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SPLINE FUNCTIONS IN H-LOCALLY CONVEXN SPACES
BY

VASILE pOSTOLICS

It is known that the abstract theoryv of spline functions was deve
loped on Hilbert spaces and contains characterizations and properties of
approximation and optima! interpolation by these functions ([1]. [2], [5]).

In this paper we introduce the notion of spline function in H-locally
convex spaces, spaces introduced and studied in [4] and defined as
locally convex spaces with the semi-norms satisfying the parallelogram
law, and we establish the hasic properties of approximation and interpo-
lation of splinc functions. [Theorem 2 and Theorem 3], Thus, we genera-
lize the classic properties of approximation and interpolation of spline func-
tions and, taking particular H-locally convex spaces. we obtain usual
spaces of minimizing spline functions.

Let (X, P={psjuc.). (Y. Q={galze.) be two real (or complex) H-lo-
cally convex spaces, /1 XY a linear continuous operator and define

M={xeX : (1, 1}a=<Us Ur>, YyeX, Vaed]

where (., )z is the scalar semi-product which induces the semi-norm ,
(.)and <., =, is the scalar semi-product which induces the semi-norm gx(.).
Theorem 1. M is a closed linear subspace of X.
Proof. Forevery y€X and a=d, the mapping fo, (') =(., ). — < U,
/v =, 1 X—=C is a linear continuous functional with the kernel ker Say =
={veX (v 1), =<Ux, Uy>,}. We have M= N Ker £, , and because
reXN, xed
the kernel of a linear continuous functional on a linear topological space
is a closed linear subspace, it follows that M is a closed linear subspace and
the theorem is proved. We call the lincar space ML ={xeX : x1 M} (x1l M
means that x is orthogonal to each y &M in the H-locally convex spacc
sense, L., (¥, y)a =0 for every y €M and a € A) the space of spline functions
with respect to U.
We remark that

(N Ml={ve X: <Ux Ul>,=0, VieM, VYxsAl

Indecd, VxeMLl=0=(% x),=<Uf Ux>, VieM, Yae=A which
implies that Mls{xeX: <Uyx, (>, =0, VI=A, Ya =/} On the other
hand, if <Uy, UL>,=0, VieM. Yo €4, then (L, ¥)a= <UL, Uv>, =0,
VIeM, Va =4, hence v € ML Thereforc {xeX: <Ux, Ul>,=0, VM,
Va=A}< ML and taking into account the converse inclusion we obtain {1).
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Let us consider the direet sum X' =M@M1. For every x =X" we de-
note the projection of x onte ML by s, and call it the spline U-appro-
asmation of x ; we also call x—s, € M the error in the approximation of x by s,.

Lemma. For every x€X’ we have

(?) <Usy, Ux —Us; >4 =0, Vo=,

(#3) P2(x) —pi(sy) =pa(x —s;), Va&€d,
(#54) ga(Ux) —43(Usz) = ga(U(x ~s:)), YasA.
(s2) PUx =8, =qHU(x —5,)), Vaed.

g
Proof.
Ml .
(1) s; <M = -<Us,, U{lr—5.) >, =0, Yo, ie,

x—s, =M
L Us,,Ux —Us, >,=0, Yaed.
{#1) x=(x—s,) +s; with x~s, €M and s, €M1, hence
Pa(x) =pi(x —s;) +4i(s:), VoA

(i11)  From Ux=(Ux —Us,)+ Us,, combined with (z), we obtain g3(Ux)=
=q2(Ux —Us,) +q3{Us,) + ¢2(Us,), VasAd.

(1) y—s;eM=pi(x—s.) =gs(U{x —s;)), YaesA.
Theorem 2. For cvery o,s€ ML we have
(2) g:{U{o—s)) =inf {q.(U{n—5)) : neX and n—ceM}, Yasd,
Proof.
0=SSM= 1 U(n—o) Ulc—s)>s=0, Ya=A, hence
n—ogeM

HU(n— ) = < U= 5), Ul,— ) =a = < Uln— )+ Ula—s), Uly— o)+
+U{s —s) =2 =¢3(U(r; —a)) +¢2{U(a —s)), Ya< A. Therefore ¢.{U(n— $)) 2
2¢.(Ul{o~s)), YasA, ¥5€X with v —ceM, with equality if and only if
g(U(r,~0)) =0, YasA4.
Corollary. If s=0 in (2} we obtain
{3) ga{Us) =inf {g.(Ux}: n€X and n—-ceM], VYasd,
hence for every x €X' we have
(4)  ga(Us,) =inf {g.(Uy): v—s, €M} =inf {g.(Uy): y—x M}, Vae4.
Remark. Theorem 2 is a result of global optimal interpolation.

