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Lot d,: LHQ)— L¥Q), j= 1,00, {A,}} 7 isa sequence of linear boun-
ded operators such that

-
{2.55) Vel < 1, for a 8 such that a=- 4= 0.

a—3 ;=)

In these hypotheses, the conditions (2.1) — (2.4) are satisfied with
X =L28), D(A)=H{{Q) n H¥L) and B, =0, j=1,+ co.

The relations (2.6}, 2.7) become

(2.56) Bys) =1,
*
(2.57) a(s)=[{s+ou)/ = A)] Y, e A,.
=1
We defince
(2.58) wo=sup {Res [3( —d(s)) .
From relations (2.54), {2.55) and (2.57) it results that
(2.59) W€ —8 < 0.

One can easily remark that the hypotheses of Corollary 2.1 are satisfiey
and therefore the trivial solution of the problem (2.53)is exponentialld
stable, for ®=C_.

The following type of operators A; satisfies the above condition

(Af) (0= Ko S0y dy. vf= L3@),
@)
with
K,(..)e LYQ x Q),
and

-Zm (S | K¥x, v} dx aly)Jé 8Ny <o~ 8§,
J-lcn;m

for & such that a> 8> 0.
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ON CERTAIN INTEGRAL INEQUALITIES TFOR PARTIAL
DIFFERENTIAL AND INTEGRAL EQUATIONS

BY

B. G. PACHPATTE

1. Introduction. In the theory of hyperbolic partial differential equa-
tions, once the question of existence and uniquencss has been disposed of,
we lurn to a more precisc study of the analvtic character of the solutions.
It frequently happens that a method which works very efficiently to es-
tablish existence and uniqueness does not yield other properties of the
solution in any ready fashion. As it seems to be a current trend to use some
kinds of inequalities and variational principles involving functions and
their derivatives to study the qualitative propertics of solutions of par-
tial differential cquations, it is not surprising that the interest in partial
differential and integral inequalities has been revived in the last few years
{See, [1]—[9]. [13]—=[20]). The basic aim of the present paper is to es-
tablish a number of partial integra' inequalities which can be used in some
applications in the theory of hvperbolic partial differential and integral e-
quations of the more gencral type.

2. Main Results. In this section we state and prove some useful par-
tial integral inequalities which are the two independent variable gene-
ralizations of some of the integral inequalitiesr ccently established by Pa ¢ h-
patte [10, 11]. An elementary method used by Snow [17] to obtain a
generalization of Gronwall’s inequality in two independent variables will
be used to establish our resuits.

A uscful two independent variable generalization of the integral
incquality recently established by Pachpatie [10, Theorem 17 is embodied
in the following theorem.

Theorem 1. Suppose ® (x, y), blx, v). o(x, v) and p{x, v} are veal-va-
{ued nonnegative continuous functions defined on a domain Dw hichlies in lhe
first quadrant of (x, y) plane and let the funciion a(x, y) be positive, conlintous
and nondecreasing in both the variables and defined on a domain D. Let P,
(xo, vo) and P(x,v) be two points in D such that (x —x,) (v —ye) >0 and let
Rc D be the rectangular region whose opposile corners arethe points P, and
P. Let v{s. t; x,y) be the solution of the characteristic initial valuc problem

(1 Liv]=v.,.— b(s, t) [e(s. ) +p{s. )T w= 0, v(s, y)=v(x. ) = I,

and let D+ be a connected subdomain of D which contains P and on which vz 0
(see, Fig. 1}. Then for (x, v} = D therc exist Re D*and u(st; x,3)>00n R,
and O(x, y} satisfies
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O(x, v) <a(x. v) + b{x, ¥) (Si (s, O)O(s, )dsdi

{2) o
+ SSC(s, Hb(s, t) ( S S PE MO, n)dad-n) dsd.t] .

and O(x, v) satisfies also

D(x, y) €a(x ,»)

I +b(x, )')(zsg{c(s, t) +bis, £)c(s, ).

