Analele stinifice ale Universitigis Al 1. Cuza” din Tagi
Temul XXVILs. 1 a, 1981 f.2

A DEPTH-SPACE ANALYSIS OF ALGORITHMS
BY

C. CAZACU

Let us consider a memory with 8, registers which are identified by
natural numbers. Every such register may contain any natural number.
A state of memory 1s an infinite string

5 ={Sg, $1, Spevrers}

of natural numbers in the registers 0, 1,2 ... respectively. By c(x) we
Jenote the content of the x-register in a state s. Further, we shall con-
sider only the set S of states s so that all but finitely-many ¢,(x) are cqual
to 0. Such states will somctimes be codified by the natural numbers

Y5 = P By P e

where p is the 7+41-th primc number.

An algorithm with registers (R-algorithm) is a flowchart whose nodes

represent assignment and decision statements of the form x:=x41, x 1=

x—1and x=0 for some a-registers, We denote these statements simply
by 2.7 and x 2. The space sp(4) of the R-algorithm .1 is the finite set of
all registers which appear in the flowchart 1.

Two opcrations with algorithms, the scquence and the iteration will
be used. The sequence A, A, oA, or Ay Az A, has the same mea-
ning as begin A,; A,; ... A, end. A" is the sequence A, 4, .. A, for
1,—A. The iterations (¥4)” and (¥) are the algorithms while v=0 do
v: —x=1; . end and while x=0 do x: = a1 end.

The normal R-algorithms (N R-algorithms) are built up from state-
ments of the form x, T, using only the above operations. The depth dp(A)
of a N R-algorithms 4 is an inductively defined number as follows : dp(x} =
—dp(¥) =0, dp(4 B) =max(dp(d). dp(B)), dp({(¥-1)) =1 +dp(). dp{{¥)) —
~1 for cvery x-register and N R-algorithms .1, B. Clearly, the .VR-algo-
rithms may be viewed as R-algorithms defined by flowcharts having a
particular structure.

Any R-algorithms A defines a partial function A : $—=8. Two K-al-
gorithms 4 and B arc equivalent (A~B) if A=B. Let 5,1 be states and
Z=N (N being the set of natural numbers). We write s=t{Z) i c,(x)
—ci(x) for all x€Z, The R-algorithms A and B are Z-cquivalent (A~ B{Z))

if for every two states s and /, the relation s=¢#(Z) implics a) A(s) ¢ iff

B(t) 1 and b) if A(s)y then A(s)~B(t) (Z),
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For a state s and an algorithm . the expression s.A.t means a) if ¢
is a defined state then (A)s) 3, A(s) =¢ and b) if ¢ is an undefined state then

A(s} t {A never halts starting from the state s). We consider a state is un-
defined if at lcast one register has undefined content. The notation

Ny XaeonXy o (@ye daeeens da). AL (by, Uy, ba)

has an analogous sense. Here we emphasize some registers x,, xg,..., Xa
so that sp {A)S{x, Yoo, ¥ab. I ¥y Xeo., ¥, are the registers 0,1,2,..,
n—~1 then

(ﬂl, g,y a,.). .-'I. {blv bz...-, bn)

stands in the place of the previous expression.

Lct / be a #-ary partial arithmetical function (f: N*— N). The R-algo-
rithm /1 computes the function f using the initial distinct registers xy, ¥a,..., X
and the final register v il. for all the natural numbers 4,, d4.....d, and any
state s having c(x;) =a,(f =1.2...., n}, the following holds :

a) iffluy. den.aa) | then A(s) L. A(s) =t and ¢,(t) =flas, dads) ;

by if fla,. dg....a.) T then Afs) 1.

We shall denote this relation by [4, apx...... Y, v. f1. The sct of com-
putable by R-algorithms functions 1s just the set of all partial recursive
functions. Further. RF* is thc set of all w-ary partial recursive functions
and NRF" (ds) is the sct of all n-ary recursive functions computable by
N K-algorithms A with dp(4)<d. and sp(4) < s. RA(%) is the set of R-algo-
rithms A having sp{A}s it 1. A—1}.

