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BOUNDEDNESS AND OSCILLATION OF SOLUTIONS OF
DIFFERENTIAL EQUATIONS WITH DEVIATING ARGUMENT

BY

CH. ;. PHILOS and V.A. STAIKOS

In this paper we treat the boundedness or unboundedness of the solu-
tions of differential equations with deviating argument as well as the damped
or unbounded oscillations. The differential equations considered are of
the form

() Fasll) (raelt) [rall) 1) F(OVY 17T+
+alt) F(x[g()) =b(t), t>ta,

where r{k=1,...,2—1), a. g and & arc continuous real-valued functions
on the interval [#,, ) and F is a continuous real-valucd function on the
real line R. Without mentioning it any further, the functions r¢ (k=1,...,
n—1} will be supposchsitivc on [fo, ) and the function g such that
lim g(t) =00,
f-+ xm
We consider only such solutions x(t) of the differential cquation (E)
which are defined for all large ¢. Sufficient smoothness for the existence of
such solution of (E) will be assumced without mention. The oscillatory
character is considered in the usual sense, e a continuous real-valued
function defined on an interval of the form [T, w) is said to be oscillatory
if the sct of its zeros is unbounded above, and otherwise it is said to be
nonoscillafory.
For the sake of brevity, the notations D@y (=0, 1,...,n) for the so
called r-derivatives of the function x are introduced as follows

DO v=yx, DX y=r (D&Vx) (k=1,..n—1} and Dmy=(Di»Vx)".

Then the differential cquation under consideration can be written in the
form

(E) L (D) ()-FalF(x[g()]) =b(e).

For such differential cquations involving the operator [ there has
heen an increasing interest on the oscillation and the asymptotic behavior.
As onc can sec in the book of Coppel (I; Theorem 2 and Lemma 6,
pp- 91 and 93], the class of operators D{" properly contains all disconjugate
operators L defined by Lx=x™4-p,x™ U Hpe '+ pux (P continuous
functions).
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The results of this paper are presented as four theorems. Theorem |
establishes sufficient conditions for the boundedness of all solutions of the
differential equation (F) when this equation is of retarded tvpe. Theorem
2 concerns also retarded differential equations of the form (£) and says
that the assumptions of Theorem | are sufficient for all oscillations to be
damped. For the general casc of differential equations of the form (k) with
deviating argument, Theorem 3 cnsures the nonoscillation of the bounded
solutions (i.c. the unboundedness of the oscillations) and Theorem 4 gives a
sufficient condition for the unboundedness of all solutions. Notc that in
Theorems | and 2 it is supposed that |£7(y} {< X { v | for all v, where A
is a positive constant, while Theorems 3 and 4 hold without this assumption
on the function F. Numerous ¢xamples are inserted in the text. toillustrate
the relevance of the theorems. Also, some examples are given, which provide
answers to some natural questions which arise when rcading the text.

The results obtained here generalize and improve some recent results g
of Singh [2] and this is illustrated by appropriate examples. For related
results, we refer to [3] and to the references in (2],

Theorem 1. Lef the differential equation (E} be of relarded [ype, 1.c.

eyt for every t2 1,

and swppose that there exisis a positive constant K such {hat L
| F(v) | K | x| for all x. i

Movrcozver, lel the conditions (C,) and (Ca} below be satisfied

1=8y # Fa-s

. . i !
(Ch) llms S S dS, v ... dSads, =00,
1= Jyi(s1) J rafse) Zuo1 (Sact)

I (i ta

(Cs) S;a(t) | dt <o and S | b(t) | di = 0.

