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tisfying the relations S;(v} =f{v) for all veZ, hence 3 and ML realize an
orthogonal decomposition of the space I
Applying Theorem 2 we obtain

{ [4| VS’ s = MJ_=°S [Slm)(t) _S(m)(t) |2 dat < s g(m)(t) — gt (t”z df,
R k

Vg = F . with g(v)=S{(v), Vv&Z, with cquality if and only if g (gt —

H
-S'=:t)]*dt =0, i.e.. if and only if g— S is 2 polynomial of degreec < m —1.
Since (g —S) (v) =0, Vv<Z, it follows that we have equality in (14) if and
only if g =5. If for every function f<H™(R), we denote its orthogonal pro-
jection on ML by S, and we take §=5, and § =0 in (14) we obtain

(13) Riss'"’(t)}“”=i“f{S{g‘fﬂ(t)iw:gcf‘m and g(v) = f(v). ¥v=Z }

R R

By virtue of Theorem 3 it follows

(16} \'Esgn)(l) ___f(m) (t)]!dg(_:s :s( m)(t) ...f(m](t);z d{’ Vs e AM-L

!E I

with equality if and only ifs £SUY (f) — s ()17 dt = 0, ic.. if and only if

4

s~S; is a polynomial of degrec £ m —1!. Thus we have obtained the parts
(#7) and (¢4} of the Theorem 7 from [6]. _

Remark. The above examples show that the abstract construction
can be used to solve some frequent problems of interpolation and appro-
ximation, having the possibility to choose the spaces and the scalar semi-
products. We also remark that the construction leads to finding orthogonal
decompositions for H-locally convex spaces which, in general, do not exist.
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TIME-PERIODIC SOLUTIONS TO A CLASS O FIRST
ORDER HYPERBOLIC SYSTEMS
BY

MILAN STEDRY

1. Introduction. We shall investigate the existence of functions
== (). 1y ,..., ) and v=(v,, ¢, ...., v,) defined on (. x) & R? which satisfy
the system of equations,

(1.1} e — v —efi{E, x, w (6 %), v(t, 1)) =0, (£, x) € R3,

(1.2) Ve —te —ef it 2, ult, x), o(t, X)) =0, ({, x)=R?, i=1,2, ... n.
the conditions of m-antiperiodicity in «x,

{1.3) #(t, x+m) = —udft, ). {t, x) =k,

{1.4) tft, A +w) = —o(t, x). (¢, x) =R, i=1,2 .., n,

and the conditions of 2=-periodicity in ¢,

{£.3) wilf + 27, x) =ue, ), (4, x) =R,

(1.6) vt +27, x)=v,(t, x), ({, x) =R =12 ... n

In Section 3, using two auxiliary lemmas, whose proofs will be postponed
and accomplished in Sections 4 and 5, we prove that for | ¢ | small, there
15 a classical solution of the problem (1.1) —(1.6) provided that the functions
S% satisty certain assumptions ((3.1) and (3.2) of Section 3). The crucial
assumption is the second one, which requires the monotone bebaviour of
Jiin u; and f7 in v, to dominate the possible dependence of f and /2 on other
variables.

In Section 6, imposing some additional assnmptions on f;, we show
that the arguments used in the previous sections can be used fo prove the
existence of # and v, which besides (1.1) ~(1.6) satisfy,

(L.7) ut, —x) = —~u,(t, x), (¢, x) € R,

{1.8) vilt, —x)=v,(¢, x), (¢, x)sR2, i=1,2,., n
Since for functions u; satisfying (1.7) and (1.3) we have
(1.9) wyt, 0) =u,{t, =) =0,

it is also proved that there exists a classical solution to (t.1), (1.2), and
(1.9) which is 2n-periodic in ¢,
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This paper was initiated as an attempt to give some answer to a quest-
ion raised by Prof. Barbu : Under which conditions there exists a periodic
sobition to a system of equations which he studied in [1]¢ The result stat-
cd In Section 6 answers this question when the system has the form
(1.1)~ (1.2) and the function I used in Barbu's work to impose boun-
dary conditions equals zero identically.

