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ON THE CONVERGENCIE OF SOME MULTISTEP METHODS
BY
N. CALISTRU

1. Introduction. In [1] we have established a certain family of multi-
<tep algorithms for the numerical solution of the problem

(1.1) ¥=f(t.x, 3) =]k,

(1.2) i) =% x(fe}=Xo. L=/,

where x(t) =(x}{{), x*(t) ... x"{1))7 is an unknown n-vector function, x, =
={xf, 2%, 27, X =(x{. 85, 44)7 are prescribed n-vectors and j{¢, x. %)=
= (f(t, x, ¥y, S x %), P X)) 1s @ m-vector function defined on
] x R#",

We supposed that the system (1.1}, {1.2) has a unique continuous and
sufficiently smooth selution on J. We have considered the following sets
of points from [t 1]

Sy= {1ty =ta+jh; j=0, Ny No={(T ~ to)/b]},
Ta() = {talty w =te+(j=}h; j= = (o], ~{al + (@ + N0

where Fef, T >4, o is a rcal noninteger parametcr and B =(0, T —1,).
Then we obtained the family of multistep methods for the numerical
solution of the problem (1.1}, {1.2)

(A A") = (MEe(2). (1.3), (4). (1)),

where
A () = Sy (o), g @), e pal), xgoale) s F= 00 p+ 15 k= 1)
{1.3) dis_a(a) =f(ts a0 #5_al®), Uy <))
hal) =t +(2) +5 3 Adite ().
(A) o

o (0) = 10 (@) + Bty (@) + B2 S Auf)ibeo-al®),

iy o) =tie () +B Y AL (@ibrs (),
(A‘) q‘:u
the o (@) = tex_y(0) + By a(a) + B2 Y, Ay (@Yo ala), k= 1, N,

L =0
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The set M. (a) is called the sct of start values of the algorithms
(a.4.47). The coefficients A a), 4a), A}(a),4;(2), i =0, p, are algebraic po-
lynomials of parameter a.

Our aim is to prove here the convergence and numerical stability of
the above method.

2. Preliminaries. We shall give here some results for later use. The

following lemma is the main tool in the proof of convergence of the methods
(@dA4°).

Lemma 2.1. Let py(a), wifa), pe(a), wela), be(a), al(x), by, (a), ¢; 4(a)
ero(@) =12,  fj=—p—1,~p,—p+1,., be sequences of real n-dimensio-
nal vector functions defined on R.

Let B{a), v,(a), B, (@), v.(x) s=0, p, p=N, be real functions defined on
R. We assume that the following hypotheses are satisfied :
(1). There are positive real functions R(x), G(a) and E (o} defined on R, and
nonnegative constants L, K such that

(2.1) max (|f px(o) I, l=a{e)ll, I Be(e}ll, Fe{e)l]) € Riw), k=1, 2,... :

(22) max( ¥ 8@ Y )l 5 B S |) <Gla)

=0 » =0 8=0 =0

(2.3) lles-a(e)ll € L{lby-a()ll + lles-alo)l), j= = p =1, — p,...;
(2.4) becalo)ll + I co—a(e) I < E(x), s = ~$,0;
(). For k=1, 2, 3,..., the following inequalities are satisfied :

(2.5) 1oa) I < X 1Z.@)l,
(2.6) le@ < b S 18,0 14+ % I Vil I,
(2.7) 1B a(@l) € N Bp() + 1| Zalar) I
(2.8) lex-al@) § <l coms(@) | +1 1 = ] Blb(e)ll +1 Pa(@)l,
where
Zu(a) =h S, Bu(a)ercs—ole) +pa{a), Vala) =5 3, 1a(a)essofa) +72(o),
(2.9) zk(""‘) =h Z E:(“)gk---ha(“) +pu(a}.
Vile) = 1 5 Tof@hensorelo) +72(0),

and h>0 1is such thal
(2.10) khg K.