Then all solutions of the equation (E) are bounded.
Proof. Let x be a solution on an interval [ 7%, o). Tw2{u. of the equa-
tion (F) and let 727 be chosen so that

gz T for every (271,

Because of (C2). we have

0gAr= S | af) | dt <co and 0< Br= S b(E) | dt =0,
7
Furthermore, for any £=1... n—1 and every {21 we define

tag, L f i

. o1
Ryt 1 =S S o | dsedsatsn
\A( ) 71(31) rg(Sg) rk(sk)l peo
r T

3
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After some manipulations, one can casily derive from (C)) that

SN=slim R T
fr e
Now, it is casy to verify the generalized Taylor formula
n—1
\(f):\(f)-‘r E { ])lr-'rl '\.) (f) 1\,*‘:[ : !’,-i—
k=1

2 &
1 M= n-1

1 : 1 B 1 .
Dy (s} dsds, a..fsads
o S Fils1) S ra(se) 5 Fao1(Suct) S (
T T T

for all £2 7. Thus. , for {21 we obtamn

=1

L) 1< LT 1 X DR (1) R 1)

%o .~=. LI 2,

( l 1 l K rey
PR B [ I).’J.. - {\. {‘,” 1...d 2&’ .
+§- ‘(S)S os2 Yafs )§H v) (s} | dsds sads

S
T r
t
-1

01+ % (DP) (1) | Relts 1)+ R 'J")S!(l)‘,”ix) (s) | ds

=1

I
=
—_—
Py

T
t

< 1T) | 4T 1D (1) | BlG DR (6 D 108) | dst

T
T

s Ruslts 1) § L als) | F(xigo)D) 1ds

1
[

<1 x(1) | 4+ (D0 (1) Ry (¢ )+ Bacs (5 T) S b(s) | ds-

T
t

R Ralt Y’)S'u(s)| xg(s)] | ds
<P x(T) 1S L (DW ) (7) | Riloo s 1)+ Rea (o5 T) Brt
Py}

KRy (e T) 5 {afs) | ] ¥{g(s)] |ds.

T
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Hence, there exist two constants o, f with x>0, p =0 such that ¢

{

| x(t) sa,+a§ als) | | xlg(s)] | ds for all £z T\
T

get

Next, we consider a == 1 such that g(t) I for every ¢2 = Then foriz = we E
auh) '

| +10] 1< =18 al) | [ xlgle)] 1 ds <ol als) | xLe(o)] 1ds=
T : ] ' L
= oy BS Lafs) | | xlels)] | ds + as Lals) | | s[ets) | ds.

Thus, we hawvce
i

| +{g)) 15 = +{ 1 als) |

vig(s) | dsfor all £2 7,

where « is a nonnegative constant. Thercfore, by the Gronwall inequality,
we derive
3

| xfg(Di<|= exp[BS | a{s) | ds} < aexp(Pdr)
T

for every ¢>=. Hence, the function xog is bounded and consequently, by
lim g{t)=c0, the solution x is also bounded.

i =
Theorem 2. Let the differential equation (E} be of retarded type and
suppose that there exists a positive constant K such that

|F() | K|y for all y.

Moveover, let the conditions (Cy) and (C.) be satisfied.

Then all oscillatory solution of the equation (E) tend o sero at .

Proof. Let 1 be an oscillatory solution on an interval [Ta, o). To2ts,
of the equation (£). By Theorem I, x is bounded. The boundedness of x
and the continuity of F ensure that the function Fox is bounded on [T, c0).
Let S be a positive bound of Fox. Furthermore, we define

1= 8,y X, .wu_2

| 1 1
R(t)- S ds, 1 ... dsads,, t24s
il ot Pt P s ‘

5 te o

By (C,), we have that
0.2 R(ec) =lim KR({4) <oo.

= o

m
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Now, let ¢ be an arbitrary positive number. Becausc of (C.) and the
fact that lim g(f)=o0, we can choose a 7= 1 so that

oo

S}a(t) A< e S 60) 1< S

and g(f)z To for every 271,

Next, we observe that the functions, DiVx (i=0, l...n~1) are oscilla-
tory, since & is oscillatory. So, we can consider =, (i=0, l,..., n—1) with
T2 T2 BTz ] and

(D¥x) (z)=0 (i=0,1,..., n—1).

