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ON REGULARITY OF TIME-VARIANT LANGUAGES
3

. MASALAGIH

{ 1. Intreduction. The notion of {ime-varving automaton has been
introduced in automata theory by Agasandjan {1967) and intensively
studied by A. Salomaa [1]. Like probabilistic automata, it represents
a quite natural gencralisation of the notion of finite automaton. Definitions
1 - 3 are from i1], while the facts concerning the metric space @ (I*) are
from [2].

Definition 1. A lime-varving awtomaton (f.v.a.) over an alphabet I is
@ triple 4 =(S, so, F). where 5 s the finite, nonempty set of stales, s is the
initial state. F : N> 8571 x 25 is a mapping given by F(1) = (fi Si), fi: SxI—
S is the transition function at the i-th moment and S cS is the set of final
lates at the same tine. 1 for a t.v.a. 4 all fi (or 54) are equal, we are dealing
with a t.v.a. which has a constant transition (respectively a constant sct
of final states).

Definition 2. The respouse of a Lw.a. A for « word P el (denoted by
vespa (F) is recursivelv defined by :

respa (1) =3e,
resp 4 (0x) =fie1(respa (€). xh voeI', Va1,
wheve noe 1 is the cmpty word and 1gQ 1s the lenght of the word Q.

Dafinition 3. 1 he word P 1s accepted by A iff respy (P) < Sy L(A),
the language accepted by A is LAy ={P|P <I", resp P) €Sur}.

Considering the binary operation ,, +" on (I"), where E +E,=
—(EJEN(ENE:), VEL E, e@(I’), we obtain the linear space (I, +

) over GI(2).
Lot d:@([7)~ I be the mapping given by

JAE =
d(E) = { too. fE=F
min {lg PIP€EL U E#D.
The norm of the language E is given by E[l=2-"".
Thug, we obtain a metric in the standard way, by taking o(E, E)=|E.~
_E‘.".'
2. Sufficient conditions for regularity of time-variant languages.
Theorem 1. Let 4 =(S, sq, F) be a t.v.a. over I. with a constani set of final
states, S, and suppose that the following condition holds .

(1) vi, j e N((i <j Afi=fi)=fira=f)-
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Then L{(A) 4s regular.

Proof. Denote

Jo—To=min{j —ili, j &N, i <}, fy=f,).

It can casily be proved by induction on ¢, that the following condition holds :
2 VSN iomfimfis,-),
that is I is almost periodic, of period j, ~7,, begining with the moment i,
Apply now theorem 7 [1].

Remark 1. The condition (1) is quite strong when we compare it with
that of theorem 7 [17. Indeed, for a t.v.a. A in which F is given by :

f &g fee ..

(1) is not satisfied but F is periodic of period 3, and thus L(d) is regular.

We will give a better condition, even compared with that of theorem
7 [1]. Let A=(S, s,, F) be any t.v.a. with a constant set of final states, §,,
and 5%+ =(fF. For cvery fe(F and every x 7, the function f7: S-S defined

by :
fr(s) =/(s. x)
produces a partition of the set S, by the following sets :
S{'={s=S~S,f(s) =55}
S§7T={seS5-8,|f(s) =5},
$F={seS,|f(s) =5 -5},
Sy ={s =S,1f(s)=S5,},
some of these sets may be empty. We can now define on (F a rclation

e

»~"as follows :
(3) J~g if Sy =S¢, vi=1 4, vxer.
Itis obvious that ~ is an equivalence on (F let:

(?l"' = {C.,...,C,,,}

and fix a representative g, in each equivalence class C,. Let o 1 (F —(F be
the function given by :

(%) ?(f) =g it f=C..

Theorem 2. Let A=(S. s,, F) be a tv.a. over I, with a constant set of
Sfinal states, S,. If the function goF (where 0" stands for the usual superposi-
tion of functions) is almost periodic then L(A) is regular.

Proof. Let A,=(S. 55, ¢ o F) be the t.v.a. with the same constant
set of final states as 4. We shall prove that L{A)=L{A,). First, since S,
syand S, are the same in 4 and A, if P =) it follows P eL{A)=P e L(A,).
Consider now any PeJ’, lg P=n>1. We will show that :

Pel{d)yeP<L(4,)

'_
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by induction on n. Let G =9 o F and G be the sequence g,. £,.... By hypothe-
sis we note that o
f,‘-'f" Y E.lf\
Initial step. Let p=x=I. Then:

resp .t =fo P(respa(}), ¥) =fu(so, 1)

TESP 4y ¥ =Lo(LCSP il ). 1) =Ea{So, x).
Because fo~ go and s,=s, we have :

fo(so, ) F-S1¢g0(511» -T) €5,
and then Pel(d)Pel{d,).