ON THE CONVERGENCE OF SOME MULTISTEP METHODS

Then, for cvery k<N, we have

L R a)
@2.11) Eu(@) < (1 + EM(@)E(a) + (1 + hM(a)) i :
where -
(2.12) Eu(a) = max (| (@)l + [ cufa) I s =T, &),
21y M) = dALGE@E +2p + 1), Rla) = 20 K(K + D) R(e)

gla) = max (1,| 1 - «f).

(We usc the norm [/x]|=max (I#'], 1=1, 1)).
Proof. We consider the functions

(2.14)  Ep_o(e) =max(lbea@)l + ool i 5= TR ¢ SR k=1, 2,00

by using the hypotheses of Lemma 2.1 we obtain the following estimates :

SIZ @< b Y 5 1Ba na@ 4 3 lan(ell<

»; 1+ BOE 4T e @l T 1B @1+
h.z:‘go‘ﬂm(a)mes-m al®)l + k ,.Z_,, fles+r @) R
S e 1Ba(e)] + TR &S Evorofa) +
1 - ) + =L < BPLG(«)E(a) + BLG(a) ¥, Evira
],;o“ Ee+1-al )Ilmz_ol[3 () Y o P2
+ P )
where r=min (p, k—s—1). Thus
; o E, (a)+ SR k2,
(215) 3120 < PRLG(E() + B F, Euale)+ === k=12
Similarly one can find the estimations
. F - E a)_'_ KR(“)
(216) 3 V@)l < PHLGIE) +HLG(@) F Fuvel ot
(2.17) NZ@)ll € (p + DELG(@)E(x) + Ep-r-a()) + K(a),
(2.18) WP )il < (p + DRLG()(E (@) +Ex1a(a)) + R(2), k=1, 2,...
§§ Using (2.5) and (2.15) we can write
) x K R{«)
(2.19) o)} € pRLG(x)E (&) + ALG() .gl E, (2}, + —

and from here we obtain .
(2.20) "i,l' 1B,{e)]] € (k ~ 1) ALG{®)E (@) +hLG(e) z‘,‘(k— S}E,ql®) +—-;— .
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LB

According to (2.6), 2.16), (2.20) : {2.7), {2.17), (2.19 |
(2.18}. (2.20) we get respectively i D S R

lew(@)lf € plk — )h2LG(&)E () + Iz?LG(a)i (h+ 1 =$)E. (a) +

1=l

H

(2.21)
N K(K + 1) R{a)
h
2K R{m)

(2.22) Ibeafalll < (2 + DALG@E() + (p + 2)BLG() 3. E, fa)
2K(K +)R()

lee-ala)l € (1 + Bgla)(kp + p+ DLG@E() + glo) o+ DR
(2.23) g
F(p+ D@k LG(n) %, (k+1=S)E. (o), h=1.2...

Sumining (2.19), (2.21) ; (2.22). (2.23 i i 25t
mates. an g { ), (2.21) ; (2.22). (2.23), using (2.13) and suitable esti-

(2.24)  [Belo)ll + llex(o)ll <(1 + AM(@)E () + hM{a) Zkl E, o{a)+ R(a)

s=1

162 ool + Ceoala) < (1 + M{@)E() + AM(2) Y E, () +

=1

(2.25) B
Re) pey, 2.

+ ——

h

In view of (2.12) and (2.14), we can assert that for cach fixed &, there
are two natural numbers u, and m,, 1<n,, m, <k, such that

Efa) < b (e} I+ 1l enla)ll, Epo{a) <l b (@)} | + [ emg ().
Thus the following inequalities hold :
Er_ofa) < {1 + hAM(@))E(a) + hM () mf IE.,_a(a) 4 B)

1

Ey(w) < (1 + AM(@)E(z) + M(w) ¥ E,_(a) + Rg:‘) k=1,2,.

=21

Because m,, n,<%, so much the more we have

]

(2.26) Et_z(“) < {1+ hM(a))E(OC) + hM(a) kil E, o{x) + ﬁg:-)

397

ON THE CONVEHRGENCE OF SOME MULTISTEP METHODS

Es o(a) < (1 +BM{&))E (@) + (1 +hM (=)t .RS)‘ E=1,2,..

