41 ROBERT A. MELTER and JOAN TOMESCU 4

Conversely, let € be a connected graph such that there is a block 1 of ¢
and two points 1, ve( which are not adjacent. Because B is 2-con-
nected, there is a cycle:

Ca=lx, 0y, X, 20, v, vy, Yoo, v o]
containing x and ¥ and all points %, ,..., x,, Migee, ¥y arein B and &, pei.
There is a path P, from 1 to v such that S(P) is a Boolcan geodesic and
S(Pr)c {x, x1,..., xi, ¥} and there is another path 7; from x {o v such
that S(#;) is a Boolean geodesic and S(P)cfx, vy .y, v

Because x and v are not adjacent in (7, it follows that S(Py) and S(4%)
agc two different Boolean geodesics between v and v and the proof iscom-
plete.
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e e A AR ETEN T
v VEASURE FOR BOOLEAN ALGERRAS O CENTHAL
TENDENCY
By

K. A, MELTER and SERGI RUDEANE

‘The values which are to be averaged by a measure 0{‘:,012111f;lrltLL2L1:1;Lc:_
like the (I:nc‘an or the median are usvally real numbc;:l;; brﬁ; ‘}:c_hi’5 ;110;;5um
v of central tendency 3 for clements of a Bo_olean‘ qct_cq. :
alil;cpfopcrtics analogous to _tholse of }h:ez_cl:ls_(s:(}ghgffgés}ie.r;:in. S—

" The ion and terminology of [2] L .
. I};;‘o(ﬁg;itlf?actionf: B* - B is built up from xa_n_ablcts' 1;1)(1?::):5;32;
thdﬁfab' superpositions of the basic operations A (dlsrjl.(lln(; 1c>0c,cur njune:
O'f n) '11}1d" l(jnc‘gatirm). \WWhen constants are not ;110\1.0 Boglcan IR
:‘lc.):)nstr‘uction of f (excepting 0 and I),jt” 1s_ca+xlledlu?;3551}121; ¢ o a5 po-
\ F ¢ i is determined by 1st va TP et
-'l\ Pootean fu)nc;l?g lf}"lf (l;" Simple Boolean functions are] C}L‘IIL:%%?:LL(!
oo : - 50 1 r d
Tlnr;(:t)r(xagtl“Bc,)t?:lean functions by the property flay,.... a) & {0,1} 1
g / aloebra. The only isolonc symmelrtc

' 1. Let B be a Boolean algebrd. c symmelric
1 npfglg:;l?;t functions from B" to B are. the constant functions 0,

;}; fundamental symmetric Boolean functions

(1) ﬁl‘ (xl Jeens x“):v‘l [EETR xl] e xik *

h e l 0y Hoa ”li means that t dIS ? SHCETOMN 18 \at(o ”'df d (41100
£ 1{ i hg 2 L.
‘s. / "-<-. V 1! s iy

i1} indi {1, n)
] ] distinct indices from the se ooy e !
o (2)%‘%3-8;81{11(:&2.1};;} t%j:: constant functions 0,1f an(i.the f%gc?(:?:d[:-f tllilg
e ic si lean functions. Conversedv, !

- » isotone symmetric simple Boolea: : : ‘
f'?l m"( I)Bar}t; *lsaot;(i)ll;tpli}Boolean function which is also isotone ?.11(‘1 SV mril;t t::fd
IJE Bl]q( (2] (:I'heorcm 11.3) that a Boolean function A is isoiune ;

cca ; 113
oniv if it can be written in the form

Xy .. Xy
.IZ) B(xl I"'rxﬂ)"GOVV;_IV"‘V"'{, a,l ,...,(p Tfl . f h j)
ici : the same for cach £-
51 i i he coefficients a; .,..,;, arc
Since f is symmetric, t .
clement set, say @y .. .-1]=a,,(;5=1 ,.. 1), Thus (2) becomes
|3) ﬁ(xl per xn) =£I0V V;=1 ay V‘l srena iy x‘l xi’ .

= 0 = 1 i e oolean function.
ut a o 0 0.]1 because ﬁ 15 a SlmI') B !
For uB tl gx-eﬁo(bt'ain t)he {consjtant function . Now supposc aa—._!), then
3 n:_ 3

(4) Blxy voes %)= Vo1 @y Nz ren i) T 0o Ty,
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We next show (IT) that without loss of generality one may suppose that

(3) a, = {01}  (p=1, .., n).
IT. Equation {4) implics
(6) /’(Il s 1, 0i M=V, a, (1==1 .., 1)

:md.' ‘con\'ersely, it follows from the Verification T heorem {([17; see also
27, Theorem 2.13) and the symmetry of £ that relations (6) imply the iden-
tity: (4). Tt thereforc remains to prove that equations (6) have a solu-
tion (ay ..., a,) €{0,1}". But

(7) /j(ll v L0 0) € 01} (=1 ..., 0)

il

hecause ff s a simple Boolean function. If g(1, ..., 1, 0, ..)=0 for all argu-
ments in the left hand sides of (6), then the system (6) has the unique
solution «;=0(i=1 ..., 1), Otherwise let % bethe first index such that

BU,.. 1,0, 0=t:
i k k41

n

the isotony of the function £ implics

AL, L0, 00=1 (p=F veeny 1), and
1 Bpol

hence system (6) has the solution
@y o= =0, ap4;—= ... =a,=1.

IIT. We have thus proved that £ can be written in the form (4) where

the a,’s fulfill (5). If a,=0(p=1,.., 1) then # is the constant function 0.
Otherwise let & be the first index such that a,— 1. Then

(8) Blxy ..., x,)= L X%V Visea 4, Vi oty St Xy

? i £

But for every pxh+41

a, Vi1 ety X X = Vll peren f

and thus (8) reduces to (l).

