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Taking into account the Rem
Je nto ¢ qmarks 2.1 and 2.2, we have to dis :
gilllneflcalustab1llt}' of the mcthods (x4 4 ) with respect to initial :llix(ﬁlﬁr:nﬁ]:];
ng errors. An answer to this problem is given by the following
Theorem 3.1. Let fi (), u u el y
. Ao Let upla), ), up (o), wp_g{a) k=1, N, be the values
given by the method (aAA") with the starting set a_ﬂi‘g*(a)., ff]'thr Iu;oiﬁzi!:;i

of the Theorem 3.1. hold ' ; iy . .
T sk that and if there is a positive function R (=) defined on

3 . ~ 1 - - -
(3.19) max ([ 5p.( @), o2t 5y el 0@l s k=1, N\) < Ry(a),
where g, (@), Tp(x) and ), = : i
@), Tpu eoil}. Toa{a) are the terms appearing i j
(}}}d {2.33) respectively, then for evgry o € R[Z the metholc)jI (fff?f’-) 1:: Sflﬁ;
with respect to the initial and rounding crrors. S
Proof. The prool, is similar to that T
, 18 i al of the Theorem 3.1, One shows
s P = e i K . ¢OSNowWs
-h:.t; the sequ nfes of vectors (pi,',..(oc)), (Tax{a)), (o)) (7o (=)}, (tip(a) —
“—J:I' %)) (%) — (o)}, (thea{ot) = i 2(0)), (sten(@) —Bp o (2))e = TN 1: (1 of) =
- i a(a))’ (“J a(a) - “‘i-rz(m))’ (f(“’f e "’ﬁ—x(a’)* li‘l—:(“))—f(fi s ﬂJ 1(7')--'-"} {xﬁ)
— 7o a1 . i §
{hc I(CP + l,)’;;_i\ T /ls(o') )Ax(a), .4.,(&), Afa} s =0, p. satisfy the conditions of
the Le mma 1owith R{a) = Ri(x), E(x) = J{«) and L, K, G(%) entering in
av Theorem 3.1. In accordance with (2.11) we get o

{3.20) Rulx) < (1 + AM (a2 Fla) + (1 + ]ztlf(a))M, k=1 N,
where '

Moy =q(x) LGy {a)(2p + 1 + T —1,), E;'(cx) =2q(a) (T =L (T =ty +2) Ry(a).

Remark 3.4. By Theorem 3.2 we obtai 1
. By .2 we obtain the next cs ;
total x-error up the step £ of the family (oaaz:l% ‘)}fL pest estmation for the

(3.21) Tilo) < (F(o) + 7 (Ryfar) + Ry{a)hP-2)) el 1M | h< | N,

\We note that if J(a) is of the v I I
O{fr+2), then Ti(x) has( zhc ordelrc %r((;;gi.)o (A1) and Ky(a) is of the order

REFERENCES

I.Calistru N 1 family ¢ 1
- C o et X v di '
Ak i ¥ of multistep methods  for sccond-order differcatial e-wations, {1

Received 23 VIIL 198
S0 Depariment of Mathemalics
Polytechnic Institute of fan

fagi, K. 5. Romdnia

Analele stiintifice ale Universitigii AL 1. Cuza® din Iasi

Tomul XXVILs. I a, 1981 £.2

WHY SHANNON'S ENTROPY D A FURTHER REASON
BY
CARLO SEMPI

1. The definition of conditional entropy. Additive and subadditive
¢ntropics were characterized in {1] (here the notation of [2] will be adopted}.
For any finite discrete complete probability distribution p={p1. PrBa) €
e 0, i gi=1}{n=2,3,..) these entropies have the

i =l

&Py ={{g1 g2.-.qn)

represcntation
(1) BTy = Hu(pr, Paveeefw) =@ HYPs, PrveePa) + log X(7),

¢ constants, (7"} denotes the number of

where a and b are non-negativ
bution 7 and Hf is the Shannon's entropy

non-zero componets in the distri
H:(?h Pz,---._Pn) =l z p.‘ log P‘.
§axl
onditional entropy for the additive and sul-

In order to define the ¢
t distribution @ xQ ={mn:

additive entropies (1), weshall consider the join

i=1,2,..,m; j=12,..,n}% I',, together with its marginals n =

= E“_" m,p;} e, and 2 = ﬁ ny=¢;y €l The conditional distribations
Jual iml
e q;,,...,q‘,.)EI‘,.(i=l, 2,....m), where my=piqu will also be useful.
As is well known, Shannon’s entropy satisfies the relationship
T(P xQ) = B(P) + BQYP),
which can also be used to define the conditional entropy (see {2]). This we

shall do with the entropy (1).
A simple calculation shows that for (1}, o

HRIP) =H(P xQ) — ()=

ne has

(2) . o
—ay, $: Y] ¢is log giy +b log a(P xQ)P.
iml  joml
This relations supports the following
Definition. The conditional entropy H(Q[P) for the additive and subad-
ditive entropies (1) is defined as being equal to the r. h.s.of (2) for every dis-

tribution P xQ &l g, (m, n=2,3,..).
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2. A review of the properties of Shannon’s conditional. entropy The
first term in (2) is the Shannon’s conditional entropy. Thus, for the sake
of easy reference, it is useful to list its properties (sce (2], [3], [4] c. £.).
Let ©,Q and @ be complete probability distributions. Then the following
holds for Shannon's conditional entropy