By induction with respect to &, from (2.26) it results

By (2.27) and (2.28) it follows (2.11) and thus Lemma 2.1 is proved.

Let now x{f) be the solution of the problem (1.1), (1.2) and let x(ty),
w{t). x(ti.), x(f.) be the accurate values of the x{f), x{t) in the knots
of the network =, U Za{z). We suppose that the following conditions are

satisfied :
(CA). The elements of the starting set M@u(a) verify the re-

lations
—(FF 0

o) = x(to), wo{e) = x(fy), 5 5(2)
(CA"). In the condition (CA) the values (), (o), o (2), we_qgle)s
"N, furnished by the algorithms (x4.4") arc accurate determined.
We consider the differences

exl@) = a(ty) — 1), (o) = () — (o), k=1 Ny,

= ‘T(!J a)y Uy 1(3') =x(!f—-‘¥)' j=

and define the functions E(«} by the relations
Ei(a) = max (| e | &(a) il ;s =1, k), k=1 N,

Definition 2.1. The a-error up to the step k of the family (24A°) is the
Junction Ey(a) defined by (2.29). For a =a, the value Ei(a) is the error up to

the step k of the method (adA). .
Remark 2.1. In practice the clements of the starting set MY {a),

do not precisely satisfy the condtion (CA). Generally, we use starting set

of the form
B (1) = {orala). o), (), 20oa{t) 15 = 0, = 1= p = 11,
whose elements are approximations of the solutions at the corresponding

knots. The approximation errors arc given by the norm of the vectors

(2.29)

(2.30) 8a(a) = x(ta) — ito{®), Bofw) =2 {to) —tio{),
8) a(2) = ¥{ty—a) ~Ts_al®), Ba(®) =2 (ty5) — Gygl@), = — (P +1). 0.
Definition 2.2. The initial a-crror of the family {(xAdA") with respect

1o MBy () 15 the function I (u) defined by

(2.31) () = max (13, () | + | 8y -al)l, 18a(o) 11+ 1 Sofx} 1)

—p— =<

For a=a, the value F{a) is the initial error of the method (@A A"

with respect to the starting set j'l't(M.(E).

N —
(227)  Ed@) < (1 + BM(«))E (o) + M () S Eiale) + R{e) , k=1,2,.. Remark 2.2. As a consequence of the rounding errors, the values given
h by (xAA4") do not verify the condition (CA4°). Generally, these values are

gom ]
11 = alatematica 200
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not precisely obtained and they do not verify exactly the formulae of (add).
In fact, 1f-u,¢(a). o), 1t g{a). w4y o (o) are the values given by the method
(@AA4°) with respect to the starting set M (a), they verify the following
relations '

up) = wy 4(a) + K é}o A%y a() + ppx (),

(2.32)
(@) = Tt a(@) + Pats(x) + b2 éz,(a)ﬁ. sa(@), + T, u(a),

(2.33) no{0) =ty s(@) +h X AL ) + ()
o) = e a() + 11~ alo) + 5 T Frf@hi s o)+ 550(%),

k=1, N,, where
(2.34)  deg a2} = flte s i so0), g o(@)), G = — (B 1), 0.

The formulae (2.32), (2.33) differ from the formulac (4), (4°) by the

terms E,,,A..(a), o), 5;',((0(), :.;J.(oc), which appear as a consequence of
the rounding errors in the process the computing operations.
The norm of the wvectors

(2.35) { S a{@)= o) ~up_o(2), 3 a(®) Zts_o(2) —tiy a{2),
(

Be(m) = ta(x) —ui(a), Sp(e)Zip(x) —uy(x), k=1, Ny,
where 2, {a), 1(2), e ,(x), %, .(a) satisfy the condition (CA*), are mea-
suring the deviation of the values ft,(a), u.(a). Ty o(a), (@), from the
values wg(a), o), 2 {x}, wp  {a).

