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Nous avons:

218 éud ]
b= —by—2 | wy—uy | =\ b, — (23— 0B} 11y 2} -
fia 1ty I 1= Ut g
ij (I‘I_: Xy
i1

. . €
=\ b,(1y r}{nei-F oot ud) — (1 ug) <
(.‘:t';
a

L Cdlle flees = iy oo FE A lasallna vl - fireallL).
Donc, en prenant =, — 1, dans (24), on a:

(25) g —ttallf) (2 =110l leealiEa Mol Nacelle, - [larellZ 1) < O.

Mais nous avons (23} et:

0/ e

-

il K gy < K
Donc 1a condition :
SR by M €22

nous assure lunicité de la solution de (22).

I -homogénéisation est alors obtenue par les mémes procédés, on
utilisant la propriété (21), le fait que I'équation en e ! qui correspond &
(4) est la méme que celle du cas linéaire, et 'unicité de la solution de (19).
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APPROXIMATE SOLUTION OF NONLINEAR VOLTERRA
INTEGRAL EQUATIONS
BY
I VATA

Starting with the Newton-Kantorovich method for the approxi-
mation of the solution of a nonlinear Volterra integral equation which
sives a cvasilinearized algorithm for the determination of the successive
approximations, using a variant of the Sokolov method, we obtain an algo-
rithm by means of which the functional corrections may be determined in
a simpler way than in the original Sokolov method or other variants, such
as. for example, the one in [2].

In a certain way the rapidity of the convergence is also estimated.

1. Presentation of the method. Lect

y(x)=f(x)+ VK a8 v(] dl, xs[a 0],

LR S

be the Volterra integral cquation, where f(x)eC{{a,b). R), K:D-R
is continuous and has derivative with respect to ¥ in D,

(2) D={(xt y):agi<x<h, | y=fi€m, m>0}.

As it is known, using the Newton-Kantorovich method, we have the follo-
wing algorithm for the approximation of solution of the equation (1):

¥

f Ynrr (%) =f(x)+S{K[x- t:ya (O] =Ky [x, 85 yalt)] 3a (8) +

3) :
+ K; [x- ¢ Y= (t)] yn+l(£)} dt;
yol %) =f(#)
In the paper [2}, N.A. Svarichevskaya and M.A. Yagu-
bov showed that if y,(x) satisfies a condition of the form

—m+YeS Ya K)o+, m>0,

then y,+; (%) satisfies a similar condition.

10 -~ Matematicd
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If for each n =0, 1, 2,... we denote.

Pu(x) =f(x) + { K. £ 3001~ Ky 03,85 30 (0] 32 () d
Fix, t; m®))=K[x, 15 3a ()],
then the equations (3) will be written as

(4)

z

dwn (5)=Po (3) + {FLx, £ 30 (0] yuns ()

£l

(3
Yol¥) =/(x) .

As it is obvious, the approximations v,+,, for each #, are solutions of the
linear integral equation
(6) Hx) =P, (2)+ SF[x, t; vty z(t) dt, x<[a, b).

a »
In order to approximate the solution of this equation we shall use the Soko-
tov method in a convenient and easier form.

We consider the approximations z(x) of the solution z(x) of equation
(6) in the form

(1) z(x)=Pux) +oz,Q,.(x)+SF[x,t: Yult)] 7o (8) dt, k=1, 2,...

&4
where

x

(8) () = SF[x, £iya(t)] dt

a

and a, are parameters which will be determined as it follows :
In the first approximation, we consider

(9) 71(%) = Pp(x) +o,0p(%) .

If we replace z,(x) in (6), this equation will be verified with some error,
which depends on «, :

(10) ex(%, ay) =2,(x) — Py(x) — SF[x, £ ya ()] 7 () de,

or, taking into account (9),
6{x, a;) =a; Qu(x) - SF[x, 1 valt)) Pa(t) dt —aISF[x, L; ya ()] Qs (2) dt.

C) [
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1f we denote

(11) R, (x)=0a (%) — SF[x. t; va(l)] Oalt)dt,

4
then

er(x, o)) =a; Ro(x) =\ Flx, £ ya(t)] Pal(t) dt.