Theorem 3. For everv x €X' we have
(5) ga(U(ss —x)=inf {ga(Uln— 1)) : ne ML), Vad.
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Proof.
vreMi vyeX'=yp—xy=v—s s, — X,
—g. =ML
gttt = Uy —-s.), Uls;,—v)=.=0, Yaesd
s;—xeM

or
< Us, —Ux, Up—Us, >, =0, Y,eA. Therefore g{U{n~ x))= < U(n— x),
U= x)=q =< U= Us, +Us, —Ux, Un-Us, +Us, -Ux>q=
— U (n —s2)) +g2Uls, =), Ya€A. Then gi(U(n—x)2:(Uls, — ),
V,=A, VneML with cquality if and only if ga(U(y—s,)) =0, Va =A.

Theorem 4, For every x €X' we have

(6) pa(x — s} =inf po(x =1}, Vasd
veMl
and
(7) inf  sup Pu{x—v)= sup pu (¥ -s.)-
veal €4 agd
Proof.

VveMlo p2(a — V) =(x =8, +8; =¥, X — S +Sz —¥)x =
= Pg(«‘ - 3:&) -+ PE(S:' . .1"); Va EA,
hecause x—s, €M and s, ~ y& ML, Thus (6) is proved. From the last
cquality, we obtain pu(x —s,)<p.(x—y), Vaesd, VyeMl which implies

sup Pa{x — 5, < sup pu{x—3), YyeMl
cEA €A

and (7) is justified.

Remark. In (6), we remark that for every x =X, the spline U-appro-
ximation s, is the best approximation for x with respect to M+, indepen-
dent on x €A,

Example 1. Let H»( — oo, + )= H®(R)={fe Cr(R):ft»"V lo-
cally absolutely continuous and f'm & L% (R)}, m >1. We consider ¥ =
= 12 (R) with the H-locally convex topology induced by the scalar semi-

k

products << x, vy =S x()y(t)dt k=0,1,2 ... and X= H"R) with the

H-Jocally convex topology generated by the scalar semi-products

k
m-1 \
|;_1-’ _1"')k= Z .'x:h-(k)yihl(k) AL X(h:( _k))l[’l)( _}‘-)'I + g x(m)([))dm' (t) at.
H—0 -
—k
k=0,1,2,..
let U: XY be the derivation operator of order m. We have

M={xeHmn(R): v (v)=0, VA=0,m~1, Vvei}
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and
&

ML= {s e Hn(R) :Ss‘"”(i).r‘m’(t)dt-= 0., Yxe M, Vk=0,1,2 } .
Let (v, v+ 1) (veZ) be an interval and g =C~((v, v41) with compact

support contained in (v, v +1). There exists k=0, I, 2 ,...such that {v, v +1) =
= —Fk [} and, for every seML, we have

k vl v+l
0= Rsl ’"’(t)g‘ m) (ﬂ)dﬁ = S 5t ’"’(t)g‘ m)(‘{) it z( — ])(m) S S([). g( 2»:)(0 df.
Ik M v

Thercfore {sce {31, p. 92) s=C2 (v, v+ 1) and s} =0, Vie(v, v+ 1)
Hence the restriction of s to (v, v+ 1) is a polynomial of degree 2m —1 at
most. It follows that every function s €L is a piecewise order 2m {degree
2m — 1) polynomial having knots at the integer points of the real axis. Since
every piecewise order 2mt {degree 2m —1) polynomial function of Hm(R)
having the knots at the integer points is in ML, it follows that ML=
= {s=Hm(R):sf(v.v+ 1) is a polynomial of degree €2m—1, VveZ}