The following theorems give some answers to the question about
the minimal depth and space nceded by R-algorithms for the computation
of all partial recursive function. These theorems improve some results of
Borger {2)and Baredin [t]. In the proofs we use. among other, the
general recursive functions y-~y (arithmetical difference). [x/y] (the least
natural number = such that x €zy if ¥>0 and 0 if ¥=0) and e(x, y) (the
greatest natural number z such that $2/y if ¥ >0 and 0 if y=0). The N K-al-
gorithms

Rfu. v, w) — (@(wv) (v *))" and Tlw. v, w) = (@) (9u) 'w) 'w
will be also used. Clearly,
w,v,w e (a,008) . Ko, w) . (ak® 0,0)
for all a, 6,k and
w,v,w: (k°,0,0) . Ty(n. v.w) . (a.0,0),

for every a and k2. The statcments of the form y: =f{x, x,,..., %) and
some structured programs arc used in common sensc.

Theorem 1 (scc also [1,2]). For every R-algorithm A, there exisls a
R-algorithm B <RA(2) such tha!

Vs (ys,0). B . (vA(s), 0).
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Proof. Let’s replace in A4 all fragments of the form (a) by (b} {see
fig. 1). Thus, an algorithm C equivalent to A is obtained. Then B results
from C by

a)

Fig. 1
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replacing every node ¥ by (01)" (107x)", every node x by (01)° (1720)" anii
cvery fragment of the form (a) by (b) as it 1s showed in fig. 2.
Theorem 2. For any R-algorithm A and the distinct vegisters u, 9, w,
y, z=sp{A), there exists :
1. An algorithm B,=@)(3)" y(3U, U, ... U)" with U of the form
a,a, (abc)", (@jc)’, (aac)” or (acc)’, so that B~ A(sp(4)) and sp(B,)
= sp{Ajiu, vL.

P(z.)k;j; a%irorithm Be =3 y(3Vi Ve Vo) with Viof the form a:
0,a: =a+tl, a: =a+bor a: =a=b, so that By~ A(sp(A)) and sp(Bs)
sp{AN M, v, v} _

P(3?Lz)41n a.?grériﬁzm By= (@) (@) (3) (&) yz(3W, W, .. W with W, of
the form begin a: =a--c; b: = b=c end, so that By~ A(sp(d)) and sp(B;) =
=sp{)U{u, 2, w, ¥, z}. o ) ‘

Proof. Let A be an R-algorithm. Clearly, it is possible to find an
R-algorithm C so that C~4 and )

a) for every statement x: —=x-1 of C, in the moment of its work,
the content of x is greater than O
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b) if a, b, ¢ are threc nodcs so that (a, ¢) and (b, ¢} arc vertices of il so that the relations
C a a ‘ontain no decision statements. . ) .
then nd & contain no on st vy v (a, b 0) . Ey . (ga+b,0, e(z, b)) and

Let 22 41 be the number of nodes in ¢ . without Start. Under the above
assumptions, we may fix an | —1 map of the nodes of { into the sect of xoy, e (ga4b,0,0) 0. (@, b, 0}
numbers 0, 1,2 ..., #, so that Sfop and the initial node (the successor of o car. e B R
Start) have the numbers 0, 1 respectively and for every decision statement hold for every a and b<n. I also need the algorithm
with the number i, the ., ves-" and ,no-" $uccessors have the numbers £4-1 [i= ((jm)'(a_r_«,-)')f((:fx-“)')mj-ﬁ if i+h=jor

L= ((FFu)" (WE)Y(FT) ) T, i (=D,

and 142 respectively.
For every node 7=1,2 .., it is possible to mect in C onc of the
where A=2{+m and O<m<l1.
fhe last algorithm satisfies the relation

situations from fig. 3.
aoy i {a, 0,0) . 1 {a4hb,0,0), for cvery w and b=1.