Then it is casy to verify that for £Z

=8y L1 L Ty
x(t) = S ! S I S : S(D(,"’.\) (s) dsdsp_q ... dSadSy.
71(31) Fa(S2) noa (Sa-a)
T h Tuou Taey

Thus, for every {2 7o WC obtain

=12, [ H L) g’

|x(r);gsrl('ms“(;)..."sz : Sl (D™x) (s) | dsdsy_s ... dSuis:

Y1 (sn_.l)
e Ty Tasg L

! I

sRmSlWWﬂB)dséRWSMMIh-RmSm@HIFMEMDEIﬁ
< R(oo)s | b(s) | ds+ R(e0) S S | a(s) 1ds] < R{(<0) ?Ea(-oo_) + R(0) SEE}QS@?) -
T

T

We have thus proved that for cvery positive number e it holds |x(f) <=
for all large ¢. This means that
lim x({¢)=0

J
and the proof of the theorem is complete. .
We choose to give below four examples to illustrate the relevance of

Theorems 1 and 2. ) )
Example 1. The retarded differential equation

R CRNE IRRPS
[;WMM]+ﬁﬁMMs;J>1

has the bounded (nonoscillatory) solution x(f)=1 ft. By Thcorem 1, every
(oscillatory or nomnoscillatory) solution of this cquation is bounded.
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FExample 2. By Theorem !, all solutions of the retarded cquation

T IT I, [E¥ ny i
O+, W= 1

arc bounded. For example, this cquation admits o/} HF as a bounded
(nonoscillatory) solution.
Fxumple 3. The retarded equation

‘tl .r’.x'(t)"] R (Rt BT ‘(% - {I—) sy [: + ;] C08 /] —

—e Msint {21
has the oscillatory solution () = ¢ ¥ sinf for which we have lim x ({)=0
t

Theorem 2 cstablishes that all oscillatory solutions x(f) of this cquation
tend to zero as {—oc. Moreover. by Theorem | all nonoscillatory solutions
of the above cquation are bounded. ‘-

Fxample 4. Theorem 2 ensures that all oscillatory solutions x{f) of
the retarded equation

_e‘;_f""‘-'_\'i_;’) ’ ,_|_ v ¢ '-""_\:(!-——ﬁ) — at SlIl!—l— ot {(!”2-}-6[”3— Et II:) S l‘i‘
21 K
- (7!“" — X fre Et"“) COs f] L=

tend to zero asf —oc. For example, x({)=e7*" sin ¢ is such a solution. Morcover,
from Theorem 1 it follows that all nonoscillatory solutions of the above
cquation are bounded.
The following cxample shows that the conditions of Theorem 1 are
not sufficient in order to have lim x(f)=0 for the nonoscillatory .solutions
o

x(t) of the differential cquation Uf).
Example 5. All assumptions of Theorem ! hold in the case of the
differential equation

Vg onsi] we I T
- I b (= — = 2.
[ evor] + gm0
On the other hand, this equation has the (bounded) nonoscillatory solution
2y =141/t fcr which we have lim x(f) = 1.
f>m

Theorem 3. Suppose (hal .

(C) There exists an integer mo\<mgn— 1. such that the assin ption
(Hyom'} belowe is salisfied

(Hyse) e have:

S'a(t)!d:.._oo and Sb(a’)d! oo,
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tf e n—1t ais not jdentically cero o o «) .

[ | . ; l £ ) | oy
| \ r :
limS \ | als) | dsds, v tdSy_adSy 1€
i Foo1 (Sm l) O ('\.m 2) S (Su l) -
F ta [ i
and
: i fm- | Tuoa | fay
- ] - - :
lim 5 S 5—--—~— Sb(.\‘)a’.\‘ds,, RN £ TN LS O o
[ Va1 (Sm'l) LEPERT (Sm-i) , lVr:-l(su l),.
o L a N

if men—1.
' Then all bownded solulions of the differential cquation (£) are nonoscilla-
forv,
Theorem 4. Suppose that : .
(C There exists an indeger m. O<m=n—1. such that the assionption
(I om) and the following one are satisfied .
(Hm)) 1f m 0, then

S..‘H. == (i1
rilfl

Then all solutions of the differeniial cquation (1) are unbon nded.