. Corollary 1. Let B be a Boolcan algebra. The only isotone symmetric
simple Boolean functions [ from B" to B whick fulfill '

k .t(l P X.‘k .

(9) N B2y T VoV Y,

are the fundamental symmetric Boolean functions Alh=1 ..., ).
Corollary 2. Let B be a Boolean algebra. The function

(10) Bra-1

_.....]11
2
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(where [x] ts the greatest integer function) is the onlyv isolone symmetric
stmple Boolean function B which fulfills the condition ) If xi<x< ... €%,
then

x ., tf n ois odd
(1) Blxy ooy )= {

T Hif nois even.
2
Proof. If vi<xp<...< w, then fi(xy .., x)=xaiq, and it is easily
checked that
T .
. ,L- if » is odd
b= l—] Alesn—fdl= " 2
2 I — 1 i » is even,

Any [unction of the form /J’[,,. 17 will be called a measure of central
—=+1

2
tendency for B. The first five functions of this kind are:

Blxi) =x,,
Blxr, k) =2V 2o,
By, X2, x3) =x1%2 YV 2123V xp.x3,
Blxy, 3, X3, Xg) = 2133 V A3V 2y 0V Xz V xaxgV xaxy,
Blxr, w3, X3, %y %) =2 Xpn3 V 0y X%V Xy Naxg Vo x 1 gy Y
Voxaxaxs Vo xyxens V e gy V Xaxg e WV Xaxg X,V Xaxgxg.

By defining a measure of dispersiond for clements of B it is also pos-
sible to obtain an analogue of CebySev's inequality. A Boolean function
3 : B"— B will be called a dispersion function if 3(x;, x2,..., x,)==0 if and
only if x=x= ... =x,.

Theorem 2. A Boolean funciion 8 : B*—B is a dispersion function
if and only if if can be expressed as

(12) 3(xy, Xa o, Ty =m1 VxgV o Vi, 2 e
=(x1+2) Vi(xit+x) Vo V(g +x,)V
Vixgta)V oV (xatx,) V OV (x,0+ %)

Proof. In view of the corollary to Theorem 2.14 in [2], the equation
3(x1,..., %,)=0 is equivalent to

(xp+2x2) V(xgtxs) V ..V (xFx)V(egta) V.V
WV (xet X)) VoL V(1 x,) =0

(which expresses the conditions x} =%;= ... =x,) if and only if § coincides

(13)

12— Matematica 208
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with the function on the left side of {13). It
; ] - It 15 easy to check that two expres-
sions J1;())r 3 in (12) can actually be brought to the same disjunc‘;i?rgkfpoll::
\e?mar/e. A dispersion function also has the following propcrtioq:
('1') If % LT, then 8(x;,..., x)=x, 2, =range .
(ii) 8 is svmmetric, '
(1) 8(xy, %o, x5, ¥,)=1 if and on'y if Iyw;~ 0 and V,x;=1
(iv) 8(xy+a, xo4a,..., Tpta) ¥xy, 2, x,)
for all @« € B,
The following is a Boolean anal Cebys i
ogue of Cecbysev’'s inequali
Theor 5 p ! ) ) Sporsion’
—_— em 3. The functions B, in Theorem 1 and the dispersion for B

(14) X, 'i—ﬁi‘(xl sriey .‘l‘,,)S. S(xl sreey x,,), j—' ]_, 2 ganey H.
Proof . It follows from (12) and (1) that
b Bi(xy ., ) =2, \/,1 ey Xa e Xy VoA l'[f1 v, {5 WLV )
L 1 ' =
<X Vi w2, Ve e XS 8(x ,.,x,).

In the following. we consider a finit i
C . e Boolean al ™ ele-
ments. B is represented as B—={(x!, x%,.., ™) | x?——ggbg; ‘r}lt}:vi%h tBi]c
It;(s;:}z;lntcomgor}e(n;—\\_-'lsehoperations. If z&= B then 2/ will denote its 7-th (:ome
and %(z) is t i g i i t
T e number of atoms which are contained in z. Let

Theorem 4. Let B be a finite Boolea 3
L fi n algebra with 2™ ¢f

a € B. If pla) is the probability that Blxy, ;2 poves X o v:)e:t::nt:h;l;z{i o

(15) pla)= %i) if n=2,
16) =__L . : .
bla) = (tndependent of a) if n is odd.

Proof. We first consider the case of i
. odd m. Here £ is th i
2}cllpr03ucts of the xj taken (#41)2 at a time. Thus ﬂ’ﬁ=lsif aill:imc:g?v f;i
i ctias (n+41)/2 of the x} are cqual to 1. Similarly #=0 if and only if at
tu;les(?};l;-]ev/ﬁié)}i; %};e x,’,jz}re_ egual to zero. It fol ows that the number of n-
=g’ is !
hawve By iion. Is independent of a and sine Zuicp pla) =1 we
If =2 then #=0 if and only if x, =x,’

- = T a y if x/=x,"=0. There are a total
.‘Sb‘ ways in which x;, x; can be selected \i'ith B{x1, x2)=a 'I‘hci)salagi
) serwzflz_tﬁon yields formula (15). v l

¢ case of # even and greater than two is left
: : open).
_— Remm}f. From (15) and Zac, p(a)=1 it follows that mom) 3 =4m
¢ 1T?lan ¢ verified independently by use of the binomial theorem.
¢ authors would like to thank Dan Simovici for suggesting to then

the definition of dispersion and the connection with Cebysev’s inejuality.
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