Admitting all dependent variables in cvery equation, the system
(1.1}, (1.2), compared with that in [1], is slightly more general. In turn.
it is simultancously well more restrictive since it deals only with ,small”
and ,strongly monotone” nonlincar perturbations.

The mcthod applied in this paper is taken from [2], where it was
nsed for proving the existence of time-periodic solutions to a weakly non-
linear wave cquation.

2. Definitions, notations. €3([0, 2=]) denotes the space of real funct-
ions w(f, x) defined for {¢, x) =[O0, 2z x R, with continuous first deriva-
tives on [0, 2=] x R and w-antiperiodic in x. The space €%([0, 2=]) is a Banach
space if equipped with the norm

fwh, =max {|| DFDL w||,; k+ig1!,

[&48 e:

where
lwle=max {lw(f,x)|; 02t22=, re R,
€'(R*) denotes the space of real functions w(!, x) defined for (¢, x} = R,

with continuous first derivatives and 2z-periodic in ¢ and =-antiperiodic
in x. The function w— || w | [0, 2%] x R ||o: is 2 norm on €e'(R?).

Further €/ denotes the space of real, m-antiperiodic functions on R
whose derivatives up to order 7 are continuous. The space €’ is a Banach
space if equipped with the norm

Isllci =max {[ slic, I s"lle,..., || s lic,
where
Il slle=max {|s(z) |; xR},

For every space defined above, we denote the Cartesian product of # such
spaces by a subscript #. We obtain the spaces

€:([0, 2z1)), €i(R?), and Ci.

The norm assigned to an element from any of these spaces is equal to the
maximum of the norms of its components, i.e. if, for example, w ee;([0, 2a]),
the norm |} w ’(21 is equal to max{| wile; i=1,2,..., n).

Finally, the space R" will be equipped with the norm
pl=max{|p;|; j=1,2 .. n}.

3. Result. Throughout the paper, we shall suppose :
(3.1) On the set (I, x, u, v) = R*™'¢, the functions S v=12, 9=1,2 ...n
are of class C? and satisfy f*(t+2x, x, u, ) =f %, u,v), it x+x;
—u, ~v)= —fX¢, x, u, v).
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To state a further assumption on /%, we will need a number of censtants
wl, 35 defined as maxima or minima of some functions taken over the set
e

MR ={(t. x, 1,9} ; (L. 8)eR%, w9 R, |4 |S2R,, [v < 2R,

where the constant R, is a positive number which will be subject {o the
~ubsequent condition (3.2). We set

al, =min {D}, /1) 8l =max { | D /11,
al; =max{|Dy fi|}. j==i 85 =max { | D4, fil}.

af; =min {D}, fil, afy=max{| Dy, fii}, 7=£1.

Denoting Bj=max {] f*(¢, 2,0, 0) | 3 (f,xyeR2 2=1,2, i=1,... 12! we are
able to formulate the last assumption :

(3.2) For every ¢=1,., 1, the numbers BY, Ity o}, B satisfv

—2B R, Y (o - Y @t -~ Y, 85 >0.
LR i=1 i=1
i=i
I'he {following theorem is the main result of the paper. r )
Theorem 3.1. Let the assumptions (3.7) and (3.2) be satisfied. Then

. . . Y 1 » B 4
there exist a unique pair of functions, a", b*=Cjl, | tlﬂuc;l.é Ry, lF4v] Crllé R,

and two continuous mappings u=u{c), v=uv(s) of an interval [—e, =],
8, >>0, tnlo € R*) such that, for cverve, the Junctions w=u| c), v=vie) satisfy
the equations (1.7)—(1.6) and

u(0) (2, x) =a’(x +8) +0%{x —1),  »(0) (f, x) =a’(x +{) =%« —1).

The proof will be carried out by reducing the problem to a system

of integral equations, which will be solved by applying the mmplicit function
theorem. For u, v€€,{[0, 2=]), a, b =C}, and € R, we set, 1=1,., 1,

Fr(u, v} (¢, x) =f5(t, =, w(f, %), o, x)),

G, v, a,b, ¢) (¢, )= —w,{f, ) +ax+8) +b,(x 1) +
!