-------- - - P R

1 ( ] ) i \
According to the three above emphasized cases, lot us consider the
3) | ) o yes 1o # algorithms A,
| ‘ ., a) Ay=E F(n. v) (ay) Gla,w) TH,
J i+1 i+ '. b) A=F, Fu, VW@xy) Gy, 0}l H and
__ - e — ¢) Ay=Efmxy) Fy, 0)(¥Fu) I, ) x(FTTu)” ¥(XFu) Fy, 0)(FTu)
o _— G, v) (@vx)'H,
A which satisfy the relations
According to these three cases; the algorithins By, By, B, are achieved by ay o, ov,n{ac b, 0y A (e el b)), bA-he(i, b), 0},
come different simulation of the algorithms by x, vow{a, b,0) A {a—clib), b4 hz(i, b), 0),
(a) begin x: =x+4e{i, ) v: —=y4he(i, v) end, ¢) x, v (a, b,0) A (4, b4-e(e, 0) +{ {7, b) =—a), 0)
(b) begin x: =x—z{f, ¥) . ¥ =v4he(s, y) end. for cevery « and b <w. Then
(c) y: =¢li, y) +{eli, )=}, By= (@) (3} v(Fadde .o Ay)

where e, b) =1 if §=b, e(i, b} =0 if i#b and {4-h=17.

. 2. For the algorithm
i. Let ¢ and & be two natural numbers so that g=2%2n 2. The E

algorithms Ei=begin n:=u+y; (v: =v 1) n: =u=0v; ooy v =v-tu,
F(u, v) = ((fwww)" (waen))* and G(w, 0) = ((Tuv)” (971))* i et =0 1 =u+1; ui=n—v; v:=0 end

we have

satisfy the relations )
a0 (5, 0,0) . Ei. (b, £{s, b), 0)

%, v (a,0) . Flu,v).(qa,0) and
] . for all & and 4. Now, let us consider the algorithms A, as it follows ;
w, v (e, 0) . G, v) . (Tafg}, 0)
N . L o . a) A;=begin E,; x: =x-pu; (v:=vEu); u:=0 end,
ic;;oarliltgrih.. Using these and other simple algorithms, we receive two new b) As=hegin E,; x: =x+u; (y: —yu); u:=0 end,
E = F3(x, u) 0'(Fax) F(u, ¥) (@) (Eyu) uG(n, x)i ¢) A¢=begin E,; v:=y+4u; u: =u—x; yi=ytu, #: =0 end.
_ _ _ 1 results
Fu, x)(@yx) G{x. u) F(y, “G(u, y)u .
(s, ) (@I Glx. ) Fly, u) (Fxu)" Glw, y)u Boe(5) o5yt =yt 1 s =07 0:i=0 Auds . A"

(@Vx)" (Fvu)" u Glu. xyuk (s, 2)(wyx) w(yux) aG(x, v)x I o e

-

and
begin ¢ : =a+c; b: =b-c¢ end

H = (Zyu)u G(u, xYuF (4, ¥)(2yx) G(x, 1)
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by [a,b,¢]. I
Ejeu, w, 2] [o, #, v] [w0. v, v, w, 1] [w, u, 2] [ww, 2] (W, v [w, v, "
then, for every a and bg#n, there is a number ¢ so that
o v, w: (b,1.0,0, ay . E;. (b, 1, (1, 0),0,0, c).

The algorithms A, are

a) Ay=E[x,w, u| I;[w, u, foitie

W A=Ew, x, ul I,jw, n, z],

¢) Ac=Edy w, u] [w, . x][y, w, 1] [@, 1,z
where I,=[y, w, 1" if i 4+h=j and J,=[w, y, u]" il i D=7 Then

B.=(w) (0)" (3)" (&) »2(Fly, w, 2] Auds .o Aa)"

Theorem 3. If A is a R-algorithm then there is a N R-algorithm B such
that BERA(3), dp(B)<3 and {y5,0,0). B.(vA(s),0,0) for ail s.
Proof. Let A be a R-algorithm. By theorem 1, we have an algorithm
C so that € =RA(2) and (s, 0) . € . (yd(s), 0) for every state s . By theo-
rem 2, it must exist an algorithm

D=2V, Vs.. V)
with V, of the form a: =0, a: =a-1, a:=a+b or a:=a-—b, so that
D eRA(5) and D~C({0, 1}). Therefore