Proof of Theorems 3 and 4. Let 1 he a bounded solution on an interval
Faooo). Ta2te. of the cquation (£} and It I'="1T, be such that g{f)=Te
for every {271,

Because of the boundedness of v and the continuity of £, we have

Sesup {| Fixjgif) ) |tz T =0,
Now, suppose, that m=n—1i, For every 2 Towe get
1 f 14
(16 9 3) (= (D D 3} (1) S(nw ) () ds Sb(S) ds—Sa(s)f-'(x.'g(s) ) ds.
- T T
Thus. for £z T we obtain
¢ 4

I'_l)(," ”_1‘) (f) 4 (1)(rn 1 \)(!) >

Sb(s):lsl—Sla(s)_ | Fxigls))) | ds=

> Slb(s)ds‘ -5 St| als) | ds.
r T

Henee, by (Hifn—1). we derive that

Hin [(DUa) (1) j=cc.
[
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B8

\ . 2 = o
Next, let us consider the case where mi<n— 1. For any k=m+-1 n— | and
every tz 1 we define enm

a I Bl

i
L Vg 1 i
le‘(f + [) g S T S I d
J ¥ip- I(Sm—l)T Ymas (Smyz) b 7i{Si)

1

Sk e dSnH 2 dsm+1-

Then, after some manipulations. from (H,[m]) we can derive that

Im Ry (¢ Ty<0 (h=m-1,.. n— ).

Loren

Furthermore, for cvery {271 we obtain

(D) ()= (D) (1) — 5 (DB (1) Ralt; )=

Eem—1
tt'm T R #
= ! ’gl ! ES. i I D
rae 1) a4 N
Yms (Sm-i 1) Ymgn (Sm_._!) P (sn 1) S ( r A’) (S) dsd\sn_l 5o0 d5m+zds,n+1
T T T T
lea P

m mg s

z ]

! l T
S ?‘m+1 (sm-l-l) S ¥ ) S Sb(s)deSu—l " dsm+IdSm+1
T T 7

w42 (Sm.a Y1 (sn—l/
T

f=s
m *mt1 Ta-g faot

- 1 l e
Sz-'r"'n (sm+1)§rﬂ?—2 (Sm+e) S S ﬂ(S)I'(x(g(s) )des""""dsﬂ!+2d3m+z .

Fa_1 (sn—l)
T T

Therefore for ¢ 7" we get

n—1

LD @) |+ (D) (T) 1+ 8 [(D#x)(T) | Rult; T)2
k=mil
tsam ”m-; L 13
| Pt Eve e vl
2 dsd ==
) on (s'"")T Frag (Sme) §?,...1 (Sw)i (8)dsdsay ... dSppe A8,
f-l. L LI L
—SS : S : S : (s) | dsd d
™ 1 as
TT,,”; (sm+1) - Vet (Sm,ﬁ) Tfn_z (sn 1) T' SA8y 1 ... sm+2d5m+‘l.c
This, because of (H,[m1), gives
() lim § (D{™x) (2) | ==o0.

= m

. We have( thus proved that (°) holds in both cases where m=n—1 or
m=n—1 If D™y s oscillatory, then (') is obviously a contradiction. Sirce
the oscillation of v implics the oscillation of D{™x, the proof of Theor m 3
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is complete. Furthermore, if D)™y is nonoscillatory, then from (%) and
(H.m ) it follows that lim x({)=d-cc. which contradicts the boundedness

[

of a. This completes the proof of Theorem 4.

\We now give four examples to demonstate the significance of Theorems
3 and 4

Example 6. The differential cquation

I - 1 |
el (1) - A (== 4+ —. =]
P O] T+ o s (P

has the bounded nonoscillatory solution x(¢)=1/t. By Theorem 3, all bounded
solutions of this equation are nonoscillatory.

Example 7. Theorem 3 cnsures that all hounded solutions of the
cquation

(et itet () '] e (tf2)=1—¢'. I3 ]

are nonoscillatory. For example, x(f)=e™ is such a solution.
Example 8. By Theorem 4, all colution of the cquations

!

fe t2x"(1) ’+§e_'3 I =¢1"“[2—»‘~sini . iz
2 2 2

arc unbounded. For example, this equation admits xft)=e'(1-+sint) as an
unbounded (oscillatory) solution.
Evample 9. The equation

et [le 2’ ()] +et = x{tf2) =26, {21

admits the unbounded (nonoscillatory) solution x(f)=e¢'. Theorem 4 esta-
blishes the unboundedness of all solutions of this equation.