+ ;S (Fi{u, v) +Fi{n, v)) (x, x +1— ) d= +

¢
¢

S (Fi(u, v} — F3{u, v)) (z, x —~t +7) dv, 0StS2m, x =R,
0

Gafu, v, a, b, €) (¢, )= —v,(t, x) +ax+1) —=b{x —t) +

£
2

f
+ S(F.’(u, ) +F2u, v)) (5, x +1 — 1) d —
1}

E
2
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t
- ;3 (Flu, o) = Fiu, ) (s x —t+7)d=, 05152z veR,

3]
iy

a1, 0) (x) = S (FYu. o) +F3u, ) (t. x —t) de, x =K,

Goloe, ) (x) = S (FNu, v) =Fiu, v)) (¢, x +1) dt, x =K.

For simplicity. we denote further
G, =(Gg1, Goz yeov Gon), 6=1,2,3 4,
and, finally,
G =(G,, Ga, Gg, Gy).
It is easily obscrved that
Glu, v, a, b, &) S(€x([0, 2]))* x (C3)*

for cvery (u, v, a, b, 2) €{(€3{[0, 2x]))* x (C})? x K. It can be proved by sim-
nle but lengthy calculations that G has a continuous Fréchet derivative.

Let us suppose that, for some e, the functions . v =€4([0, 2x]), and
a, beC) satisfy

{3.3) G(i. v, a, b, e)=0.
If the functions # and v are extended onto (¢, x) € K* as functions Zm-pe-

riodic in ¢, then we easily find that these extended functions belong to
€, (R*) and that these extcnded functions, say again, #, 9, and the number
¢ satisfy (1.1} ~(1.6). Thus we are led to solving (3.3).

We begin with the definition of a mapping A : C) x C}—C} x C}
which will be used later. For {a, d)=C) xC,, we sct

Kla, b) =(Gy(Z*{a, b), Z (a, b)), Gi(Z%{a, b), Z {a. b))).
where
Zr(a, by =a(x +8) +b(x ~£). Z-(a, b =a(x +2) —b(x —t).

The following result will be proved in Section 4.
Lemma 3.1 There exists a unique pair of functions (a® %) =C; xC} ,
flavlloa s R, || 8°)| 1 = Ry, satisfying

K(a®, 5°) =0.
If for these functions a°, §° we define,
u°=Z+(a°, bo)' v°=Z‘(a°, bo)'

it is obvious that the functions #°, v°, a°, b° satisfy (3.3) with ¢=0.
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Eventually, let us denote by H the partial Fréchet derivative of the
mapping G with respect to (i, v, 4, b) taken at the point (u°, 2° a°, b, 0).
Written by its components, the mapping H has the form

{3.4) Hi(n, v, a, b)=—u+Z*a,b),
(3.5) Hyu,v,a,by=—v+£7(a. b).
(3.6) Hy(a. v) = [{D) Gs) (#°, v°)]u + [(DiGs) (°, v°)] v.
(3.7) H(u, v) =[(D} G (1, 99 ] + (D2 GJ) (20, 2°)] v,

We now show that H is a linear homeomorphism. For any f={fy, /.
fou f) (@)% x (C1)? we find (1, v, a, b) €(€1)* x (C})* satislying H{u, v, a, by =
7 and establish an estimate of the norm of (i, v, a.b).

‘ Using (3.4) and (3.5) we get

(3.8) v=Z*%a, b)—fi, v=Z"(a, b) —f..

These two cruations inserted into (3.6) and (3.7) give
(3.9) H(Z*(a, b), Z7(a, b)) =f + Hal{f1, f2),
(3.10 HyZ4a, b), Z(a, b)) =fo +Hi{f1, J2).

It is easily observed that, for both »=3 and 4.