(ys,0,0,0,0). D . (yA(s).0,0,0,0)

for every s. Now. in strong concordance with the structure of D, we shall
construct a NR-algorithm F «RA(3) with the depih 3, so that if

{(2,0,0,0,0}). D . (u,v,w xy),
then (2°,0,0) . F . {2%3*5%7%11%, 0. 0), for all a, u,v.w, x, ¥.
To this end, let us consider the algorithms
E, = (012)" (270)" (027)" (120)" 1(21)",
Tp.a=Ep(1_(6bl)' (.loq). Ep)'»
PZ’.G:TG»“ T:a_pe and
ﬂfp.umpq.l'? Eup (1(01"’1)' (10)' El?p)‘ Tn.!
where p={2,3,7,5, 11}, ¢<€{1,2,3,5,7, 11} and p=£q.
These algorithms have the following properties :
—for every b, (b,0,0).E,. (b, n(p,b),0),
where x(p, b)=1 if p/b and #(p, b)=0 if 'p/b;
— for all a and b, if 1p/b then ($°5,0,0).T,,.(¢"4,0,0);
e
[

— for all a,b,c if 113 pglc then ($°¢%c, 0,0). Py o . ($°*°¢%, 0,0);
— foralla,b,c, if |13 . 17 pgje then (p°g%, 0, 0) . M, . (p*+°¢"¢, 0, 0).
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‘Then .
F = (01%(10)"1(1{01)*(1°0)"LsLs ... L.E4)

where Lii=1,2, ..., n) is Tp, 5 (01%)(10)", Py 5, of M, ,,. according to
1, has one of thc four above specified forms. )

Taking inte account the connection between /2 and F, we conclude

(2»,0,0) . F . (24, 0,0)
for cvery state s. Finally, the algorithm we looked for is
B = (02)°0 R,(0. 1.2) FT,(0, 1,2} .

Theorem 4. RF*=NRF?(2,2 +max(2,n)) for all n=0.
Proof. Let f=RF". Then therc is an R-algorithm A so that for all
ihe natural numbers d,, @s,.... Tus

(0, s, @2 5eees @ns 0,0,..).4.{flar,a: ..., a,). 0,0 ...}

From the theorem 2 it follows that there is an algorithm B <RA(2) for
which (ys,0) . B . (yA(s}, 0) holds for every statc s and thercfore

(ﬁ?l Pz e Pon, 0) . B . (214 8= g 0)

for all a,, as,..., d;. By theorem 2 we have a NR-algorithm €, so that
dp{C) =2, sp(C) =10, 1,2, 3} and

(P00 Poa oo 20, 0,0,0) . C . (20, 0,0,0)
for arbitrary ai, az ..., an. If
D=(0)"(1)'0R, (0, 1,2) Ry (0,1,3) ... Ry, (0, 1,0+ 1)CTo(0. 1,2),

then dp{D)=2, D= RA(2 +max (2, n)) and [D,2,3,.., 8+l a, f].

Therefore f=NRF*(2,2 + max(2, #)).

Theorem 5. RF*=NRF*(3, | +-max (2, %)) for all n> 0.

Proof. Let f=RF* and let us consider the functions

Bx) =[Tx/(p 2 2 o P07 NgE 1
whereg=p1pz ... Paa and
g(x) =fle(l, x), €2, 2} ,.os e(n =1, x), h(x)).
Clearly, it
=P pit . P (g% + 1)

then g(x)=[(x1, X2 ,..., Xn}. )

gi(hg f1{r(1c3ci01: g belgngs to RF* and therefore a R-algorithm A miust

exist, so that
(x,0,0,.). A . (g{x),0,0 .

for arbitrary x. By theorem 3, there is a N R-algorithm B such that B€
«RA(3), dp(B)<3 and (2,0, 0) . B . (2#,0,0). Then, for

C = (0)"(n0%)" 0 R, {0, n, 1) Ry,(0, 92, 2)....
Ry (0,7, n—1) (02) 0R,(0, 1, 2) BT,(0, 1,2),
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the relations dr(C)<3, C =RA(I Lmax(2, )} and [C, 1,2 ..., 2.0,/ holds.
Therefore f eNRF*(3, 1 4 max(2, »)).

