € A, there exists .= T3 A so that, Vv eA, Ve €Ty,
we have f(y)—f(x)2 0:(y2,(0)) .

Proof. Suppose that for cach x € A, there exists w, 74 so that, Yved,

Yoy € oy f(¥)—f(2)2 wz{y,(0)). Similar arguments to those in the Proof
of Theorem 3 in {5] show that f is convex on A.

Conversely, the convexity of f: AR and the above Theorem 4
provide the existence of w,€7T.M so that F)—f(@) 2 0{y,(0)).

10. Remark. Let A be an open totally convex set of sufficiently
small diameter. The function defined by y— w{v4(0)), vE4, is linear
affine (i.c. convex and concave}.

11. Theorem. A convex function on an open tolally comvex set of suffi-
ciently small diameter is the superior of a family of linear affine functions.

-
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