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where matrices T'yy(x) and Tas{) are regular forallvs R a5 it simply follows
from the assumption (3.2), It is casily seen that the operator D is completely
continuous. Thus, by a well-known theorem, the operator K'(a®, 8% is u
linear homeomorphism because it is a one-to-one mapping and also a sum
of a lincar homeomorphism and a completely continuous operator. This
completes the proof of Lemma 3.2

6. An additional result. Lot the functions f% satisfy, i=1.., n,
6.1) M —x —u, v)= —fN¢ v w, v},
(6.2 S, —x, —u, V= fH¢ x, u, v).

Theorem 6.1. Let the assumptions (3.7),(3.2). (6 J),and (6.2) be satisfied,
Then there exists q unigue a® < CJ, |l qoff S Roo and two continmouns map-
n

Pings u=u(c), v=yv(e) of an interval [~ <o 2o, €00, into C R such tha,

for cvery ¢ the SJunctions t=te), v=2r(e) satisfy the cquations (1.1) —
(1.8} and

#(0) {4, x) =a"(1 +a) —a{f —x), 2(0) (¢, ¥) =a(t + X) +a(t - x),

The proof of this theorem can be performed by using the technique

of the preceding sections. [f for w =@)([0, 23]), two operators E and O are
introduced by

(Ew) (1, 1) = 2] (w{l, v) + (e, - 1)), {Ow} (t, x) = Zl (wlt, x) —w(e, - X)),

and if two functions w <@4([0. 2x]) and « <@} satisfy =1 ... »

=1 ]

(6.3) ~wy(t, x) +2ai+ x) + 55 i F¥ (0w, Ew) (=, Xtt—7)dr=0,
W]
°

1=00,2x), xeR,
and

T

(6.4) Y SF:‘(Ow, Ew) (t, x~t) dt=0, yeR,
»o=1

then u=0w, v=Fp, @, b(E) = —a(~E), and - satisly G{u, v, 4, b, g) =0.
Hence the problem is reduced to solving (6.3) and {6.4) which can be achie-
ved by applying the methods used in the preceding sections.
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i 5] died the existence, uniqueness
.. es. In [3] we have stu he exls |
d nl prlzgzz:?:lt?:rrll ogf the solutions of the following problem
and re F

o

¢ ' Bl — =Ax(t) - ¥, Apx(t~R), 1= 0,
(1.1a) dz!l‘*“",‘;, Byt h,)] 0 - %,
(1.1b) M) =0(t), te(—o 0], ®eC,

where C is the Banach space defined as |
(R, X]={® |®:(-00;0]-X, ®~—a contintous function,
C =C g =] M — . ] s
3lim () € X}

= — =

“‘]th the norm i" i) “= sup ,(D(f) :,
texR

X being a Banach space with the norm }. |

llowing, we neced the space: ' A
ilnC th"{(;oe OCW (Dgis absolutely continnons and ® =C_}. In [5] we ha
o= g

7 in the hypotheses : o
‘(115(2)) P;O“'fiz(;};‘::t-;i)( is .t}l:e infinitesimal generator of a (C,)-semigroup

{T(t). iz 0} L(X);
B, c = Y vie N
(1.3) {Br e L(X), range B, D(A), AB,eL(X}, ]
(Sl 3 i=

> Il Byli< +00 ;
(1.4) P
VI ABj <+ ;
(1.5) N
. S Ayl <+ 00 ;
(1.6) (A= LX), ,-%u A
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(L.7) {h;}r., is a strict increasing sequence of real positive numbers, every
solution of the problem (/.7a) =().176) satisfics the tnlegral equation

©(£,0,®) = ¥ Byx(t~ hy, 0, d) +’1‘(t)[(b(0) -y B, (1»(—1;,)J+
j=1 i=t

(1.8a) : .
+’S T(f - O’)[E (A; - A B,)x(c—k,, 0, @)J dﬂ'.
j=1
0
and the tmitial condition
(1.84) x(¢, 0, &) =), deC_, te(—cc ;0]

We remark that cvery solution x(f) of the problem (1.8a) —(1.8b), for
which there exists Ax{t), is a solution of the problem (1.1a) —(1.1b).