By e

Ta determine o, we consider the minimum related to e, of the functional

(12) I,= S e2(x, 0} dr = S{ a R, (x) - S Flx. £ vao(t)] P,,(t)dt} dx

which leads to the cquation.

§ Ra(%) {a, R, () - §F[x, £ ye (] Pu () dt} dx =0,

where from

(13) o §R,,(x) ( ;F[x, 15 valt)] Pald) dt)dx SR,,’ (x) dx.

In the second approximation, according to (7), we have

x
~

(14) 25 (%) = P (%) +o. Qul(x) + )F[x, £ valt)] = (B dL

Proceeding, as before, we obtain the error

ex(, ;) =2s(1) — Pal2)— SF[A:, L5 v ()] 2a (8) L,

and if we replace z,{x) from (14), we can write

x
3

ea(r, @) =a.0a(2) + (Pl 15 3m (122 () = ( Flx £33, (m{ P, (1) +

a a
F]

+oQa(t) +SF{£, T Va(1}] 71 (1) d‘r} dt=a, R, (x)+ SF[x, L ¥ (t)]{ 2, (6) ~

a
[

~ P, () - SF[t, 73 ya(®)] 7 (%) d‘r}dt ,

a



84 P. VATA : '

and according to (10), with a, already determined, it results

z

(15) € (X, 23) = g Ky (x)-l-SF:x, £ va (8] 0 (8) de.

a, will be determined so that the functional

(16) 1= S et (, x,)dr=§=a, R, (x)+§F._x.t; o ll) 1 e (8) d:rdr

be minim refativ to a.. From this, it follows that
b

S R,.(x){ a, R, (x) + SF_'.x, oy ()] e (8) d!}(i.t -0,

a a3

where from

x
!a

Ra(2) ( S Flx, l: va(®)] & () dt) a!xh RE () dx .

9 Ay

In the same way, we request that z(s) satisly equation {6) with the error
g:{x, ap), given by

cu(v, @) =2{x) = Pa(2) = | FLx, £ 3 () 2 (),
where from, introducing z.{x} given by (7}, it follows that
e (7, o) =, O, (%) + SF[r, Eooya ()] ze 2 () A — SFI:”C, £ vail)] { Pty +

3

+ o Qﬂ (t)+SF[t’ T, Vn ("-')] 2r.1 (T) d'r}dt,

or

x

e (X, o) = oy Ry (2) + SF[J:, L ya(8)d |

\

Ze1 (£} = Palt)

~ S Flt, t: v (0] Za(<) dr}dt,

-

I APPROXIMATE SCLUTION OF NONLINEAR EQUATION i1 H]

and finally

(19) e (4. ) = @y Ry (%) + SI-'._x,I C ye ()] e (0 AL

We determine, as we did befere, a; from the condition of minim of the
functional

b i [3
(19) I,= S & (x, ) d5 = S{mk R (%) + SI-‘.A,:;_\J,,(t)] e () 2 }' dx,
a a s
and its minim relative to &, is accomplished for
v : »
[20) x, = — S R,(x) ( S Fix,t; va(t)] 21 () i } dx /S RE(x)dx.

II. Study of the comvergence. We will study the convergence of the
sequences {ndx)l. {vu(x)}, and finally we will give an evaluation of the
¢lobal error by using the previous method.

In this sense, we shall denote :

b x
21 B';',--i(b-—a)S(S| Flx, 6 va {z}'-mu] duv: AZ= sup S;P,,(t);zdt.
r€la. b)

We have

Theorem 1. If besides the hypotheses on f and K, we suppose also
that the integrals of the quadratic absolute values of the functions Py R, for
any v, on [a, b] and B <1 make sense, then the sequences {e;} and {o} con-
verge to zero, the sequence {z.(x)} converges uniformly to the solution of the
cquation (6) and we have the cvaluation.

1
2 (b—a)® A, BE
2 (b— a)? —B,

(22) {[_)k}% <
where D, = S 52 (x) da ;B (%) =2(x) =) .

Proof. 1) Using in (19) the inequality of Minkowski, we have

TRIPIENE {S R:(x)dx}’*" + {[SF{ Ly (0] e (1) )’dx}*,

[
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where, if we replace |«, {, we obtain,

{I,L.}i < l§1€.(x)(§1v'[x, £ e ®] e (6) dt)dx/“b}eg(x) u'x}é o
+{§(’;F:rt: v (8)] Er..l(t)dt)’dx}%_

Now, applying the inequality of Cauchy-Buniakovskiand after the necessary
transformations, we have

b ox b

(I sz“%g IFLx, 65 va(t)] .24:)&}?{5“ lens ) :w)dx}.@.