(3.11) I e+ Holfo feh Ba S el fllr + ‘:‘; I /ol

with a constant ¢ independent of f. Further K'(a® b°), the Fréchet deri-
vative of the mapping K taken at the point {4 6°), has the form
K'(a®, b%) =(H{Z*(a", b°), Z~(a®, b)), H(Z*(a® b%), Z (a°, &°)})).
And, finally, we use the following lemma which will be proved in Section 5.
Lemma 3.2, The Fréchet derivative of the mapping K al {he point
(a®, b°) is a linear homeomorphism of CyxC; onto itself. o .
Thus by this lemma, there is a unique pair (a, by eClxC, which
solve (3.9) and (3.10). Moreover, (3.11) yields

Z
|-| a :[c: +n b i.Cléc E ( :I fx “Gr} +“fk'2“c}.)
n el

with a constant ¢ independent of f. This fact and (3.8) show that His a
homeomorphism. The proof of the Theorem 3.1 is complete. _ )
4. Proof of Lemma 3.1. The following lemma will be useful in this
and the next sections. o
Lemmad.l. Let h <L (R), s =C°(i.e., ois n-antiperiodic), and Mz|lsl|¢.
Then for every =R, | |S M, and any integers x,, 4z, we have

\S"(v) (5 +( =1y o{x + (1o 2) de| S25 ] B lx M.

»
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Proof. We prove the lemma for x, =#:=1. Other cascs can be treated
simitlarly. Using w-antiperiodicity of ¢, we have

Yo
ey

bd dnf2 an

§ 25) 5+ o +29)ax =(TSTSJ +! [+ \I] _

u T2 E B 1P
nJ2

= S [A(<) (5 +o{x +22)) +Il(': + -72-:) (h—o{x+27))] d= +

3l
+ k‘ [h(=) ( -+ o{x +27)) +k(-. + ;] (7 —o{x +2+))] d=.

Thus. by applying the cquality e +b|+|a—b =2 max(|al, |& ),
we obtain

gz.;(:) (r+o(x +27)) d=| <2 | _S(;-f,.+o(x+zr)|+

i) n
ol

) n—olv+27) | )dr=4 kI, \'maxr 7l | o(x+2<) N de<2=| k. M.

[y

This completes the proof. o
For simplicity, we denote the space C; xC} by C, and to an clement
(a, b) =€, we assign the norm

I, ) [l =max (] alld, 2l )-

Weintroduce an operator S? : CL, »C}, by

S¥a, b) =(a, b) — 8K (a, b),
where 3 is a small positive parameter which will be specified later. By de
{inition of K, the mapping S® has the form 5% =(S%, S§) where S8 : CL,—Ch
»=1],2, and

2

. (St 0) ()=o) =3 (72 471 €, x4, o) +
+b(x —2t), a(x) —b{x —28)) dt,
. (S (a, b)) () =by(x) — ss (fi=J (L 2+, alx +20) +

0

+0(x), a(x +2f) —b(x))dt.

We now introduce a number of functions which make it possible to ex-
press the components of the operator S¢ in another form. Putting

s
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-

Ut (a, b, x 1) =(D8, f5) (1, ¥, a(x) +b(x =26), a(x) ~b{x—2)),

Fy(a b, x ) =(DY fY) (8 x =t alx) +b{x —20). a(x) ~b(x —21)).
Uz (a, b, v, £) =(Dy, [5) {t, x +1, a(x +28) +b(x), a{x +2£) —b{x)),
Vir(a, b, x, = (DY f3) (12 +8, alx +20) +b(x), alx +2¢) —b(x)).

we can  write

e

(Sh (. 0)(1) = au(x) = 3o, (acl) +oulx = 20) dt -

0
1:2m

2=
— SS R (L‘v,'ll'_ (Qﬂ, Fb, X, Z') —3]') ('-rl'( ‘.'__I "!‘b‘(.\' —2)5)) d-t 1.1,: —
0

1 2=
Y +by(x ~28)) dbde —
-3V Ul {pu, ob, v, &) (a)(x) +0,(x ~28)) déde
,-glsjs
J=i 00