Yo

3) :
( SS (e(E m) +A(E WIWE 0588 d&dn)} dsdt )]

o Ve

The proof of this theorem is obtained by reducing the integral inequ-
ality to a differential inequality and then integrating it by Riemann's me-
thod for hyperbolic partial differential equations. The function v(s, ¢; x, y)
involved in theorem is 2 Riemann function relative to the point P(x, y)
for the selfadjoint operator L. The existence and continuity of the Riemann
function is well known and may be proved by the method of successive
approximations (see, [8]).There is such a function and a domain Dton
which 220 since v=1 on the vertical and horizontal lines through F and
since » is continuous.

xy)

<
ii-.
=
7
172]

Figure 1

Proof. Since a(x, v) is positive, nondecreasing, wec observe from (2)
that

il ,3)[“(:(3, o dedt+
(4) 2y .t

+ SS cls, 1)b(s, t)( S SP(E- ") (:((é' :)) 45dn ] M‘) '

e ¥,

4 Ve T

A
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Define a function «{x, v) such that

uw(x,n) = :S.S.c(s, t) i:%i; dsdt +
. ’SS (s, Db(s, t) (§§p(5, ) q-;((i—::]; dtdr, }dsdi-, u(x, yo) =1{x,, ¥} =0

then we have

a(x,y) a(%, )
which in view of (4) implics

(¥, ¥) Se(x, v} + b(x, v)e(x, ¥) {u(x, ¥+

1y (¥, v} = (4, y)w +efa, ¥)b(%, ) (\ S P ) L), dE,d""f) .

wu Ue

(5) €
* BSﬁ(E., 1)L+ b(E, nyu(E, n)] d5d }

H we put
vy

rlx, v) =1e(x, ¥)+ SSp(a, o)1+ b(E, 7)u(E, n)] did,

Ta Ve

(6)

r(x. 1) =7(20, 3) =0,
then we obtain

{7 ral®, ¥) =¥, y) (6, ¥) [ +0(x.y Julx, 3)5 -
Using (5) and the fact that u(x, y)<7(x, 3) from {6) in (7), we have
(%) Lir) =ralx, ¥) =b(x, y)[e(x, 3) +p(x, )] (5, ¥)<clx, 3) +P(%, 3).

The operator L is self-adjoint and hyperbolic. For any twice continuously
Jifferentiable 7 and v, the operator L satisifies the identity

(9) wL[r] —rL{v]= —(ry,). + {v7+)y

Let P, and P be any points as in Theorem and label the directed sides and
corners of the rectangle R as shown in Fig. 2. ) )

Using s and ¢ as the independent variables, we integrate the iden-
tity (9) over R and use Green's theorem to obtain

ES(.—.-I.'r_ —rLv]} dsdt = — S (vr,ds +rodi) = —S vr,ds — S r o, di.

X . vy bl €y 4+ 4 [ 2

This holds for any functions in CxHR).
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For the particular function 7 defined carlier we have r =0 on C,
and r=r, =0 on C, ; so the right hand side reduces to

(10) — S s — S ¥ uy .

] L]

Now suppose @ satisfies

(11) Livi=u,~bs, t) [c{s, &) +p(s. )] v=0,
{12) v=1 on ¢,
(13) 2, =0 on ¢,

Then it follows from (11)—(13) and v €C(R) that
{14) v=1 on c,.
Since #20 on R and »(f)=0, bv using (8}, (i2), we obtain

r(x, ¥)< SS[c(s, H+p(s, 1) | vls, ¢ v, ) dsdt.

Lo th

Substituting this value of r(x, y) in (5), we obtain

<V
tafx, 3) < e(x, y) + b(x, v)e(w, y)ss (s, &) + p(s.dy] w(s, £ x, v)dsdt.
Zy Yo
which implies the estimate for u(x,y) such that

£

u(x, y)< SS{C(s, £) + b(s, t)c(s, )-

£y 0,
[N

: SS e(Z, m) +p(E, W) Iv(E, v : s, £) didy) dsdl.
To Ve

Nm&)ﬁsubstituting this bound on #(x, ¥) in (4) we obtain the desired bound
in (3).