In this paper we show that if {T(?) ;12 0} is an analytic semigroup
of negative type and ®€AC, or be(. then, in certain conditions on
{4:,_, and {Bj}» |, the trivial solution of (1.8a) —(1.8b) is exponentially
stable or uniformly stable respectively.

For the proof of the main results of this paper we need the following
definitions and theorems,

Definition 1 ([5]). Every continuous solution of the problem (1.8a) —
(7.80) is named a ,weak” solution Jor the problem (7.7a) —(1.5b).

Theorem 1.1. ([5)). In the hypotheses (1.2) —(7.7), for each ® eC? the
system (1.8ay —(7.8b) has a unigue solution which belongs to C=C(R, X) =
={ulu:RoX, g continuons}.

For the problem (1.8a) —(1.8b) we consider the following cquation

o [(1- ¥ B, e"‘”;) ~(I~A) Y (4, + 4B, f—*'-,] $ls) =

{ jel =
=(sI-4) ! s=@, Res> p.

In [5] we have also proved that the hypotheses of Theorem 1.1 assure the
existence of the function 5(¢), ¢ R such that

, sty =125 @), =0
{1.10) S(#) {o, o
(1.11) ff S < M e, t>0,

where £74S) (¢) is the inverse of the Laplace transform and Il .1} means
the norm in L{X).

Theorem 1.2 ([5)). If ©eAC,, then the solution of the problem (I.8a)
(1.85) mav be writien as

%(t, 0, &) = [sm - +Z s(¢ ~sz)B_.] ®(0) +
(1.12) +y S St ~6-hy) [4,0(c) + BD'(a)] ds, {0,
i=1

A, 0,0)=0(), t<o0.

EXPONENTIAL STABILITY OF SOLUTIONS

Definition 1.2 ([5)). For j=1,2 .. we define the map
R, [0;+0)—=[C , &]

as .

(1.13) R{f)® = £ {sS(s) B, e’“‘;s e-so (D(c)dc] ),

_hf

into X .
] ded operators from C_ sn
(C_, X is the Banach space of linear boun _ o &
w}mre"fllfec;r:mﬁ 31 ([S)). If ®=C_, then the solution of the problem (1.5a)
(1.5b) can be writlen in the form

i, 0, D) --S(t)[(b(()) - El BO(— k,)]4—

0

(1.14) S S S(t— - k) A0(c)ds + ¥, Ry1)D, t 0.

1=l
el

aft, 0. Py =D{), <0
2. The main resuit. We consider thc: Frﬂ?]!:gl- {1.12) —(1.1b} and we
suppose that the following conditions arc u .
- . :(D(A)CX::; semigroup of negative type
:}(tt};ct;n(){;rztfz%al (%12?2?(&?5 ‘?lie:af caxr;:tg the constants M,>1 and «w>0
such that | T(t) i< M, eot, t€ Ri);

¢ 3 VA<= + o
(2.2) {A}ineL(X), 380 such thatjgl A
{2.3) {B)};5 < L{X). range B,ce(4), vjeN, 33>0
stich that
T B <1
Iyt
T ABj e+ o ;
L o= r =y th t J R :
(2.4) {AB}; 7= L(X), 38> 0 such tha ng
(2.5) {hj}~ satisfies the condition {1.7).
= A

i ; -alidity of the condition (1.2) = (3.7)*
= lmply‘ tl};)e) \c;:ut ‘:)e} reduced to a proble(:rgc)}f the

It is obvious that (2.1)

) blem (1.1a) —( ' _
form (r lhgg) -t-}ﬁglr);) for which we have considered the equation

With the notations

(2.6) B(s) =(l— Y, B,e""r] :

je=l
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+ 0
(2.7) Ay =(sT~A) ' ¥ (4, + 4B,) e,
i=]
the equation (1.9) becomes
(2.8) [B{s) ~ &(s)] §(s) =(s/—A)7", Res> — q,,
wherc
®; = min {3, w}.
Let
(2.9) @0 sup {Res| 3[J — a(s) B-1(s)] 1.

In [5] we have proved that w, < +co,

Because in the following, only the sign of ¢, is important, we shall

consider that w,> —o1. Then, taking into account (2.9), equation (2.8)
becomes

(2.10) S{s)=B1(s)[I ~ A(s)B1(s)]1 (sI~A)", Res= e,

Using Theorem 1.1, relation {1.10)} and some results from (51,

: we
can write

@1 SO ={ e BUs) 17~ as)B(s))r (o7 - ay-1 g5,
{et
where
e ir
. 1
= hm —_— f fi 1 N
S - ZRz'S o ¢ fxed large enough.