Definition 2.3. The rounding a-erorr 1p to the step k of the family (aAA")
is the function Ry (x} defined by

(2.36) Rylo) = max (18, + I, (a)l ; s= T, ).

For « =a the value @,(a) is the rounding error up to the step k& of

the method (xA4A").
Remark 2.3. Taking into account Remarks 2.1 and 2.2 we shall prove
that the values of x(t) and ~{f) at knots Z,, are approximated by #.(x),

() respectively. The accuracy of approximation defined with
(2.37)  x(h) —it(®) = ex(@) + 8u(a) ; F{t) — Up(e) = e{a) + 8plw), k=T, NV,

will depend on the initial and rounding «-errors.
Definition 2.4. The total a-error up to the step k of the family (xAA°)
15 the function T.a) defined by

(2.38) Tla) = Epfa) + Ra().

ON THE CONVERGENCE OF SOME MULTESTEP METHODS 99

For a=x. the value Tua) is the total error up to the step k of ihe
method (wAA7). _ ' o

Now. we are able to establish in the following section the mam re-
cults of the paper. . -

3. Convergence and numerical stability of the methods (a.1.47).

Theorem 3.1. If: ‘ . -

(AH,). The problem (1.1}, (1.2) has a unigue continuous solution with
continons devivatives up o the order p+4 for teits, T ;. -

(AH,). The function f(t. x, ¥) s conlintous together with its first order
sartial devivatives with respect to x and v, and there exists a positive constant
1. such that

‘7 i L a { .
i. (ARIRY] R —L,(f, X v)
dax hoon A

for everv (f, x, ¥} ] x R2*, and -
(AH,). The conditions (CA) and (CA*) arc satisfred. _ .
then the methods (aAA") are convergent. In addilion, the a-crror up to
the step koof the family (xAA7) 15 of the order O(AP*1). -
Proof. The solution x(f} of the problem (1.1}, (1.2) verifics the re-

lations.

€=, i,j=1mx,
I

o

) = i) + B Y AdDF ) + (@)

B

|3.|)
Po— .
xfty) = Aty 1) + hi’(h—l) + I? 2 A;(a)x(t,_ s :l) + T?-"{u}'
1
¥ .
Hea) = ¥(la)+ h F A o) + nal®)
.32) o | I
v{l, u) = 1'(¢1;. 1] +f71(1 — G)x(tz .1) + h? E ‘4;(1)3'(1"& s 1'3) +.""k(a)’
' =0

k=1, N,, where {see [11)
lal o hr.:' Pp-r;(&)l"m'n"(tk _u) + O(hi’wa)

Pok =
(3.3) (D)D)
A pTE T

a—1

Tpa(0) = BP0 (@) 370 o) + O(F)

- Y (- O+ 1)+ B)
34 Q)= | EZT e

a—1
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ppafa) = AT P (@} P (L) + O(RPH9)

{3.5) P {4 +2). (t+p+1)
,,+,(cx) ll‘t,
e (p+ 1)

Tp.u(@) =P ()29 (L) +O(RPH)
(3.6) . CHE+1) .+

Qn'*‘l = Pt ])

& S (p+1)! dt'

In view of the hypothesis (AH;) it folows that the functions
gx(a) =x(t) = 1(2), euo) =2{t) — o)
(e =) —Hn(a), () = () ~thaa(a), E=1N,,
verify the relations
e,(@) = eoafe) +Fp () e (o) =¢,.1(0) +he,_y(a) +G, (@) ;
(3.7) o al@) = e(®) +Fpu(@) 1 gg(0) =g af) + (1 —a)l &,a(x) +
+Gpal@), k=1, N,,

where

Fp.k(a) =k i Aa(a)'ét—ha(a) +Pp.k(a)'