ON CERTAIN INTEGRAL INEQUALLITIES G

(2.3

Woe next establish the following two independent variable generali-
sation of the integral inequality recently estabrished by this author in (11,
Theorem 17 which can be used in some applications.

Theorem 2. Suppose O(x, v), b(x, ¥), c(x, y) and a(x, v) be as defined
in Theorem 1. Let Po(x, ¥0) and P(x, ) be two points in a domain I} such
thal (x —xo) (¥ —va) =0 and let R D be the rectangulur region whose opposite
corners are the points Po and P. Let v(s, 1] x, )} bethe characteristic snitial
calne problem

(15) Liv)=uv,,—b(s, t)e(s, t) v=0, v(s, ¥) =2(x, H=1,

und let D+ be a connected subdomain of D which contains P and on which
23>0 (See, Fig. 1). Then for (x, v) D) there cvist Re DY and vis, t; x, 3} =0
on R and O(x, v} satisfics

(16) ®(x, 3) < a{x, ¥)+ b(x, ¥) SS o(s, £)D(s, ) dsdt;

g ¥y
M{x, ¥) satisfies also
T v

(17) O {x. v) < alx, ) [I 4+ b{x, v) SKC(S, Hofs, t; x, vydsdi J

Ty ¥o

The proof of this theorem follows by the similar argument as in the
proof of Theorem 1. We omit the details.

We nov apply Theorem 1 and 2 to establish the following useful and
more general inequalities.

Theorem 3. Let ®(x, v), b(x. v), c(x, ¥), plx, ) and g{x.v) be real-
oalued nonnegative continuous functions dofined on a domain D as mentioncd
in Theorem 1. Let Wi(r(x,))) be a positive, continuous, monolonic, Nondc-
creasing and suwbmultiplicative function for r(x, ) >0, (¥, ) D and

Wolr{x, y)) = (% W{r(x, ) = 0 for 7(x, ¥}z 0. Let Po(x,, yo) and P{x,y) be as

in Theorem 1. Let s, ¢ ; x, y) be the solution of the characteristic inttial vale
problem (1) and let D* be a_connected subdomain of D which contains I’ wnd
on which v20(sec, fig. 1). Then for (x,y}= D there exist Re Dt and v(s,t;
x, 3)>0 on R and O(x, v) satisfies

z v

B(x, y)< M +b(%, 3) ( R\ cls,t) B(s.d) ds di +

X, Uy
st

(18) + Sg e(s, ) b(s, £) [SS P& nyDLE, 7) dE.dv.-) dsdf)) +

Ty Vo Z, Ve
=¥

+ SS gls, W(D(s, £))dsdt,

Ze 3o
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where M =0 is a constant, fhen
* or D€ gL x, gy, b
tisflﬂs als(? f %= = Ay SEYs V., 1 (x. _',V) S -

o(x, ~,)<QI{Q (M) + SS (s.) W ((1+b(et)(§§{c(£,n)+ BE, )e(Em).
(¢ (m, 1) +plm, n)]ol )dd“{z %
» (:S S' m, n)|v m"f‘z m nM d dn))dsdt}
| L+ b(x, y) (SS{c(s, 1) +b(s, )e(s. £)-
{ jj 0+ L8] . ) a5 et

where N
(20) Q(r) =§r;‘zs) T2 rg 0,
{271 45 the inverse function of Q, ;nd

Q () + S 5 dls, O (14 (5,4 [55 {c(a, ) +b(E. el ).

( ERA
\ SS[c(m, n) + pim, n}| v(m, w2, 7) timdu]} d&',dn))dsdt e Dom 2 *),
Toth

f lr' £ y ) ]‘g }': Si b [ - .
O} (I! X £yin 19 e thinfervals 0~‘:’-,,,1.<,\ g5 U<‘ L 4] FOAE-RUWMOCES
f =ty = U | f ! (NG

(21) a{x. y)=M + Ssr]{s' HW(D(s, t)dsdt, alx, vo) =a(x,, V)=

then (18} can be restated as

O, v) Salx, v)+b{x, J)( (s, HyP(s, 1) dsdt +

’l}i

Yy [

+{§ets. 0650 { ({4 mote. dzdnisis].