1 In
- Si S \ UE (ea, b, 1, &) (a)(x) +b(x —28)) dbdp —
ot 3 .(J
1 o

S \ V5 (pu. o, . 8) (a() —b,x =20) dt dp -

ol

{4.3) -5y
i1

- sﬁis (ayx) —bi(x —20))di—

Lk
2

_BS \:(V?-'H {pa, pb, x, ) —a3;) {adx) —b(x —28) dt dp—

1
_328
Jat
jai 0

Vir (ea, b, x, 8) (ay(x) —b)(x —28))dt do —

2

2
s Y

=l

: _ ¢
3 _:Qﬁ (t, x—1,0,0)d

EH

and .
(SE; (a, b)) (x) =byx) — 3}, S (ai(x +2t) + b x)} dt —
(4.4} - o
*Sg S(U,-‘.-*(pw, ob. x, ) —af) (ai(x +2£) +bi(x)) dt d3 —
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1 2
_8.215 5 Ul {pa, pb, x,t) {a)(x +20) +hy(x)) dtdp +
$210 0
12
-}-3. S S UZ (pa,pb, x,1) (a)(x +28) +by(x)) df dp
£ 00
i 2m
-3 El ‘ S Vit (pa. bp. x. 1) (a;(x +2¢) bix)dl dg +
J »
44 om o 12n
+ Sar.?,-s (di(x +2) ~ b)) it +355 (Vi (pa. gb. x. £) ~ o)
Q0 LV

(au(v+20) - b(x) dt dp+3 Y, g g Vi (pa. pb. . 1) (ay(x +28) = b, (x))d 1 dp +
e

.
1]

3

5

2
#3§ 5 (1ppie st 0par
wes b
Finally, we put “
Bo=max{ | fr{t.v.u,9) [}. B,=max { RAFHUSRTRONH

s
where the maxima are taken for »=1,2 ;=1
i . T r=laaa=l,on, (L xon, o)edM (R,
the sct defined in Section 3, and. in the ¢ -~ .
il ) . case of B ‘er : ; R
rivatives D! of the functions A 0o p-over all first order de.

We now turn to the proof of Lema 3.1. We fix a number 7

satisfying
(4.5) 0 ying

"-Tl"':Ro:
(1.6) Bo¥ (i~ % a— %, 85)-2B120(2B,+ ¥, az).
Hoe b =1 =3l Py
rr

for every =1, ..., # which is possible by the as i W F
choose 3,0 for which P ¥ the assumption {3.2). Further we

(4.7) 13, By = 7,
In the first step we show that the following implication holds :

(4.8) H | (a, b):icgngf\’,, and 3=(0, 8,], then || $%(a, b) |0 S K,

or, cquivalently. for every x=1,2.¢=1. .. #n,
{4.9) | 8% (a,0) s R,

To prove this inequality, let us p

X utx =1 at first and choosc anyv 7= f )
Let v € R be arbitrary but fixec nyi={l,. .,

i. Three cases are to be distinguished.
A) 0=ax)S R, -, B) Ro—n<ayx)s R, C) aqx) <0,

Y TIME-PERIODMC SOLUTIONS 34T

In virtue of m-antiperiodicity, the case C) can be reduced to the casc A)
or B), since

(S} (a, b)) (x+7)= =50 (4, 8) (x)
and a{x +7w) = —ax). ) ' -
Thus only the cases A) and B) remain to be discussed. In the case A), using
(4.1) and (4.7), we have

| S, (a,b) (1) | S Ro—7+2n5 2B, Ry,

which proves (4.9) in the case A). Two different estimates must be made
in the case B). Using (4.1), (4.5) and (4.7) we get an estimate from below

(S% (a, b)) (¥)2 Ro—%~2r32B,2 ~ R,
An cstimate from above will be obtained by using (4.3). To cxplain the
arrangements of (4.3}, we recall that

n am
Sb,(x +20) dt = S bilx ~2) dt =0,
(1} 0

Ly w-antiperiodicity of the functions b;. All the terms standing behind
the sign T will be estimated by Lemma 4.1, ie., for example

on _
' Q Ul (pa, ob, %, ) (as(x) + bl — 20) dit| < 2mal R,
0
The most difficult terms to be cstimated are those two containing

the expressions (UL —al) and (V¥ ~a}) under the integral sign. We show
the {irst of then is estimated. Let us denote

