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property (vil). A trivial computation reveals that (vii) i i '
IS TS : at (vii) is equivale
case of Hartleys conditional entropy (3), to the st:Etcn)acntL.qun et in the

(5) H(P xQ x Ry WD) < (P x Q) W(P x ®).

It would not Le hard tolist cases in which () | ifor i
! _ Lt b cases 10lds. ivor inst. 3
never AP =1, the inequility (3) is true. However (§) is not tlr:lb(,‘:l[':(z’: \Thtl
as .h}z‘ fol/l_())wmg example shows. e
et 7 x0Q x@<=l",, be such that the onl 51t tri
. S ¥ positive cniries are n
Tazy, Tapes Mg and may,. Thus 207 x 2) = : = 24
and A(7) =22 : thcrzclflore ( 2 xR} =3, P xQ) =oUP x)=3

P xQ xR) (P)=10> 9=0(P xQ) I/ xR).

4. Finalremarks. The properties (vi) and (vii) of § ‘s conditi
entropy are not translated into analogt(ms) propt(ertizfs ofsﬁi??l?z;’z ;gggﬁ;gnd}
entropy, and, as a consequence, of the conditional entropy (2), with bg-ao
(Fhl‘s has an important negative cffect on the application of the additiv
and subadditive entropies (1), at least as long as one adopt the definit'“e
of conditional entropy used in this note. In fact the property (vii) is esse thr;
{see {3]or L4]) n order to define the entropy of a sequencé of discrete ra rcli g
variables. This is no longer possible in view of our result. More im O:Itam;1
1t i~ even impossible to speak about an analogue of Mac Millan's gleorr}n.
in connexion with the additive and cubadditive entropics (1), if b=0 T}'; :
one is inevitably lead to the choice =0, thus justifying what has :;lw1u'5
been done in the approach to Statistical Mechanics through Informat‘i}s
Theory. Therc it is entirely natural to use the additive and subadditive ‘on
tropwist(g,gca 5 and [6]), but nevertheless one has always chosen b =0 -

i5 an open question whether a differen initi
entropy would yield also the crucial properties t(v(ii)'efzirxllguzr\lrii?f ronditionat
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REVARRKS ON DISTANCES i GHAPH=
By

ROBERT A, MELTER and IDAN T OMESCL

It is standard practice to define the distance d{x, v) between two
points in a connected graph as the length of the shortest path between x
and v. In (2] the Boolean distance b(x, y) is defined to be the set of all
points on all paths from x to v, a path from x to v containing, by defini-
tion 17, pairwise defferent nodes only.

This distance satisfies the following propertics

1) b(y, v)=C if and only if A=

2) B(x, vy=>0(v, 1) for any points ¥, 1
3) by, A blx, Hub(z, ) for any three points x, v, = of (o

In this paper we first investigate certain connections between the
numerical distance and the Boolean distance.

For a connected graph G having point set X with X |
c(x, ¥)==/bx, v)/for any = ve=X. This function is a numerical
metric on X. Indeed. z(x, ¥)=0, if and only if d{x, y)=@ or x=y,

ofx, ¥)=p(x», x) and for any three points x, v 2 € XN
olx. v)= | b(x, v} s [o{x, DU bz, v) | € | blx, 2} P+ |B(s 2) |=
=p(x, 5)+elz ¥)-

For any point x = X. let ¢(¥) max o(x, v).

Definition 1. 4 point x, € X will be called an s-cenicr of G if e(xq)—

=min e(x).
FEX

If T is a tree then it is clear that p(x, ¥) {xs#y) is greater by one
than the numerical distance between x and v. Hence centers and s-centers
as defined above coincide for trees. In Figure 1 the number next to
cach point x is equal to (x).

We derive min e(x) =8 and the s-centers are two points which lie in an
acyclic block ; they are marked with small circles. The graph has a unique
center : it is adjacent to an s-center and is marked with a small squarc.
From the definition it {ollows that s-centers are .near” the big blocks of
the graph. However, this notion is not useful for 2-connected graphs, since
if G is 2-connected. b(x, ¥)=X for any x#y and the s-radius of G equals
n= | X ' and any point is an s-center. It is well known [1] that the centers