(1) BQIP)> o0,

(i) Q) < B(Q),

(i) B{QPY=T(Q) if P and Q arc independent,

(v} B(P x Qx Ry=B(P) + (BR)P)+ E(RIP x Q)= (P = ) +
+ RV x Q)

(V) BQxRID)=H(QIP) +T{R[P » Q),

(vi) B xRIPY)SBQIP) + B(RID),

(Vi) B(RIP xQ) € T(R[D).

3. The properties of (2). By virtue of the remark made ai the be-
ginning of section 2, it suffices to prove, or disprove, the above propertics
for the Hartley’s conditional entropy

(3) AQP) i = blog (P xQ)jw (D),

that is the last term in (2).
We shall start by proving the properties that (3} does satisfy
Theorem 3.1. The Hartley’s conditional entropy salisfies the propertics
(¢) through (v),
Corollary the conditional entropy (2) satisfies the properties (2) through { ).
The following simple lemmas will be needed in order to prove the
theorem.

Lemma 1. WP) < H(P % Q).

n
Proof. Since 7 = {pi= E Ry:i=1,2,...,m} and my =0 (i=1,2,..,
=1
m; §=1,2,..,n), to every non-zero element of ? there cerresponds at
least a non-zero element of 2 x 2 ; hence the assertion.

AP x Q) < W(D) @ Q).

Proof. It is possible to regard the probabilities n,, as the
entries of a non-negative matrix r of order m xn. Thus p, is obtained by
summing the entries in the i-th row and ¢; by summing the entrics in the

J-th column. At least one of the entries of IT is positive since one has
m

Y ¥ my=1. The result will be Proved by finite induction.
fal]=1
If U7 xQ)=1, then IT has exactly one positive entry {equal to 1)
so that AP} =a(Q)=1 and the assertion is proved (equality holding)-
Let the matix IT be modified in such a way that the number of non-
zero entries is increased by one (and the other entries are modified in order
to keep normalization). Thus A(P'xRQ')=2 and, at the same time either

Lemma 2.

K
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AP’y =2 or A(Q')=2 or both, so that in every case one has 2 = J((7" x
X Q') € AP H(R'). - L
. (}cnc(rall)v. assume AP x Q)= k with &k <mn. Then modify th(f
distribution 7 xQ, and hence the matrix IT, by increasing the nu!ml??rﬂ(:e
non-zere entries by one, Thus @(7P' xQ )=k + L. I(% order to1 CONC ;:C(E% .
proof, we shall show that if {7 x Q)< (7YX {2Z) then
X2} < (P YH(Q'). . o
i y : liate since (%)
N f AP x Q) <W(PYH(Q), the proof is immec ince |
st?((’/J? c)M:;nld ﬁ}(((Q)sﬁ}(zQ') entail AP’ xQ') =P xQ) +1<W(L)I(R)
AP’ HA12'). o ’ o
) (Th)cn a(SSl)lI'nC WP xQ)=G(PYH(Q) =k, 11;115 n}&'ans that 'cswlc;1 p:si‘t;\_
inte ans s exist such that 2=rs and such that therc » rov: L
:Eitt(i:gf:l;?a:;t’}l\]f]bs 5n:;m-zero entries placed in such a way that there :1_: %(c:\fgrl_
s columns with non-zero entries (these numbering 7). Thus either (77} =
=Py +1 or G(P'y=({P)}+1 or both so that,

D' xQ')y =k +1€AP) H(Q) + min [P, H(Q}<A(P )Yy, Q.11
A
Remark. 1f 7 and @ are independent, then lemma 2 reads
(4) WD % Q) =H(P} Q).

i) i i 1 sequence of (3) and of
Proof of the theorem. (i) is an immediate consequence of (3)

lemma. [. )
(i1} follows from lemma 2; one has in fact

HH(Q)P) =blog TP xQ)[A(P)<blog A () AUQ)H(Q) =
= blog (D)= F"(Q).
(iii) follows from (4) in the same way as (ii) cnsued from lemma 2.
AP xQ xRYAH(P xQA(P) _
ZH(D xQ xR) =blogM{P xQ x®R)=blog Y

AP xQ xR) +blo AP xQ) +hlog (D) =
AP xQ) (D)
=HHRID xQ) + BHQPY +H" (D).
AP xQ xP) AP xQ xRYU(P xQ)
(D) H(D xQ)N(D)