LA Tole

T ON CERTAIN INTEGRAL 1N EQUALITIES RS

Since a(x, y) is positive, nondecreasing. we have from Theorem |

d{x, 5) < a(x, y){l + b{x, 1) (gg{c(s t) + bis, t)els, &)

(22) .
'(SS“‘ ) +p(Z ) (%m0, ) dF dn)}dsdt]].
Further o

FE

(b x, )< W {atx, ) w( L+ bx, ¥) ( 55{5(.«. ) + bls. Byels. ).

“a Un
[N

(gs o(Z. o) +p(%, )] 0(Z, %5, i)did-q)}dsdt)),

since W is submultiplicative. Hence
By

Q(X’{?(I;(_fff{fﬁ}‘v)) - q(_\,’},)w( n b(""-")(ss {c(s. 1) +b(s. Hels. t).
.(Sli[c(g,m FpERIHE s td’d'r)}dsdt}).

Because of {21), this reduces to

.,'I:

M<q(l 14 (!+bx \)(i { efs. )+ bis, the(s. ).

Wa(x. ) \
(23) g e
[ ({ etz + & e s :)dadn)} dsdt)‘j .
From (23) we observe that
W(a(x, y)) az{%, ) w blx vy ’w{ b{s, 8).c(s, ).
e S ) 1+ 086 (55 els. ) +b(s. ).

(gj (5, m) +p(E, )v(E 0 s, 8 d3 d”)}mﬁ)) a'(x'fv):(izf(;)yn'
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i.e.

(% [ ﬁ%ﬁ;;—)’)) < gl )W (14 b, (ﬂg{ cls. £) +b(s, els. 1).

o Vo
[}

( §{ etz + ez w0tz 7, z)dadn)} dsdr)j.
Ty ¥o
Keeping x fixed in the above inequality, set v = ¢ and integrate with re-
spect to ¢ from y, to v to obtain

x

» I_i—/'?(—:z%;z’l))_ < Sj(x’ nw (1 +b(x, t)( SS! (s, 7) + bs, g)els, 7).

roadr - ” i )
( SS [e(g, 1) +P(E, n)]u(E, n s, n)didn)} dsd'r})j di.
Ty thy
From (20) and {24) we observe that

4

O,(a(x, 3)) < S g, z)w( | +b{x 1) ( ( ‘{ c{s, 1) + B(s, n)els.n)-

Ye Iy ¥
( SS [e(Z, 7} + (5, ) Jo(E, 1 ; 5, ) didn)} ds dv,-)) 1.
To ¥o

Now keeping y fixed in the above inequality, set x =5 and then integrate
with respect to s from v, to x to obtain the estimate

<y st

a(x, 3)) < QM) + Sq(s‘ t)W( 1+ bis, 1) (SS{c(a, ) +b(Z, 7)c(E, 7).

{25) £n : .
( SS e(m, n) + p(m. n)Je(m, n; £, ) dmdn)}di dn}) ds dt.
Xo o ‘

Now substituting the bound on a(x, ) from (25) in (22 i
the desired bound in (19). &0 B e
Theorem 4. Let O(x, 3), b(x, ¥), c(x, y) and p(x, y) be real-valued non-
negatwre continuous functions defined on a domain D as mentioned'in Theorem 1.
L.et Wirix, y) 1 rlx,3:). Po(x, v) and P(x, y) be as in Theorem 3. Let v(s,
¢; %, y) be the solution of the characteristic initial value problem (15) and let D+
l{;:_ a 1C)O””i’t‘;icztedfmbdomam of D which contains P and on which v > 0 (see
1. 1), Lhen for (x,y) © D there exist R « D+ and ¢; j
and ®(x, v) satisfies e S

0 OX CERTAIN INTEGRAL INEQUALITTES R

(26)  ®d(x, v) € M+ b{x, y) Sc(s, tYD(s, {) dsdt + g gj)(s, HIV(d(s. t)) dsdi.