Let now »= (1), ¥ ={3), ¥ = () ... " 0= (W} be m se-
quences of real numbers. There exists a unique spline S =ML satisfying
S® (v} =y ¥h=0m— 1, VveZ. Indeed, every function S =ML coincides
on every interval (v, v+1) (ve€Z) with a polynomial of degree<2m—1,
hence it is completely determined (on (v, v+ 1)} by the conditions S*{v=
=3®) and S™(v+ 1) =Y. VA=0.m —1. Since the homogeneous systen
corresponding to the above conditions is SM(v)=S®(v+1)=0, Vi=
= 0, m —1 and has only the null solution (because, in the contrary casc, it re-
sults that v and v+ 1 are roots of order of multiplicity at least m for a po-
lynomial of degree<2m — 1, which is a contradiction), it follows the stated
conclusion. )

Therefore, for every function f= Hn{R}, there exists a unique function
denoted by S,eM1 such that SH(v)=f3& VA=0, m—1I, YvsZ; hence
M and M realize an orthogonal decomposition of the space H™(K).

By virtue of Theorem 2 we have

k ]

VS,se M1l= S [Stmi(t) —s m)(§)|2d¢ =inf i\ S[g‘ m(E) — s'W(E) rdl 1 g & H™(R)
(9) ik ~k
and S =5M1(v), Yh=0,m—1, Vv «:Z} , Yh=0,1,2 ..
which is equivalent with

k k

(10) S [Stmi{g) —stoN(E)123dE < S [gim(t) — s'm(8)1+dt, Vg = Hm(R) with

—k =k

gM(v)=8M(v). Ye=0,m—1, ¥Yveri, Yik=0,1,2 ..
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with equality (see the last part of the proof of Theorem 2) if and only if
i v+l

( e () ~Simi(i) ] =0, Y =0,1,2,. . ic. if and onlv if i(g —S)m ()%t =0,
! 2

& ¥

¥veZ. Therefore we have equality in (10} if and only if ¢ — 5 is a poly
nomial of degrec £ m—1 in every interval {v. v+ 1). Taking s=0 in (9

k k
VS eMl:S[S(m'(t)jzdt =int { S [e(m(1)]2dt : ¢ € Hm(R) and
(n 2 A

gP() =S®(y) V=0, m—1, Vv EZ}, Ve=10,12,..

if for cverv function f&H»™{R) we denote ils orthogonal projection on
ML by 5 and we take S=5; in (11) we cobtain
k k
\:’fCH“(R):S [S,0mht) Yedt = inf]l ﬂ [om(t) )4l g e Him' R and
12) s ‘;ir

M (V) =My, Yh=0,m —1, VV‘EZ}, Vh="0 1,2 ..

Applying Theorem 3 we have
H k

03 w=HAR)={ (570 - @)t < s — g o)

k —k
k

vseML, Yh=0,1,2 . with equality il and only if S (s — S (1)]¢ dt =0,

k
vk=0,1,2 ., 1e., if and only if the restriction of s - &, to every interval
{v, v+1) is a polynomial of degree m —1 at most.
Example 2. Let X=F,={feCn7 (R): fm=% Jocally absolutely con-
tinuous and fim e L —co, +w)} (see [6], p. 25) with the H-locally convex
topology induced by the scalar semi-products (x, v}y = x{v)y(v) -

S () yim(tydt, veZ, Y=L1(—ow,+ o) with the topology generated

R 1
by the inner products <x,y>\,=) x() v{t)dt (veZ) and U: X-Y be the

R
derivation operator of order m.

Wehave M ={x<F,: 2(v)=0,VveZl Ml = ;’x eF, :Sx‘m’(t)C“"’(t)d!=
=0, vl e M} . R

In a similar manner as in Example 1, it may be proved that ML coincides
with the class of piecewise polynomial functions of order 2m (degree 2m — 1)
having their knots at the integer points. By virtue of Theorem 7 of [6]
it follows that for every feF, ,there exists a unique function S, €M1 sa-
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tisfying the relations S;(v) =f(v) for all v=Z, hence 3 and ML realize an
orthogonal decomposition of the space I
Applying Theorem 2 we obtain