I+={t=0,2r]; aix) +b(x—20)20},
N-={ts(0,2x); afx)+b{x -2t <0}

Since Ro—nai(x) 2 Ry, and | bl 2 R,, we have —'r,;é__a‘(.t) +b{x —28) <0
fur t=I1-. By assumption, Uk (pa, pb, v, t) —a; 2 0. Therefore, we get:

b 2w
5 (U (pa, pb, x, 8} —ak) (a;(x) +h(x —2)) dt dp=
0 1 1
= S[\ + S] ..dldpz S 5 Ldtdez — 2B,
o 1;+ - o1

Similarly,
1

)

Ed

b

(Vi (pa, pb, x, 1) —ak) (ax) —bi{x —2t)) dl dp 2 ~ 27, B..

o
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Applying all these relati : i imatj
ol?tlzz)ii}n & all these relations and (4.6) in estimating (4.3) from above, we
(13, 8)) () $ Ro = 278{R0 3, (o ~ 37 oy~ 32 35

®xek i=i i=1
Fowi
—wlol +af) —20B, —2BR < It

}Ilﬁ]\f"1_(_‘f-?)2i5 proved for the case B and therefore it is valid for x =1 apd
of e . The case »=2 will be omitted, since using (4.4) instea
: {i.3),1i can be treated similarly. Hence (4.8) is proved and the first sten
ol the proof is completed. st step

As preliminarics to the second step. let us choose R, 2 |

such that and 8, =0

, & n n ]
{4 10) f\,Z(m}’}—E afj—zm‘j);4b’;+z ak
x=1 jel iy x=1
P
for +=1,,...,n, and
(4.11) 278, B,(8n R, +2)5 1.

The second step of the pr 3 : .
. oof consists G bl .
following implication ho]I:is: sists in showing that for 3 =(0, 3,1 the

(4.12) A 0) S Ch (@, B licg < Ro. || (0", 0') [ o < R,

then || D3(S5:(a, 8)) | < R, for every »=1,2 and i=1,. »
Lo prove (4.12) we use the eXpressions ; S

(DiSL(a, 1)) () =ai(x) =5 3] 3" SU}‘;(a,b, X, 1) (@'(2) +5'(x —26)dt

n=l ]
i

(4.13) = Sé i S Vir(a, b, x,¢) (a'(x) =b"(x —28)) dlt +

+ 3,%8 Wi(u, b, x, ) dt,
1

ar

(DiSEi(a, 8)) (x) =8(x) -3 i E{ (- 1)v—-1g USHa. b, x,4) (a’(x +2) +
(1.14)  +8'(x)di— 3 )31 Z (—1)'«+=S VEHa, b, v, 8) (@' (x +26) —b'(x)) e

2=

=8N (=1 W, b, x, 0 d,
Re=1

'_, el E—
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where
Wi(a, b, x, ) =gs(t, x =1, a(x) +b{x —24), alx) —b(x —2t)},

Wit(a, b, x, £}y =g5(L, x +1, a{x +2£) +b(x). a(x +2¢) —&(x)),

and g{t, ¥, u, v) =DLf% (¢, x, 1, v). Let us choose x=2 in this step and fix
an arbitrary 7 and x< R. Again, the three cases

Ri—1<b{x)S R, C) bi(x)<0

A) 0SB(x)SK,—1, B)
will be distinguished. The case C) can be again reduced to one of the pre-
ceding cases. The technique which has been used in the first step is applied
also here. In the case A) using (4.14), we get

| (DIS%(a, b)) (¥} | S Ry —1 +2md B(SnR,+2) SR,
In the case B) using (4.14) again, we get
(DISB(a, ) (V)2 R, —1 —2=3B, (8n R, +2)2 -1z - K,
and .
(DLS%{, b) (x) S R, —21-.3{1{, E-l («fi - gl 2 — j{; 3:.3.} _4B,- % a’,.‘.-} < R,.