=un let
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’I‘ A g .
» ofG_he](;i;f]E— 16._'5 ? séf:‘z;l’ztf(;’i:?';?"eded }g’;':zp/:. G.a{l s-ceniers He itn the same block
o 55 Either guer, E § a cutpornt of G that belong to B oy cvery potnl
Proof. If B is a block of %
' 3 15 ; of fr and @, b, ¢ = B arc three disti Gl
sugl(}bth;)t a, bdare not cutpointsof G and ¢ is a cutpoint of G C?}?Elnﬂ(;?dp;‘)lit
e(a)>’e(6) '1{1;1‘11_5 ixr?}(;he:f)tiatb(‘cf, 2 lfi’or sl e e 8(61);((5_}
= . olies It a= i3, w15 not a cutpoint of ¢ is an s
fl?::ear{llt.}:ec]éxil:pg%?g gTB are s—lcenters. Supposcpthat it i; 223 tll;;L](],]a;c
F - IS clong to the same block of . Su 5 e
that o : g to the s po at ¢
;m:; gao‘cutpomts ¢, €2 of G lying in different blocks : pé ;CBth“ Lh?’u
19$ 05, and ;¢ By, such that e(e1)=e(c3) = min e(.r)- ' B

Let dy, dye X such that eley) e
, X R =e(c1, d;) and e{c.)=plco, d
(Scuppos(c) furct;her ‘that eley, C)={f1, fo ..., o} with jS;)I, f((é af% aths
:(r .zfm })ass t?mugh ;,utpomts J1.-. fp in this order, or (¢ ptc ]".
={Cy ,...., 1 se-es fa e, T oaes Cz 5 ) -1
. b(cllt t:z)zl)lm;?léhﬁ;igji 1()’2 s:1{1iceif dz € By we have b(c,, d,) is a proper subsct-
by dofin ot pler, d2) >plee, dy) =e(cs) =e(c,). But eler)zp (01.ds)
It can similarly be shown th
at d; € B,. It follows th
P e, iy} and efes, dy)={g1,..., grjwhere hll... b, and g : HC(CL =
points of G, ¢, r=1. B e ae
If {fl P fp}ﬂ{fll k}_Gth i
e R en b{cy, d;} isa pro
in%hencede(cg) 1>e(r:,), contrary to the hy'pogheéis. Her?l);c ?{?}; ?Ubj’ei gf{z(cb !zh 'I
j:h \ﬂlth s>a250th oot 0 o e} @ I for e\Iamp\Irf:
\:'hicl; : /d en there exists a cvcle passing through different blocks
P colerra hlctsartlge maximality of the blocks. Tt follows that i -—-}1;‘
T ey Ju T Hy =g == =g ; i e ’
ol ii)f;g;l,’fp_l &2 - fo=E+1... Consider 1wo casecs:

S
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O If w—v. let ¢ be an index satisfying v-<f<u. Suppose that e(fo)
=¢(fr, da) and ¢(f,, dg) == {ky, kg . Ral.

If V{hy .= k) = @ then p(f,, da)< ¢(fe dy) since othenwise
the equality e(e;) —g{er, ¢} does not hold.

But thisimplies e(f) <p(f, d1) <efe1), contrary to the assumption that
¢, is an s-center. Hence it follows that {f; v b0 4k, k3 @ and
o denotes the number of cutpoints of [fi ..., fpl0 k... L4 then &y L, iy
(w2 1) are identical with cither:

i) the first w cutpoints of fir. froz .o f1o €1 01

i2) the first w cutpoints of fieq, fiea, o) Ca

In case i1) glfi, da)<s fo dy), since otherwise we have
eleg) =¢lea, da) =plea, S} +elfee d2) =1 <plca, foA-elfr, da)—1==¢{cz, dsh,

contrary to the definition of e(c).
This implies that e(fy) =¢(f., da)<pl{fr, d2) <elca dsy=2c(ca),
contradicts the equality  e(cs)=min ¢(x).
reX

1o fab !

and  thus

A similar arcument shows that i2) “docs not hold.
ii) Tf u<w, in view of the fact that cley. do)ge(ey, dy), it follows that:

i fu) f P:fu' fz)+9(f: d,)—2<p(c. fu)'**?(fu- d))—1. or
(1) cfur fyFolfe dad<o(fy, di)+ 1.

And since s{es, di)gg{ez, ds) one can show that :

(2) olfu. f)telfe, di)<p(fer de)+1.

Addition of (1) and (2) viclds p(f.. fo)< 1. I usto we have f,# /. and henee
c(fu, f)2 2. Thus =z and if i=u=v then 1 2<p and efcr) =elez) implics
that pler, fiy=p(fi ¢} and  p{/f, d)=p(fi. ds). A repetition of the
argument used in case i) can be vsed to show that e(f) <eley)=efcs). thus
contradicting the hypothesis.

It follows that all s-centers of (- belong to the same block of .

Definition 2. 4 Boolean geodesic between tiwo points x and y of a connec-
ted graph G is defined to be the sct S(L) of all points on a path L Jrom x to
v satisfying the property that there is 5o other path Ly from x to y, such that
S{Ly) is a proper subsel of S(L).