Theorem 3 says that, under (Cs),all bounded solution of the diffe-
rential equation (E) are nonoscillatory. This condition is not sufficient
for the nonoscillation of all {(bounded or unbounded) solutions of the equation
(E). Indeced, the cquation of Example 8 is subject to the condition (C.)
while it admits x(f)=¢/(1+sinf) as an (unbounded) oscillatory solution.
fLet us consider the differential equation with deviating arguments

(£) (Dx) () +alt) F(x{ga(O)]..., *[gult) ) =0) ,

where F is a continuous real-valued function on RY and alj=1,..,9)
are continuous real-valued functions on [f,, ) such that

lim g{ty=00 (j=1.....v).
f=r o

Theorems 3 and 4 also remain valid for the differential equation

(E).
This is duc to the fact that. if v is a bounded solution of the cquation (EA),
then  Fo(xog,,...,xeg,) is also bounded.

Bv Theorem 1, conditions (C,) and (C») arc sufficient for the bounded-
ness of the solutions of the equation (E), under {he following assumptions :
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() The differentral equation () is of retiurded (vpe,
() There cxists a positive constunt N such that

| F() 1=K v ] for all .

It 1s noteworthy that for the boundedness ol at least the nonosuillatory
soluttons the assumptions (1) and (4. are essential, i none of them
can be removed without damage, as it is illustrated by the following two
examples.

Example 10, The differential equation
| an-e b 10
|— B I _ 1 =0 in1

'

15 subjuct to the conditions (A2}, (C)) and (L), but this equation has the
unhounded nonoscillatory solution v{#}=={. This is duc to the fact that the
above equation is of advanced ty pe, which is the case when assumption (A )
fails.

Fxample bl Conditions (C,) and (Cs) are satisfied for the retarded
cguation

[ (8)) — ;f: v (yH=0, izl

But this equation admits A{f) =/ as an unbounded nonoscillatory solution
due to the fact that the assumption (1) fails. -

Theorem 1 says also that: Under the condition {(A,). (A:). {(C)) and
(C.), all oscillatory solutions of the differential equation (£) are bounded.
it remains here an open question whether the assumption (4,) or (4,) can
be removed. It seems that the answer to this question is ,not”, but the
authors fail to give the necessary examples to demonstrate this. From the
proof of Theorem 2 it follows that for the bounded oscillatory solutions of
the equation () no use of the assumptions {4,) or {4.) is made. So, we
obtain that ; Conditions (C,) and (£, are sufficicnt for all bounded oscillato-
v solutions of (£) to vanish at cc. Hence, the above question is equivalent
to :,.Can the assumption (4,) or (4.) be removed from Theorem 2 7,

Before closing the paper. we note that Theorems 2. 3 and 4 gencralize
and improve some recent results of Singh (27, Singh has proved Theorem
2 with the condition

lim inf r{f)jf"® =0 for some 5=, 0, t).

() : i .
lim inf /ift) =0 {(7=-2,.... n—1]. when n -2,
i

in place of (C4). It is casy to verify that (C7) implics (€4}, On the other hand,
it is possible to have condition {€) valid while ((}) fails. For example, for
the differential equations of Examples 3 and 4, the result of Singh cannot
be applied while Theorem 2 can be applicd.
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It is obvious that the condition () is satisficed if

(€3) S alf) aft e and Sh(l": df= 1.

singh has proved that the condition {€3) is sufficient for the nonoscillation
of the bounded solutions (i.c. for the unbounduedness of the oscillatory
solutions) of the differential equation (). This Singh's result is covered by
Theorem 3. Moreover, Theorem 3 is applicable in some cases in which the
above result of Singh cannot be applied, as for example in the case ol the
differential equation of Example 7. o

Singh has established that. under the condition

’

S a(t) df <o and Sh(l) dt =00,

Fo {i= b n—1}) are bounded.

all solutions of the differential equation (F) are unbounded. It is clear that
(C3) implies (C4), but these conditions are not cquivalent. as it follows by
Example 9, where Singh’s result cannot be applicd.
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