K=l
PR
In the second estimate we have used (4.10). As the casex =1 can be treated
in the same manner, if we only start from (4.13) instead of (4.14), (4.12)
is proved.
Analogously, there is R,2 1 and 8,>0 such that for every 3<(0, §,}
the following implication is valid :

(413) 1f (2, 8) €Ch. Il (@ D) llgo S Rou 1(a",5) lgg < Ru. || (@, 8") g, € Re

then || D25%a, b) ucgng R,.

If 8=min (5, §,, 8;) and MCC;, is given by
M ={(a, b) =Ciu; || (@, 0} lleo S Ro, || (4", D) lleg, S Ry, fH (@, 0" lleg = Ra},

then (4.8), (4.12), and (4.13) imply that M is mapped into itself by the
mapping 5%. If we consider M as a subset of Ci,, M is a relatively compact
and convex. Hence the closure of M in C}, is compact and convex and
is mapped by the continuous mapping S® into itself. By Schauder’s
theorem there is a (a® b°) & Ch,. || (a° %) ||c2s € Ro, such that 5%(a°, b°)=
=(a® b% ; i.e., by definition of S%, K(a®, 6% =0. .

Now only the uniqueness of the pair (4 b°) remains to be proved.
This can be done by showing that if there should be another pair (a?, b?),
| (at, 8Y) ||lc& S Ro, K(a, 8) =0, then by applying Lemma 4.1 and methods
previously used, we would obtain a contradiction with K{a®, b°) — K{a',6') =0.
Thus the proof of Lemma 3.1 is complete.
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5. Proof of Lemma 3.2. Ip, this scction we shall yse the notation
Al (x, ) =Ux*(ao, b, x, B, Br(x,t) = Vist(as, be, x, 1),
A (v, t) = Us*{a®, b°, x, f), B (x, ty=V5t{a®, b°, x, 4,
where the function a® and po are those given by Lemma 3.1, The Fréchet

derivative ing K : i
ferh ve of the mapping K : Cin—C}, taken at the point («° 3% has the

K'(a°, b*) =(Ki(a®, bv), Ki(as, b)),

where both Ki(a°, 8% and Ka(a®, 6°) map Cj, into C} and have the form

et 0] (@ 0) (= 3, % {37 (3, 1) ey w2 4
(5.1) R
+ 3 By (x, 1) (ay(x) — b(x — zz))dz},
0
K@ 5] (0,0) (1) = 3, % (= 1y
(52) 2 2n #oti=l
{ § 4t D@ +20) 1000 + | B .1 (e 21) b;(x))dz} -

o
At first we prove 0
(5.3) K'(a®, 5% (a, b) =0 implies (a, b) =0
pose.that there B Syt Koy PRI Rl ek us sup
of the following two possibilities must occur: et least one
{(5.9) 0 <[] (a, ) ]jcgﬂ=a,(xo) for some i and xz,eR,
(5.5) 0<f| (a, ) Hcgn:b,(xo) for some 7 and x,=R.

If (5.4) holds, then a -
I R 020 10020 i

S A (%0, 1) (@ifx0) +by( v, —2t)) dt = S adi(@d(%0) +B(x, —2))dt +

+ \ (A5 (%0, ) —ay) (@20 +B(x, —20))dt 2 270 ok a(x,).

¢
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Similarly,

Fi.

S B (0. 1) (@ %0) —bi{ o —20)d1 Z 2o xo).

Using these two incqualities in (5.1) where all other terms are estimated

by Lemma 4.1, we get

(K u(as, 5] (a, B) (%) 2madxa) 3, ( -y % Br,-) -

w1
1=l

3.2), the right hand side of this inequality is positive.

By the assumption { can be treated

Fhis is a contradiction with K'(a®, %) (a, b)) =0. The case (5.5)

<imi . Hence (5.3) is proved. )
“-mlla'li'l\r%o lisgar Igapi)inbgspT, D: CL,—»CL, such that K'(a®, b°)=T+D are

now defined by T=(T,,T,) and D=(D, D,), where

(Tyi(a, b)) (x) = 3 \I ; (A% (x. ) + By (x, ))dt ay(x),

{ T (1P (A5 (5, 1) = B (v, D)t b(2)

=1

(Tala, ) ()= %,

X

[3;

and .