1€ e—ir

For the proof of the main resu'ts, we shall need the following two
lemmas.

Lemma 2.1. I the hypotheses (2.7) —(2.5), the equality

S e B7s) [T ~A(s) B-1(s)] (sl — )15
(2.12) )
= S e B i(s) [I - dfs) B“'(s)]“‘(sI—A)"'ds, Ve € R with w,<a <c,

()

holds.
Proof. Denoting

(2.13) His) =e™ B-is)[] —&a(s) B1(s)] sl —A4)
and integrating H(s) on L M\L,M,, where

L,={C+i‘r]—-v£7a§v}, Li={a+1-| =

hY
Mi={o+iv]ag Seh, My={o—iv|ax

EXPONENTIAL STABALITY OF SOLUTIONS uH7
we obtain
(2.14) 5 H{s)ds=0
LM Ly M,

(because H(s) is analytic in the domain L,M,L,M.).
H we prove that S H{s)ds and S H(s)ds tend to 0 for v— +oo, then

M, ) M,
the proof of the Lemma 2.1 is completed.
From relation (2.3), it results that

l: JZW Bieh) < E BB ¥ <1, Vs<@ with Res>w,» — w,.
i< N P |

Thercfore, there exists B)(s) and, morcover the inequality
{2.15) I B Ys)li< K, Res>w, (Resz a> w,)

is satisfied. _ . _
o Because T'{t) is an analytic semigroup, it results that ([13)

{2.16) H{(sT -4y < , Res> — w.

|5 +w]
From (2.2) —(2.4) and (2.15) —(2.16), it results that
ls1—4)+ ¥ (4,4 4B)) c““:B"‘(s)J <
i=1

IJ i

(2.17)

' S5 ~sh ‘B“ < M, KK, Res>ao,.
Taking into account (2.7) and (2.17), we obtain
(2.18) ais) B s)l<d<1, for v=Ims3> v,

for a v, large cnough) and Respa>a,. ‘ . )
- Frvom (2g.18) it %egults that for v v, there exists [ —@Q(s)B~(s)]™!
and morcover, the inequality

{2.19) {1 ~d(s}B~Ys)]' < K,, Resze, Ims=vzy,

holds. N )
10 Using incqualities (2.15), (2.16) and (2.19), from (2.13) we obtain

M, Js ' KK, M, Vse @
Is+ ol [ (e+teo)+v?

which Reszoa > w,, Ims=v2v, where from it results casily that
e KK, M,
Farores’

(2200 | H(s)| < e*““"[ K- K,

! il
(2.21) ’ig H(s)ds| < (6= 2) =0, for v + oo.
i
M,
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In the same way, we obtain

"SH(s)dsl.-.o, et i
[i
M,

Lemma 2.2. In the hypotheses (2.7)—(2.3), for anv a>-w, S(f)
satisfics the estimate

{(2.22) \I I S5 |l= !i ( et B Ys) T — As) B (s)] "M sf —A) ' ds k!s K,e™, t 0.
()
Proof. Letus remark that we can write
(2.23) B= (s)[I—él(_s)B‘l ($)I sl —A)y =B (s)(s[— A) '+
+ B ()T~ a(s) B H{s)] M@ (s) BHs)](sT = A) 7,
for Resz a > w,.
Using the relations (2.15) —(2.17) and (2.19), we obtain
§ B () [ = @(s)B (5)) * [&(s) B(s))(sT — 4)7] <

(2.24) KK, KEM: M, _ KKK, M}

s+l |5+l |s + wi?

for Re sz a >w, and Im s> v,. Therefore

g e B (s) ] —@ () B-1(5)] [A(s) B(s)] (s — 4)* ds
‘:ﬂ
15 absolutely convergent.
Using hypothesis (2.3) and the arguments from [5], it results that

(2.25) B(s) = (I - fl By e )'1 I+ ¥ (Z Bye M,)b —1+ 3 e,

kel \j=l k=1
where

+ =
o= Y, n¥h, n¥e Ny {0li= 1,0
i

{a formal series because only a finite number of n*® are positive) and,
moreover, we have

(2.26) Y || Hell < + oo

k=t

From relations {2.25) and (2.26) and the propertics of the Laplace
transform, it results

o EXPONENTIAL STABILETY OF SOLUTTIONS ol

Se“B“(s)(sI— A)rds < z WH I T~ wd || +
il ke1
(2.27) (e
B +
+ T X H | M, exte) + ﬂflﬂfleclf(l +Y, e—=--,3|11,||)_
kel =1

if a2 w2 —w=max{—w —3.