3 o [ a

x . S *
SinceS] gy (1) [2di<], ;. then {[,U"ll SZ{S(S | Flx, b5 va ()] 12 dY) d.r}'.

a a a

. {I,_,}% (b~ :a)'i‘ and taking into account (21), it follows the recurrent rela-
tion [, < B2-1, |, for each n, where from it is easy to deduce

23) Ie(BR 11,

For the evaluation of I,, we start from its expression and we obtain

[

(I <2=S(S Flet: yalt)) ,2dt)dxl&.{§(rs_ P, (t) I=dt]d.s:}i$fl,,b‘,,,

L] -]

With this, (23) can be written
(23) (Y <4, BE
As a result of the fact that B, <1, when k-0, it {ollows that I, -0, ¢, —0
and a, -0,

2) We prove now that the sequence {z(x)} converges uniformly on
[a, b] to z{x) which is the solution of equation {6) and we obtain the eva-
luation (22).

Having Jin mind that z(x) =2, (x} +a, for £=2,3,.... it iseasy to
prove, we have

bz (®) —zea (%) | = [ ls Bnd-{lt-l}é-(b"“)"b_"_’_—"" €

2(b- ’ L
() o \ R (x)dx

L5 -

Be ‘

&K —

2 (b—ﬂa};- R,
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-~}

b
where  RE = S K2 (x) dx.

Since B, < 1, it comes that the series 2 (x)+ Y, [zelx) =201 {x}] is

kel
absolutely and uniformly convergent on ', b] to z(x). As il can be seen in
(7), the continuous function 2 with the values z(x) —_»khm z(x) 1s a solution

of the equation (6).
For the error 3i(x) we have

(25) a(0) = Py (¥) + S Fre £ v ()] lt)dt +,(2)

and by substraction of (25) from {6). we obtain

(26) 8, (%)= 7 (%) =5 () .;S Fix, £ yal)] Se(t)dl — i ().

1t follows that

(27) Dy = § 5 (x) dv —i{g F v, G ()] 8,(8) dt = (%) } dx,

1 £ a

where, it we apply Minkowski's inequality, we obtain

-4

{1)*_}-'24 { §( g Flx.t;vat)] 8, (tf)dt)2 dx }% + {S ex {x) dx}%.

With the help of the Cauchy-Buniakovski inequality, {(19) and (21), we
obtain the evaluation

- !
‘ v 2 b—u‘!' I }:
(Dt <=L D3t + (L or (Dgtg HEZ L IS
2(b—a) 2 (b—a)} — B..
Since Y < B (1Y {11 <4, B, it follows that
(D, }3:' Q*QM_H_. A, Bt

2(b—a)* —B,

Knowing that £,<l, it follows that D,—0 when &k—oe.

The relation (22), gives in a certain sensc, the evaluation of the error
for the solution of the equation {6).
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3) In what follows, we shall denote
b

Burt(®) =¥n11 (%) = vp (%) [ Apsy = g | 8nsa{x) |2dx; M =m1x | K, (x,¢;, ) |and
3 D

(28) R=max | K(x, ¢, )l
i

We have
Theorem 2. If the function f is continuous on (a, b], the SJunction K is
continuous and 1s derivable with respect to vy, continuous on D, then the

sequence of approximations {y.., (x)} converges uniformly towards the
solstion of the equation (1) and we have the cvaluation :

(29) (At 2K —a)2 DM (b o))
ntl =z

Vj !

Proof. We must first notice that from the continuity of K and its
derivative with respect to v it follows that it satisfies also a condition of
Lipschitz type.

We will first evaluate |ya+y(x) —v,(x)|. For this we have that

x

M ~a)

Mapr (¥) = ya(x) = S {(Klx. 2; ya(®)] = K[x, ¢ va () ]) +
FRVIX LD Yass () Yanll) = va(0) + K15, £ yal))] (Yaralt) — valt))} dit.
Taking the absolute values and (28), we obtain

X

(30) - Lywea (%) — va(w)i<2 MS ¥ (1) = yua ()2 +MS L3 +a{t) = yal?) ld2.