(Iz!) VS,SEMlﬂs [Stml(t) s(m?(t)iz dtss l‘g' m.lit} —gim (t)!l dt|
R R

Vg €F, with g(v) =S(v), ¥Yve=Z, with equality if and only if g (g™ -
R
—St=({)]*dt =0, i, if and only if g— S is a polynomial of degree < m —1.
Since {g-5) (v} =0, Vv<=Z, it follows that we have equality in (14) if and
only if g =5. If for every function f= H="(R), we denote its orthogonal pro-
jection on M1 by S, and we take $ =5, and 5 =0 in (14) wc obtain

(15) R[S’;’“(t)_idt—inf{S{g‘m‘(t)]ﬂdé::;*‘F,,. and g{v)=f{v), Vv=Z }
R ®

By virtuc of Theorem 3 it follows

(16) NS0~ @ ar< Gomg oz at, v < s

!E n

with equality if and only ifS [S4 () — s ()12 dt= 0. ie.. if and only if

&

s =S, is a polynomial of degree < m —1. Thus we have obtained the parts
(#7) and (i44) of the Theorem 7 from [6]. _

Remark. The above examples show that the abstract construction
can be used to solve some frequent problems of interpolation and appro-
ximation, having the possibility to choose the spaces and the scalar semi-
products. We also remark that the construction leads to finding orthogona!
decompositions for H-locally convex spaces which, in general, do not exist,

REFERENCES

I.Jevrome JW. and Schumaker L.I.S—0n Le-splins. Journ. Approx. theory,
1969, 20—49. )

Laurent P.J. - Approximation of cptimasalion. Hermann, Paris 1972.

. Micula, Gh. — Funcfii spline §i aplicafri. Ed. tehuici, Bucuresti, 1978 o

.Precupanu T, — Espaces lindaives & semi-normes hilbertiennes, A st Univ. Tast, Tom
XY, 1969, 83—93. _

5. Sard, A. — Approximation Lased on nonscalay chservations. Journ. Approx. Theory 5,

1973, 31533,

PRy

6. Schoenberg 1.T. — Spline interpolation and the higher derivatives. Proc. Nad, Acad.

Sci. U.S.A. 51, 1964, 241-28.

Fuaculty of Mathemalics
University of lase
fusi, R.5. Romania

Recewved 4. V. 1980

1

\naiele stungitice ale Universitijii <Al 1. Cuza* din lasi
Fomul XXV, s. [ a, 1981 f.2

TIME-PERIODIC SOLUTIONS TO A CLASS OF FIRST
ORDER HYPERBOLIC SYSTEMS
BY

MILAN STEDRY

1. Introduction. We shall investigate the existence of functions

= (1), Uy ..., #,) and v=(vy, ¥ ..., %) defined on (¢, ) € R? which satisfy
the system of equations,

{£.1) o — v —efi{t, x, u (L. x), v{t, ¥)) =0, ({, x) =R2,

(1.2) Vo —Ue —efiE, 2, w(t, X), o(t, X)) =0, ({, x)e R, i=1,2, ... n
the conditions of m-antiperiodicity in x,

{1.3) ui(t, x+m) = —ut, 1), {1, x) =R,

{1.4) vft, vdm) = =0t x). (L, x)=ER: i=1,2 .., n,

and the conditions of 2=-periodicity in ¢

{1.3) il +27, x) =u,(e, x), (4, x) = Rz,

(1.6) ot +2x, x)=v i, x), ({, x)e R {=1,2 .., »n

In Section 3, using two auxiliary lemmas, whose proofs will be postponed
and accomplished in Sections 4 and 5, we prove that for | e | small, there
is a classical solution of the problem (i.1) —(1.6) provided that the functions
S% satisfy certain assumptions ((3.1) and (3.2) of Section 3). The crucial
assumption is the second one, which requires the monotone behaviour of
fiinu; and f7 in v, to dominate the possible dependence of /! and f2 on other
variables.

In Section 6, imposing some additional assnmptions on f;, we show
that the arguments used in the previous sections can be used fo prove the
existence of # and », which besides (1.1) ~(1.6) satisfy,

(1.7) wilt, —x) = —u,(t, x), {t, x) € R,

(1.8) vill, —x)=v,(¢, x), (¢, x) =R, i=1,2,.. n
Since for functions #; satisfying (1.7) and (1.3) we have
(1.9) wi{t, 0) =u,(¢, ) =0,

1t is also proved that there exists a classical solution to ( 1.1}, (1.2), and
(1.9) which is 2n-periodic in ¢&.