Therefore
{2.28) E“} et B (s)(sf — Ay dsi g K™, t20.
fi - !
el

Using rclations (2.23) —(2.24) and (2.28), one can casily obtain the
following inequality

S e* B s)[I—Aa(s) B (s)] {sI—A) 'ds| < IIIIS BT —A)rds |+
[ :

=z a)

+ S ot Boi(s) [ 1 —&l(s) B-(s)] ™ [As) B~(s) (sT ) ds | <

(x)
S K, e + K et =N, e¥, 120,
whe re

af” 4
K, = SMJS, K=K, + K,
s+ wl|®

()

Remark 2.7. In the hypotheses (2.1) —~(2.3), S{f), has an exponen
tial growth of a negative type if and only if @, <0.

Theorem 2.1. [u the hypotheses (2.1) —(2.5), if ®PEAC, and w,<0,
then the trivial solution of the problem (1.8a) —(7.8b) 1s exponentially stable.

Proof. In [5] we have proved that, on the basis of the hypotheses
of the Theorem 1.2, which in our casc are fulfiled, the solution of the pro-
blem (1.8a)~(i.8b) can be written as

(1,0, D) = [S(t) ~F Sty B,] ®(0) +
i=1
(229 ool
+5 S S{t —a —k)[A (c) + B, ©'(a)] ds, ¢3 0,
.f-l_h’
where from using Lemma 2.2, it results that

| x(t, 0, )| € A,¢ 3"_ 1+ Z it B g,%,) [ Dilac, +
| k=1

o

+K Y Sa ey || 4,1 @ (o)) +e | BN | ©'(a)[] do,t>0.

0> ~f > > —w,=max { -3, — o}
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Therefore
P a(, 0,0 € Koo 3 D40, +

[*]
+
LA R N D]
. =1

=Ko e || Olac, +e™ [ Ollyc I = Ko ™| Dilye,. ¢20.
Theorem 2.2. In the hypotheses (2.7) —(2.5), if D =C_ and w, <0, then

the trivial solution of the problem (1.8a)—(7.5b) is uniformly stable.

Proof. Taking into account Theorem 1.3, for ® = C_, the solution of
the problem (1.8a) —(1.8L) can be written as

+(t, 0, ) =5(z)[¢>(0) — % B,O(~ k) |+

je=1

(2.30) o .

+Y gS(t—c——h,)A,(D(o)da-{— 3 R, t>0.
Denoting
(2.31) Q1) =274B (s) [(I —als) B {s))'—11}(t), 120,

we obtain without difficulty relations ([5]) :
(2.32) d—ri- [S{t}B;1=5()AB; +Q()B,, t »0.

Ry()® = R (}d? Stt~a —h,)B,}(D(cr) do + B (£ —h)(1 ~CB(t ~h)) +
(2.33) “n,

+ E 65(! —mk)(l "Qj(t "'kf —'(Ok))HtBj(D(t —h; b b)*.), t ;‘O,

ey
where
1, 12 0,
OB
0, 1<0.
Thercfore
] o
R,(tyd =g S(t— o— h)ABD(g) do +§ Nt — o— R))BO(c) do +
-..hj —'h,
+ B0t —h)(1 —B(t — k) +
Y, Bl —wn) (1 = Bt — by ) H Byt —hy — ), for 0.
K=1

Bl EXPONENTIAL S1ABILITY OF ‘SOLUTIONS o4l

Then, according to Lemma 2.2, for 0> — 2> w, we have

[ RAODN < || fj-e ¥ Ky~ | A B,[| e, l(l — ™M) + | By || @l +
(2.34) 9 :
* ( ) nH.n} B +SiZQ(1 —a— k) Byl Do) da, (30,