We evaluate now  jy,(x) —ve(x)! and we have

Jya (x) —yo(x)l-ss K[z, t; f(t) ]'dt-}-s Kox L7070 v (8 —vo (2)] 4,

2 a

or

91 () = el <K (x=a) + 3 1352 0) = 30 @
We may apply Gronwall’s lemma (sec [5] p. 13) with
2(t) =131(8) = yolt)] ; B{t) =K (¢ ~—a) ; K(t) =M, andd obtain

[32(x)} = Vol 2} S K (2 —a) +1{MS (t— a) exp S Mdi =
e ¢
= AP K < is‘“:‘““' < A eMie—al

M M M
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Further on, according to (30), we have

la(x) — ya{ ) <2 M S Lva(t) — o (212 +M§ Lys{t) =y, ()|t <

<2 KS ‘»;M_f-—rl’ d‘{-rMS b-z(t) — \.1(1)|dt — % [CM{I a 1] 4 "!S ly: (t) -y (t)l dt.
3 ;

After Gronwall’'s lemma, it follows that

A6 ] Mt =

(2

2K . .
oy =y )< - [ g M —al _ ]}+2]‘
i."'—’(l) .‘1("” M L€

ey N

= 2K{x —a)eM = Q2K(b —a)eMit- .

Proceeding analogously, we find the cvaluations

— a)? caga X TP
[vs (x) =22 (X)) 41{1\4'51—5!-“—) eMiz—m -y, (&) —vy{x)|< 8K M=T ¢

and so on, by induction
h, B n(x_a)” _\[(.\-—a:<£ 2]{”(6— CI)“{.Mb ﬂ]_
3 P ey T

R e 2M (b—a)*
Since the serics ﬂe*’-b - $ —_—

(31) Ivan (x) — v (D)<

is convergent and has the sum

' e [ ¢ n(x)] s i g ergent
-{\—33‘“'*" @ the series yo (%) + ¥ [Yarr(¥) —x,{x)] is uniformly converg
M 0

b1 ' i iformly convergent on
n | it follows that the sequence {ya+ (%)} 1s um v ;
L: E?] i)é;vards a continuous function y which will be the solution ot the
‘q'uat'ion (1), by passing to the limit in (3), as it 1s qt?wou?:th —
If we replace y,4,(%) in the equation (1}, 1t 1s verified with so :
Tusl1), l.e. we have

(32) Yuea(2) =f(3) + SK.x, £ Yas ()]0 4700 (%).

By subtraction of (32} from (1) and if we denote 3pe1(x) =3analx) —3{(a},
we have

Bue sl %) = Vona (8} =~ ¥(x) = SlK{x. £ Yaaalt)) — K [x, £3(8) ]} +mana().

o
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11 we vonsider the absolute values, we obtain

[ 8+ (AI)!-‘SA{ IB,,ﬂ(f) df +"q"+,(x)|‘

LR B

and
b b

A =§ |30 o{ )12 < S (M S B a(£) |t 4 | 7yea{x)| 12 x.

With thie Minkowski inequalitv. it follows that

b
1. b 3

1 b 2
{Ani}3s M{AL 3 —V"._ZT'a + {S .7]n+|(1’)|2tht‘} .

From (32) and (3), we can write that
Tt (1) = Sed¥) = J(0) = { KL, £ 30 ()1t = S IK[x s v (0] —

* “

—Ryix, £ yul) |va() + Kyl £ ovg() Iynen{t) = Kx. v {)]e,
where from 1t comes that

v

) [ €20 | 1anft) = ult)

Taking into consideration the evalvatlion of (31), it follows that

, K2M(b-a)T" F2M{b—a) i
Irasa(¥)| g2M—= 220 20 D oMol (4 _g) =2K L (b—a)1" e .
(0] 7 . e (¥ —a) =2K Taw 0(x —a)
and then
L]
_ o AK2[2 M(b— a)"
% "d K —————————— 2) i) _ H
§ln B e S
From (33), if M<-b—_-f, it follows that
V2
At ey M (b—a)] iy