(v) = blog AP xQ x R)A(P xQ) + blog AP x Q))A(P) =
= BHRID x Q)+ B (Q)P). Q.E.D.

ising tey’s entropy (3) does not
It may be somewhat surprising that Har
satisfy pro?)zrtics (vi) and (vii) as will (ll)c( s_})lqwnlby(r?snjncg ggni}é?;glr;}e{hat
One can easily check that (v} and (vi) imply (v ly that
i ii). Thus, since (v) has already been proved,
(vi) follows from (v} and (vii). Thus, : dreacy been, provec: »
i icc to show that one of {vi) and (vii} does no '
?}':zlaltsﬁéftllgcar% generally false. We can therefore focus our attention on the

(iv) =blo

HR(Q xR|7?)=b log
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property (vil). A trivial computation reveals that (vii) is equivalent, in the
casc of Hartleys conditional entropy (3), to the statement.

{3) GUP xQ x RY H(L) < (P x Q) WP x R).

It would not be hard tolist cases in which (5) holds. ior instance, whe-
never (%) =1, the inequility (3) is true. However (5) is not true in general,
as the following cxample shows,

Let 7V x@Q x® =1, be such that the only positive entrics are m,,,,
Tin, T Mygg and oy, Thus 97 xQ xR) =5, (P xQ) =W (1) x®@) =3
and A (7)=2: therefore

TP xQ xR) H(PY)=10> 9=0P xQ) H A/ x®),

4. Finalremarks. The properties (vi) and (vii) of Shannon's conditional
entropy are not translated into analogous properties of Hartley's conditional
entropy, and, as a consequence, of the conditional entropy (2), with 50
[his has an important negative effect on the application of the additive
and subadditive entropies (1), at least as long as onec adopt the definition
of canditional entropy used in this note. In fact the property (vii) is essential
{sev 3] or[4]) in order to define the entropy of a sequence of discrete random
variables. This is no longer possible in view of our result. More important,
it 15 even impossible to speak about an analogue of Mac Millan’s theorem
In connexion with the additive and subadditive entropies (1), if  =0. Thus
one is inevitably lead to the choice =0, thus justifying what has always
been done in the approach to Statistical Mechanics through Information
Theory. There it is entirely natural to use the additive and subadditive en-
tropies (sce [5] and {6]), but nevertheless one has always chosen b=0.

It is an open question whether a different definition of conditional
entropy would yield also the crucial propertics (vi) and (vii).
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REVARNKS ON DISTANCES IN GRAPHS
By

ROBERT A, MELTER amd 10AN TOMESCL

It is standard practice to define the distance d{x. v) between two

i i g as the le C ‘test path between v
oints in a connceted graph as the length of the shortest pa :
B Fon is defined to be the set of all

and 1. In 2 the Boolean distance b(x, ¥) N
poinfs on all paths from x to v, a path from x to v containing, by dehini-
tion |17, pairwise defferent nodes only. _

This distance satisfivs the following properties :

) by, v)=@ il and only if ve==y]

2) b(x, vy=0(y, 1) for any points x, 3.
3} bfx, Mablx, 2)Ub(z, v) for any three points v, v, z of (.

in this paper we {irst investigate certain connections between the
numerical distance and the Boolean distance. o ) »

For a connected graph & having point sct X with 1X | =n lct ;
=(x, v)==/b{x, ¥)/for any x ve&X. This funciton 1is a numerica
elx, v)==1b(x, ¥)| A , M E L o
hetric on X, Tndeed. ¢lx, 3)=0, if and only if d{x, ¥) @Vc?r A=V

ofx, ¥y=p(x, x) and for any three points x, v. ¢ € N

o(x, v)= | blx, ¥) s Toly, Dublz, )< b, 2) L+ | bz )
=¢elx, 2)+olz )

For anv point x = X. let e(x) -ng%x o{x, v).
Definition 1. .4 point x, € X will be called an s-center of G if e{xo}—
=min e(x).

. i it i ' is greater by one
If T is a tree then it is clear that p{x, ¥) (x#y) 1s gre v
than the numerical distance between x and y. Hence centers and s-cepters
1s defined above coincide for trees. In Figure I the number next to

2 i is equal to e(x). ] . o

vk ]{grlg ziejlc*ivse rginc(x) (S)and the s-centers are two points whlch. lic in an‘
acyclic block ; they are marked with small circles. The graph hablla umqu.(,
center ; it is adjacent to an s-center and is marked wtth a sma squaru{.
From the definition it follows that s-centers are .near the big blc?ck:c, 9.
the graph. However, this notion is not useful for 2-connected grap(l]e., sleL
if G is 2-connected. b(x, y)=X for any x#y and the s-radius ofh ’ ‘eqtias‘t
n= | X ' and any point is an s-center. It is well known [1] that the centers