L

From (2.31} it results

(2.35) o) = K e (BA(s)(I—a (s)B(s)™ — 1)} ds |,

for ¢ large enough. :
In the same way, as in Lemma 2.1 we shall prove that for « >, we have
o8B ~8s) Bs)) -1} ds =
(2.36) tet
2 S & {BA(s) (I —& () B-¥(s))~t — I} ds.
ja)
We consider the domain L,M,L,M,, in which the map
(2.37) Uls) =e"{B () [(I ~a (s)B™(s))™ ~1]}
is analytic and thercfore
S U(s)ds=0.
LM, LM,
Because
(2.38)  BUUs)[(I ~a(s) B (s)) 1 = I1=Bs)a(s) B(s)(I ~ & (s) B 1(s)) *
for Res» «, using (2.15), (2.17) and (2.19), from (2.38) we obtain

3 -
(2.39 UB(S)(T — a(s) Bt~ 1) < oMy
|5+ wi
for Re sz« and Im 83 v,.
Therefore
(2.40) UG < K———————ZK'K"W’e' Resza,Imsz v,

$ + o
where from we obtain
; 1] H
]!S U(s)dsl,s ———-—-—--—e.__.._._K KK M,
iM IV {aFa) +v2

¢ —a)

which tends to zero as v— + oo.
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in the same way we obtain

I\ Uls)ds, tends to zero as v— + .
|
A,

in the following, we shall prove that, in hypotheses (2.1) —(2.5), for
a>>w, , We have

(2.41) ”\ Uts) dsl < e 13 0.
- |
tx)

Because
Bys)[(I— G(s)BH(s)) 7t ~1]= B™(s)a (s) B7Hs} +
+ Bs)(@ (sy B (s))HI — A(s) B {s))™",

using once more relations (2.15), (2.17) and (2.19) we obtain

(2.42)

) < ERIEM
(243 BBUHE@EBW - ()BT M < =
Resza, Ims zv,,
and, therefore
(2.44) '-S"3"3"1(5)&(3)3"’(5))’(1"‘a(S)B"(S)‘i"ds < ke, for t320.
i

Ll

In the same way as in [5], using relations {2.2) —(2.4), one can easily

obtain :

(245 2 (B A() BN = 3 B -e)BiFE -}

+ o ~ ~
(2.46) Y, Aol Hill -l Hill <+ 0.
=1

Using hypothesis (2.1) and relation (2.46) we obtain

—8!+m S 1.y £re k. ext f =0
(2.47) Hl].e"‘[Ba)‘a(S)B'l(s)](t) e ™ Yy e | Hil | Hiyll <k e, for £0.
k=1
Then, from (2.42), (2.44) and (2.47), it results that

(2.48) us e BT(s)[(I - a(s)B(s))™ — I} ds]l < (By+h) e, t20.

(3}

Using (2.36) and (2.41) with 0> —B> w,, we obtain
(2.49) (OO < by e™, t>0.

i1 EXPONENTIAL STABILITY QOF SOLUTIONS M

From (2.34). on the basis of the relation (2.49), we obtain

) 1 w aw

(2.50) | Re(tyD || < || AB, || o ¢ 8 4 | B, || || ©| m, + B DY || B, 1

with

K

B
Because 0> —f> @, > —w,= max {—w, -3}, using (2.3}, (2.4) and

(2.50) it results that

(2.15) Z HRAOD|| g (a1, &8 + my) || L
=1
with

mi=—, ma=1+ V|| Hl.
k=1

+ I + w . o
=, Y, || A By} e +E Y B, mi= m, B 1B,
jul i

=1 i=1

Using the relation (2.51) and Lemma 2.2, from the relation (2.30) it
results that

|22, 0, D) < mgr e D] + ™| D) mq + (mye B + m WD), {20
ur, in other words,

»

(2.52) Fx(2, 0, @) < (my + mg 4 ) e8| + o, |, ¢ >0,
with

+ > ]{ - o
iy _—=(1 + ¥ B,|) K, my=-" S, e[l
i=1 BT

Corollary 2.1. If B,=0, Vj€N, from (2.52), it results that
(2.53) [x(Z, 0, )| < (m, + K,) e # ||,

because, in this case, Ry(-)= 0, V,e N. Therefore, in this hypotheses (2.1) —
—(2.5), if B;=0, V,=N and w,<0, it results that the trivial solution of
the problem (1.8a) — (1.8b) is exponentially stable.