.
]

.
e
Ty Ho o ¥u

where M =0 4s a constani, for 0€x<x,, 0 vy €y, ©(x, V) salisfies also

-

Ox, vy < Q7 [Q(M) + Szip(s, ;)11;(, +b(s. 1).
2 ’ .
{i gr(‘c':, (g, ‘q:s,t)d.gd-r‘.)) dsdt j -[l +b(x, \)(\S e(s, Hols, £ :x, v)ds-_.f:)i,

where Q, Q7% are as defined in Fheorem 3, and

L

QM) + {S pls, W[ 1+ o(s, t)(

s

[
Sc(.z, A&, 5 : s, £)dEdm D dsdt

£a ¥u

H

-~ Dom (Q"),

for all x,y lying in the subintervals 0< x <Xy, 0 < ¥ < ¥, 0f real nuiibers.

The details of the proof of this theorem follows by an argument simi-
lar to that in the proof of Theorem 3, by making use of Theorem 2. We
omit the details.

We note that there is no essential difficulty in obtaining two inde-
pendent variable generalizations of the integral inequalities recently esta-
blished by this author in {12}. Since this translation is quite straightfor-
ward in view of the results of this paper, we leave it for the reader to fill
in where nceded (see, {13, 14]).

In concluding. this paper we note that the integral inequality cstab-
lished in Theorem 1 can be used to study the stability, boundedness, con-
tinuous dependence and other problems of the solutions of Volterra inte-
vral equations of the form

u(x, y) = flx, ¥) + SS Klx, v, s, 1, us, £))dsd
‘:28) zy &1 e
+ Sgh[ ¥, s, t,gs Kofs, £, &, v, u(E, n))dZdn J dsdt
Ty Yo Ta Yo

under some suitable conditions on the functions invelved in (38). The de-
tails of these results are very close to that given in [13]—[16]and hence
we omit the details. In our future papers we wish to illustrate further applica-
tions of other inequaities to some problems in the theory of partial diffe-
rential and integral equations of a more general type.
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L'HOMOQGENEISATION D'UN PRODLEME NON-LINVAIRE
PAR

CGELU PASA

Daus ce qui suit on considére une équation clliptique non lindaire,
de type  Navier-Stokes, dont les coefficients a,;, sont Y periodiques, ¥
ctant un parallélipipéde de R®. On fait I'homogéncisation de cette ¢qua
tion et I'on démontre un théoréme de convergence, bien que le terme nonli-
néaire soit présent.

1. Introduction. On considére l'équation :

du, ¢
u b — (P8, oy , dans Q< R,
(1) 23, om, oo as ‘

(IiV u U, u/69=0.

olt u est la vitesse, p est la peession, oy =a,u (¥)sa(n),

’

2ia(tt) = (

C N
&X, AN,

= Y-périodigues, dpn SLAY), @in=05m= dings

) (D=0 et Biianertin 25455

En définissant : @i (v)=agun{v/c), (1) sc transforme en une famille
¢ problémes pour s—0. Alors nous avons le probléme <

. CU5 ¢
. 1wl —2 4 —— (P23, —afy ) =f,. dans Q2 ,
(2-' 5‘ I (’);\—‘
div '=0, llclaﬂ"—“-‘o

—_—

{

En définissant 2% =a%pea(u®), (2) devient :

k o
aX,
(V] wel{Q), ot (.,.) est le produit scalaire dans Ly(€).
Les conditions d’existence et unicité pour (2) sont démontrées dans
'3]. L’équation homogéneisée est obtenuce par les procédées classiques
comme dans [2]. On suppose que u®, #¢, of; ont un développement de la
forme :

(2') [“‘ e wi)+ (35, eg(w))—(p* div w)=(/;, w,),

ut = u’(x, y)+-eul(x, y)+ ...