The »-T-ary function o is wniversal for RF if, for vvery f= RF®,
thore exists a natural number a such that

Yy X o W DU, Ny X e, W) =F(04, X e, X)),

anc conversely, for everv o there exists a function f= RF® satisfving
e obove relation.

The theorem 2 allows to give an casy prool on the existence of re-
cursive universal functions, Indeed. by this theorem, for anv f=RF* we
miwy consiruct an algorithm

B—while v =0 do [#,. vy, w,] [ts vs Wal.. [ty v, w] end
where v is the register 0, so that for arbitrary a,, a, ..., @, the relation
(1, @y, Gy yeen iy, 1,0,0 ). B (0, flay. g oo, i), 0.0 ) holds, Now. look
to the algorithm U :

while e(0, ) >0 do 7:=1;

while ¢ < ¢(0, g) do

end m: = f(n, q i) 1:=1+3
cnd

where Fmt, g, d) =Tiifprlotic Larm peicasaim | prie sl anm = eteli+ 2atmi

We observe that
M d T QPP pin Py p(B), 0). UL (3] L o(B), 344-1)
i oB) = B B0 BB P By,
and therefore the algorithm
begin m . =2p% pa .. pEnp . s U v =e(l, m) end

computes in XX ..., ¥, and 3 an universal recursive function for RF*®.

By means of the universal recursive functions and previous theo-
rems, solme new results may be obtained. For example, from theorem 2 it
results

Corollary 6. If >0 then there is an algorithm B =(3)"y{7V,V,...V,}"
witly 7, of the forma: =0, a:=a +1, a:=a +b or u:=a—»b and so that all
recursive #n-ary functions are computable by algorithms from the set
fbegin wi=c: B end |c=N}.
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SUR UN INVARIANT DANDS N TOPOS FLEMENTAIRE
PAR
MIRCEA GEANALU

Soit (; un groupe qui oplre sur un cnsemble A. Les éléments asd
avant la propriété cu=ua, Vo =(, sont appclés éléments 1nvar;_ant.:a “dc
Vonsemble 4 ot on les désigne par G-ensembles ct on le&: note A€. Llasso-
ciation A —A¢ définit un foncteur { )°: Act G—Ens. o Act G Qstl a 1ca-
tégoric dont les objets sont les t;-cnsembles ct les morphismes sont les ho-
momorphismes des G-ensembles. ‘ 7 N o .

I)I;ns cet ouvrage on essaye de traiter cette question dans un topos
clémentaire et on lui denne un caractére fonctoriel. e

Définition 1. Ui fopos dlémentuire est une catégorte & gui vérifie les
conditions suimanles o o i ) .

(1) & a des limites projectives finies c.i.d. & a des produits fibrés
et un objet final 1. ) ) ) .

(4} pour chaque objet X on a un foncteur exponentiel {—)*: &—+&
qui est adjoint A droitc au foncteur (—) xX. . .

(i1} & a un sousobjet classifiant ©Q et un morphisme 1=k tel que
vA ot A'5»A monomerphisme, il y a un scul 3,0 A—X tel que le diagramine
suivant seit un produit fibré:

A =1

i v

at )
P,

Exemple. Le topos des ensembles, le topos des faisceaux sur un
cspace topologique, sont des catégories &. )

Soit (G, m) un objet groupe de & et so:t.A un cbjet de e \

Définition 2. Une opération & gauche de lobjet G sur A est un wor-
phisme W: GxA—~A qui vérific les conditions swivantes :

(¢) le diagramme suivant est commutatif :

mx 14
GxGx A YA
lcxw‘ W
i 2]
Gx A - 4
8%

(?rlv) w<€'f,1‘|> '_:IA i . B s l
olt v: A=1 cst le seul morphisme, ¢t &: 1-G est le morphisme ayant la
propriété que quel que soit I'objet ¥ et le morphisme a: Y 1, &x est
I’élément neutre du groupe Hom (Y, G).