Examples. Let us consider the Cauchy problem

a + o
(2.53) o wlt, x) =Au(t, x) —an(l, x) + Y, Au{t—ky, x), =0, £20,

=1
ut,) =0 (1) €L2Q), £<0,Qc R,
u(t,) €LHQ). 5 ; HYDQ) n HQ) < [(Q) - LQ). t > 0,

where {1 is a bounded domain the boundary of which is smooth enxough.
For this problem A=A-al and (see (1))

1
| A+ et

(Therefore A is the infinitesimal generator of an analytic semigroup of
type — « <0).

(2.59) AL =)=l (A +a) T =A) 1| <

, Rer>—a.
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Let A,: L)~ L¥Q), j=1, w, {4,475 isa sequence of linear boun-
ded operators such that
]

x—3
In these hypotheses, the conditions (2.1) — (2.4) are satisfied with
X=LyQ), D A)=H{Q)n H*{£2) and B;=0, j=1,+ co.

The relations (2.6), 2.7) become

{2.55}) E et A, < 1, for a 8 such that a= &0,
i=t

(2.56) B ys)=1,
(2.57) a(s)=[((s +a)/ — A)] 3 =™ A,.
J=1
We define
(2.58) w,=sup {Res |3 -da(s)) ™).
From relations (2.534), {2.55) and (2.57) it results that
{2.59) w, € —8 < 0.

Onec can easily remark that the hypotheses of Corollary 2.1 are satisfiey
and therefore the trivial solution of the problem (2.53)is exponentialld
stable, for ®=C_.

The following type of operators A, satisfies the above condition

(Aif) (0= K530 1) dy. /= LH@),
o)
with
(.)€ LYQ x Q),
and

Yy ( g | KX(x. y)| dx aiy)é ey < o =3,
.

for & such that a > 8> 0.
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ON CERTAIN INTEGRAL INEQUALITIES FOR PARTIAL
DIFFERENTIAL AND INTEGRAIL EQUATIONS

By

B. G. PACHPATTE

1. Introduction. In the theory of hyperbelic partial differential equa-
tions, once the question of existence and uniqueness has been disposed of,
we turn to a more precise study of the analvtic character of the solutions.
It frequently happens that a method which works very efficiently to es-
tablish existence and uniqueness does not yield other properties of the
solution in any rcady fashion. As it scems to be a current trend to use some
kinds of ineqgualities and variational principles involving functions and
their derivatives to study the qualitative propertics of solutions of par-
tial differential cquations, it is not surprising that the interest in partial
differential and integral inequalities has been revived in the last few years
{See, [17—[9]. [13])—[20]). The basic aim of the present paper is to es-
tablish a number of partial integra' inequalities which can be used in some
applications in the theory of hyperbolic partial differential and integral e-
quations of the more gencral type.

2. Main Results. In this section we state and prove some useful par-
tial integral inequalities which are the two independent variable gene-
ralizations of some of the integral inequaliticsr ccently established by Pa ¢ h-
patte [10, 11]. An elementary method used by Snow [17] to obtain a
generalization of Gronwall’s inequality in two independent variables will
b used to establish our results.

A useful two independent variable generalization of the integral
inequality recently established by Pachpatie [10, Theorem 17 is embodied
in the following theorem.

Theorem 1. Suppose ® (x, y), blx, v). o(x, v) and p{x, 1) are real-va-
{ned nonnegative continuous functions defined on a domain Dw hichlies in the
first quadrant of (x, y) plane and let the funclion a(x, y) be positive, continsious
and nondecreasing in both the variables and defined on a domain D. Let P,
(X0, vo) and P(x,v) be two points in D such that (x —x,) (v —ye) >0 and let
Re D be the rectangular region whose opposile corners arethe points Py and
P Let w{s, t; x,v) be the solution of the characteristic initial valuc problem

(1) Livl=v.,— b(s, t) [c(s. ) +p{s. )T w= 0, v(s, y)=v(x. ) = I,

and let D* be a connected subdomain of D which contains P and on which v>0
(see, Fig. 1). Then for (x, ¥} = D therc exist Re D* and v(st; x,3)>00n R,
and ®(x, y) satisfies
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