The following resull characterizes t
that between any two points of G there is
terms of Husimi trees, i. ¢. of those connected graphs w

are complete subgraphs.
Theorem 2. A conneccled graph
to points of G there 1s a wiique Boolean seodesic, if and only if

hose connected graphs G such
a unique Boolean geodesic, 1n
hose all blocks

G has the property that betiwecn any
G isa Husimy

free.
Proof. Tt is obvious that between any two points of a Husi mi

tree there exists a unique Boolean geodesic. Indecd, if x and v belong to
the same block of a Husimi tree, then the Boolean gcodesic between them
is {x, v} ; otherwise, this unique Boolean geodesic contains v, y and the
cutpoints lyving on the shortest path connecting them.
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Conversely, let 7 be a connected graph such that there is a block B of

dnd t\\’(’ pOlI]l 1 s l
5 A4, A l—( \‘h](.h dare
“L(-t‘-.(l th\‘\rv s ] not d(.] dC(.nt. B(_‘(,allb(, B 15 Z'COH'

G=Fx, W, Xo ooy Xpy Vo Vg, Va1, X

e w JE
contaming Kb 11](1 t“ld l] p() - . - fen -
L t ) a l”t; Y ¥ \ 1T n i da ({ v 5
o [RRRY] ks e ¢ 3
: P n ’ bz i
1 v

There is ¢ -t i
.‘s‘(]’[)(cls{_: p\:ith P,“frc?:{l :néo '_:\}-] such that Sh(Pl) is a Boolcan geodesic and
LSRRI IS Y O ¢re 15 another path . 5 '
that S(#;) is a Boolean geodesic and .S'(Pz)cp{_t] \-],h fl‘lelll 3110 o
. e Y Vi

Because » and y are G St ;
Jrare not adjacent in G, it follows that S(P,)Jand S(4%)

AFC WO diff(?l'cnt BOO] L L7 ’S. 5 l)({i weet 1 ] Fl Q0 15 CO -
{ean ge )d.L 1 H
P!Cfe. oD & een x Il(] 1 ai‘.l(] thl., L} f 5 CCHm

Thas paper was wr i
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VO VEASURE FOR BOOLEAN Al GERRAS O CENTRA
IENDENCY
By

H., & MELTER and SERGLU RUDEAND

The values which are to be averaged by a measure of central tendeacy
like the mean or the median are usually real numbers. We define a mea-
sure of central tendency P for clements of a Boolean algebra. This measure
has properties analogous to those of the classical statistics.

The notation and terminology of [2] are followed herein. We recall
that a Boolcan function f: B*— B is built up {from variables and constants
of B by superpositions of the basic operations V (disjunction), *(conjunc-
tion) and’ (negation}. When constants are not allowed to occur 1n the
construction of f (excepting 0 and 1), fis called a simple Boolean function.
\ Boaolean function f is determined by ist values f{ai...., %) on the 2% po-
ints {@y...., @) € {0,1}" = B". Simple Boolean functions are charactertzed
among Boolean functions by the property flap,..., %) € {0,1} for all{ay,...
o) € {01} _ .

Theorem 1. Let B be a Boolean algebra. The only tsolonc symmetric
simple Boolean functions from B* to B are: the constant Sfunctions 0,1 and
the fundamental symmetric Boolean functions

() B (%1 ,em) xn)_ V‘l P P T Y

here V<ksn and V‘: Ve 1, MEANS that the disjunction 1s cxtended over
all (Msubsets {iy ..., i} of distinct indices from the set {1 ... nj.

Proof. 1. Clearly the constant functions 0,1 and the functions of the
form (1) are isotone symmetric simple Boolean functions. Conversely, let
- B"+B be a simple Boolean function which is also isotone and symmetric.
Recall (27, Theorem 11.3) that a Roolean function A is isotene if and
oniv if it can be written in the form
|'2) ﬂ(xl eens X} = 'aGV V’;)_l Vil PR fF atl P {p Ifl .‘t’.-ﬂ
Since £ is symmetric, the coefficients @i opeer iy, ATE the same for cach p-
vlement set, say @y ,...,,-1’=a,,(p=1 ..., ). Thus (2) becomes
i3} ﬁ(x: yers xn)=“o\/ V;=1 ay, th TR Xiy o xi’ 5

But ae=B{0 ,..., 0) = {0,1} because p is a simple Boolean function.
For ap—1, we obtain the constant function 1. Now suppose 2,=0, then

(4) Blxy ..., x,) = Va1 8y Vg ety T %oy