Goal®) =H* 3, A(0)Fesal®) + 7 1(a),
(3.8) _ e

Foala)=h )]_0 Ada)es s 1o(®) +ppu{x),

Coal@) =kt S, A30)2umr 1-al0) + T, k=1 N,
and o

(3.9) 'g:f—ﬂ(a) =f{t; o 2t ). (4 2)) —F () ar 115 o(2), %y o{e)), j = —{p+1), N,
) Now, we shall show that the systems of functions g, (), tp(2), o, {a)
Tala). ga(2), €a(®), £ia(®), €5 ala), E5a(a), Ay(0), A(2), Ai{a), Alfa), k=T?,;T\',,

j= —(I;f):l-l)(,i Ny, 5=0, p satisfy the conditions of Lemma 2.1.
ndeed, in accordance with the hypothesis (A#4,). it results that there

arc real positiv i 2/,
that positive functions My («), M (@) and a positive constant C such,

Pra{®) = B2 P () 2Py o) + R M (),

Tp(@) =APQpuy (@) a2 Iy o) + P M (o),

b3 a(a) = BP0 (@) X4l ) + 1P M (),

Toala) =R () x Pt )+ RPHM (a), k= LN,
a0y < C, te(s, T).

{3.10)
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IFFrom thesce reclations, wc obtain the estimates
(3.11} maX(pr.r(a)\I.'|l*~p.x(a)i|.!Ip;.x(a)'.l,llf;.k(a)ll) < R (a), k=1, N,
where

) Ry{x) =max (Cl Pyas{at) | +{(T —to) M (). Cl (=) +{T =) M (=)

(P—tHC1Q (@) + (T =10 Mo(e)). (T —t)C Q51| + (T ~Lo) M ()
ict us consider the scalar positive function
. P P - n X P
(3.13) G,,(a)-:maxtz b, ()], 3 | Al PRI L Y, |.4,(a.)]),
=0 =0 a=g =0

lefined for a € R,
The hypothesis (1H:) and the relation (3.9) lead to the estimates

3.14) 8 aloll € Ll a(oll + I €5ale)ll), 7=~ (2 + 1), Vo
By hypothesis (AH,), we have g (2)=0. &, q(a)=0,5=—(p+ 13,0,
Hence we obtain

(3.15) eeale) 41 Eal} 1= 0, 5= =(p +1), O

The relations (3.14). (3.11), (3.13) and (3.15) show that the hypothesis
‘1) of Lemma 2.1 is satisfied with R{a) =AP*2Ry{«), G{x) =Gyla), E(a}=0,
defined by (AH.) and K=T7 —t.

Next, by summing from s=1 to s=*k cach of the rclations (3.7) and

taking into account that eo(2) = go{x) =0, we get estimations

e < T N Enl@) I s 1< 3 hade) I+ 311G, () I
kel g=1 8=}
(3.16)  €roal@) 1< W (@) 14+ I Fp (@) Il

el <l 1= al B3 el + 8 1 Gaul) b k=1 N

1=1

It is clear that
3.17} kh<T — ¢,

These relations show that the last hypothesis of the Lemma 2.1 18
also satisfied. Therefore we have

{3.18) E (2) € (1 +hM(a))*R;(a)hF+1 g g7t M@ fg;(a)hm;' b= ]':\71’
where
M{a) = gla)LGy{a)(2p + 1 +T — &), glo) = max (L, It = ai),
Bfa) = 29(@)(T — t)(T = £+ 2) Ry(a).
The inequality (3.18) completes the proof.
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Taking into account the Rem
e nto & qmarks 2.1 and 2.2, we have to dis :
g.umer‘mal :Stiﬂ)lilt}’ of the methods (x4 4 ") with respect to initi(:jll :;ﬁibrr;ttl]:“
Ing errors. An answer to this problem is given by the following l
Theorem 3.1. Let fiy(a), w U el b.
L Ao Let uyla), (e, up (o), 1wy g{a) k=1, N, be the values
given by the method (aAA") with the starting set s_}!{,‘g.(a).. Ifl'tlz: Iu;ol;tflzi!:fi

of the Theorem 3.1, hold 3 ] bosits ] .
W ewch that and if there is a positive function Ry(=) defined on