Vﬁ !
and the theorem is proved.
3) Given the conditions of the theorems |

g . and 2. we have :
f‘f‘“()\\'lrl‘gr rvaluation ave Lhe

(34) (Dropte 2 a): g, g MG —ap 2M(b—a)
Z (b—-a)*—-B, ' V3 n!

f:“(b""[l),

11 APPROXTMATE SOLUTION OF NONLINEAR EQUATION A

L]
where Dk = R boe(x) = v{x) |2y,

Indecd, if we write |ze(x) — ¥(2)| = [ze(3) = Yari(2) +Ypea{x) —y{(¥)] with
the inequality of Minkowski and the notaticns made in the previous theo-
rems, we have {Dﬁﬂ}"}s;{A,,a,,}“-"+-,’D,L—}‘%, where from (34) follows.

In the same way as in the given theorems, this is an evaluation of
the global eror of the method.

As wc have scen, the approximations y.(v} are solutions of some li-
near integral equations for which they are assured and the conditions of
existence and uniqueness may be precised, while for the approximation of
these a variant of the Sokolov method has been used, more advantageous
than the one given in (1], where the smallest solution %, of nonlincar al
gebraic equation must be determined all the time, if there exists. If we com
pare the method suggested here with the one from [2], they are approached
by the simplicity of the determination of the corrections «,, only that in
the quoted work, « are determined as solutions of some lincar differential
ordinary cquations of first order and nonhomogenous, while here they are
determined with the help of the relation (20).

By mcans of the Sokolov method and the suggested method, the
structure of the approximations z,(x) is the same, but, sometimes, the pa-
rameters o, in the method of functional correction can be found as average
value among the approximations of % and & —1 orders, while here «, are
determined from the condition of minim of the errors of average quadrature
e,, which is the result of replacing the approximation z{x) in the integral
equation {6).

Consequently, the approximation of order k, obtained by Sokolov’s
method replaced in equation (6) leads to an error superior to ;. As far as
the method suggested by us is concerned, more calculations are necessary.
Ihat means that for each approximation y.(x) of the solution
of the equation {1}, the approximations z,(x) of the solutions of the integral
equation (6) should be found ; the parameters «, must be determined every
time.

Nevertheless, the simple way of determining the «, parameters gi-
ves a certain advantage to the method.

Finally, the method may be used for the Fredholm equation as well,
and analogous results are obtained.
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ON THE CONVERGENCE OF SOME MULTISTEP METHODS
BY
N. CALISTRU

1. Introduction. In [1} we have established a certain family of multi-
<tep algorithms for the numerical solution of the problem

(1.1) ¥=flf x, 2). l=]c R,
(1.2) x{to) = Yo, ¥(fo) =%0. o=/,
where  x{f) =(x(¢). x3(f) ..., v(¢))” is an unknown a-veetor function, x, =

=(x), 2%, AT, £ =(28 ¥§...,xp)7 are prescribed n-vectors and f{¢, x,¥) =
= {fi{t, x, X}, fot w %) ST x. %N is a n-vector function defined on
J x R?,

We supposed that the system (1.1), (1.2) has a unique continuous and
sufficiently smooth solution on J. We have considered the following sets
of points from [#,, T

Ehz {tjl f,:fo +]k ; ]:.' O' Nl A V1= _(T Co tn)/h-l},
zi‘(:") = ft}—¢|t5~a =t0 +(.? ""G'.)h . j= - [‘1.' — La: + [,...,:(z +‘\ilj}-
where I'sJ, T2, « is a rcal noninteger parameter and B =(0, T —1£,).

Then we obtained the family of multistep methods for the numerical

solution of the problem (1.1}, (1.2)

(A A7) = (ME(2). (1.3}, (4), (7).
where
A (o) = [oep_o(0), e}, e sal@r), te_sal®)  7=0, P+ L: k2 1}
(1.3) tiyoa{®) = f(E5q, #5-a{®), Us-al®)}

ha() =t a(2) +5 % Acd)iteco(a),
(4)
e () = g a() + Bita(@) + B2 Y Aaiie_afa),
e a(u) =ﬁ't—l(°‘) +h zp:, A3 (a)'ak-t..:_m(ﬂ).
(A%) ":“
tp (@) = texy() + Aoty o() + 22 Y, Afa)ity ¢ 1 4f@), k= N,

i =0