(Dya. b)) (#) = El

B

(At — B (x.0) by(x ~2)dt =

el

(=R |

13 (o A% — B ¥ =8\ b E)as
S = _ By x, )dk,
_2§18,§1(" ")( ?-J '

o—dimn
2

(Dude, 009 = 5§ & (A5 + B (5, ) ax 4 2)d1=

Fale ge=l
1]
z+-1ﬂ2 E p
1 id b3 K+ - d'_
=E§IS,§,(A"+B’”("' . )a,(a) :

4
The operator T is a linear homeomorphism of C}, onto itself since T is a

matrix operator of the form

0 col(a, b)

col(T(a, b)) = “ ](;"

22
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where matrices T4(x)and Tao(x) are regular forall v = R as it simply follows
from the assumption (3.2), It is casily secn that the operator D is complctely
continuous. Thus, by a well-known theorem, the operator K'(a®, 6% is a
linear homcomorphism because it is a one-to-one mapping and also a sum
of a lincar homeomorphism and a completely continuous operator. This
completes the proof of Lemma 3.2

6. An additional result. Lot the functions f* satisfy, i=1..n

6.1 S, —x. —u, v) = —fNE v, n, v,
(6.2} St —x, —u, V= fH¢ x, u, v).

Theorem 6.1. Let the assumptions (3.7), (3 2).(6.7),and (6 2} be satisfied.
Then there exists a wunigne a* =Cl, | qof S Roo and two continmous map-
n

pings u=u(e), v=v{e) of an interval [~ <0 &), €00, mi0 Ci R such tha,

Jfor every ¢ the Junctions t=1e), v=r(e) salisfv the equations (1.1) -
(1.8) and

#(0) (4, x) =a"(t +2) —a®{f — 1), 2(0) (2, ¥) =ao(t + X) +at(t — x),

The proof of this theorem can be performed by using the technique

of the preceding sections. If for w =@)([0, 27}), two opcrators E and O are
introduced by

(Ew) .59 =_ (0, 9 +ult, ~x).  (0u) ¢, 2y (wlt, ©)—wlt, ),

and if two functions w<€%([0.2x]) and « =@} satisfy =1 ... »n

=N ]

I

(6.3)  —uwit, x) +2at+ ) + ESS f; F¥ (Ow, Ew) (-, X+t —7)dr=0,
weel
0

1=(0,2x], « eR,
and

(6.4)

s

»

¥ SF:‘(Ow, Ew)(t, x~) dt=0, xeR,
1
0

then u=0w, v=Fyp, @, b(E) = —a(~E), and « satisfy G(u, v, 4, b, g) =0.
Hence the problem is reduced to solving (6.3) and {6.4) which can be achie-
ved by applying the methods used in the preceding sections.
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- - ] ] enes
4an T o S l 1005 i 0]1 V1 0 blGIIl

3 : =4 -y A x(t— k), 120,
(1.1a) ::zilx(t) - ng Bx(t — h,)] 1 x(t) j;_l ]

(1.1b) xt) =0(t), t={-w 0], deC,

where C is the Banach space defined as |
R, X1={®{®:(=00;0|»X, ®—a continnous funclion,
C=C[R, X]= (=00 0)-4X,
Ilim ¢(t) « X}

= — =

with the norm § = sup [ |.
ten

X being a Banach space with the norm | .|

llowing, we neced the space: ' e
f4nC th(‘{dfloé OCW (Dgis absolutely continnous and ®' =C_}. In [5] we ha
o= .

. in the hypotheses : .
‘(115(2)) p;lmi;l)(;l;act‘\’]i)(cis .t}]:e infinitesimal generator of a (Co)-semigroup
1. : -

(T@). t> e L(X);
(X), VieN
(1.3)  {B)ir, e L(X), range B,c®(A), AB,<L(X), V]

Jim=1
s 1| Byi< 400 ;
(1.4) ,g'.l j
(1.5) X | ABjll <+ 0 ;
- l ;
{1.6) {Adp, e LX), J‘%;144,,[<+ao