(3.19)  max {([{p (@, [Zpal )l 15l Vo u(a) : k=1, Ny < Ry(w),

where 5, (@), Tpu(a) and B, e

+{%), Tp eri{a}. T, u(x) are the terms appearing in (2.32]
(}}}d r_2_.33) respectively, then for every o = R/Z the metho%I (24 Ab‘) :: ‘St';hi{
with respect to the initial and rounding crrors. o

Proof. The proof, is simils Theorem 3
lhilt. the sequ nceIZ; of vectclglégi_:(z))t,h z(lft?,,iioct)?,c(El;l}l‘(};))l)t,m(:,-;;l.i(.oz)()).!]?-u.:::xc;“j
E t‘;I: ), (el ) =T {) ), (P () = tte (), (#te_a(o) —te o ()} = 1N (1 o {a)—
-_ iy a(a))’ (“J m(a) - ﬁ‘f—rz_(m))- (f(“’f-m #; x(a) l}'l—i(x))—f(fj as '?l, 1(7')--'-“1‘ a(xﬁ)
{1;. }&fn::,)’f{: :f,(a). )A,(a), A’;(oc), Aye) s=0, p. satisfy the conditions of
the -l:h(_‘ol'(,‘c:'n l:s,l“itnh ait;(gr)dznlgﬂ‘(“)r" E(x) = J{z) and L. K, G(=) cntering in
2 ¢ with {2.11) we get

{3.20) B2}y < (1 + AM )Y D) + (1 + ftt'lf(a))l\.;’(—z), k=1 N,
where !

M) =g{a) LO)(2p + 1+ T —1o). Ry (o) = 2q(a)(T =t )(T —t4 +2) K} (a).
Remark 3.4. By Theorem 3.2 we obtai » next estimati
total a-error up the step % of the famtil;') (cnaflirji t)hL et estmation for the
(3.21) Tilo) < (F(o) + 2 (Byfa) + Ria)hP-2)) el 004 | L=< 1N,

We note that if J{z) is of the P S fe
Ofhr+2), then Tlx) has( 1):he ordelrL %r((;zgil)o,(h *1) and Ki(«) is of the order
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WHY SHANNON'S ENTROPY @ A FURTHER REASON
BY
CARLO SEMPI

1. The definition of conditional entropy. Additive and subadditive
cntropics were characterized in {1] (here the notation of [2] will be adopted).
For anv finite discrete complete probability distribution p={(p1. Prr..Ps) €

el = (g1, g2reiGn) g >0, 'Z gi=1} {(n=2,3,...) these entropies have the

i =l
represcntation
(1) H(DY: = Hy(prs Davee o) =@ Hi(Pr. Daveesifa) +108 A(P),
¢ constants, (7)) denotes the number of

where @ and b arc non-negativ
bution 7 and H is the Shannon’s entropy

non-zero componets in the distri

H3(p, Ph---’f’n) - z P log P

j=1

¢ conditional entropy for the additive and sul:-

In order to define th
t distribution 7 xQ ={mny:

additive entropies (1), weshall consider the join

i=1,2,.,m; =12, 0% I',, together with its marginals x =

= i‘. m,p;} e, andQ ={¥, Ty=¢s © I',. The conditional distributions
Jmal

e qu----,Qin) = I‘rl ('f =1 ’ 21-
As is well known, Sh

H(D xQ) = B(P) + BRIP),
which can also be used to define the conditional entropy (see {2]). This we

shall do with the entropy (I).
A simple calculation shows that for (1), one has

HQITY=H(P xQ) —H(P) =

i=1

..m), where m=piqy will also be useful.
annon’s entropy satisfies the relationship

{2) . o
—ay, pe Y, ¢is log giy +b log AP xQ)fP.
iml  jwml
This relations supports the following
Definition. The conditional eniropy H(Q[P) for the additive and subad-
ditive entropies (1) is defined as being equal to the r. h.s.of (2} for every dis-

tribution D xQ &lg, (m, n=2,3,...),