Inductive step. Suppose that the assertion holds
lg0 =n—t and let 1> be any word of length »:

P=0Qux x=l.

for every Q €17 with

We have :
resp{ ) =resp s (@x) =fir(respa(@), %),

resp 4 ( P) =Tesp 4, (0%) =gicr(1esp.,(0), 7).
Because fig ~gye and, by induction hypothesis, resp (@) =5, iff resp 4, (¢)
«§,, we have :
frurlrespa(@), x) € Syeg P(tesp @), 1) =5,

Thus P eL{A)«<P=L(4,). Apply now theorem 7 (1] for A,.

Remark 2. The condition of theorem 2 is \&:calx'.er than that of theorem
7 17, 1ndeed, if 4 =(S, s,. I} is the t.v.a. with:

S ={s,, 51, 82, 52}, Sy ={ss}. 1 ={t, 12, 13},

v Fiofigflefffefft ] g

where

=

f(s0. £1) =50. 880, 11) =51
(6) f(sla 1) =51, S(Su. 1'r.1)=$o.

and f(s, 1) =g(s, ) for all s=5 and rel not‘ in (6), t_hen F is not periodic,
but poF is. In fact ¢ o F is given by the sequence :
.‘qv g- g»“'
{or f, f, f...) since, clearly, f~g. \n the metric space
5. 3. T.v.a.a. languages and regular languages : e el
@(I_-)' Theorem 3. Every t.v.a.a, language which 1s aoce).b‘te t % ;JLV .a.?éguh"
d co-ns:tant set of finul states can ve arbitrarily well approximate
language within the metric of Bodaarchuk. .
Proof. Let A =(S, so, F) bea t.v.a. over [kweltv
states, S,. We shall prove that for every k=0, N,

a constant set of final
there is a t.v.a. Ag=
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=(5, 5o, F,) with the same constant set of final states as 4 and for which
we have:

(i) | L(A) =LAl <, and

(ii) L(Ad;) is regular.
Let fy, /... be ihe sequence which represents F and
(7) 7 =log.k],

where [m] stands for the greatest positive integer less than or equal to m.
Let A,"=(S, So, F.) be the t.v.a. with the same constant set of final states
as 4, in which F, is obtained from F as follows :

(8) Bi=/i Yi<n,

where f§, f4,... is the scquence which represents F,, # is given by (7) and f
is any fixed function from (F. Clearly we have (i), by theorem 2 {1]. Moreo-
ver, by the definition of d in P(I7) and by (7) we have :

d(L(A)—1{4,)) =log.k
and hence :

2=l LAy - .r_ i
k
Thus, we have (7).

§ 4. Final remarks. 1. In all the theorems we have proved we have
considered only t.v.a. with a constant set of final states. But, by theorem 4
[1], this is not a prejudicial restriction.

2. It seems that we can not improve the result of theorem 2 in the
same way, that 1s by enlarging (3) (for example by setting S M) 7 =
#J, for all i and x with §1°, 57 nonempty) without loosing the equivalence
of the Janguages. But. for improving the above result we must implicate
transition functions in non-concomitant moments of time,

3. Theorem 3 states in fact that for every t.vaaa. language I and
avery n=N there is at least one regular language R which has cxactly the
same words of length less than # as L does. Morcover, R is not trivial (fi-
nite) because the choice of f, in (8) may be so that A, accepts in every monient.
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ON THE UNIQUENESS OF SOLUTION IN SAINT-VENANT
PROBLEM
BY

€. I. BORS

i imi ; o5 Xy =0, ¥y=h {(h>0} and

We consider a beam limited by two planes v, =0, a: ) |

by a cyiirfdrical surface F. We will denote by I7 the domain o(;:cul?l_td q:?}
t}?nc beam and also the volume of this domain; S will be th'u forsr‘\a‘ir;“‘ !
also the atea of a cross-section of the beam. The houndary o : '

denoted bv T'.
We will take the axes x;. .. x5 such that

J.n;,dc =0, S xodo =0, S 2yxado =0,

: i 2 e

that is the x, axis is the centrz}l-line of the be'am and the axes x, and x,
are the principal axes of inertia of the en(.i 1:,:0'.‘ .

We consider our beam with the lateral surface Ly L,
and loaded only on its ends in such a way that the beair_n is in equi .
‘Fhen, the problem is defined by the following cquations :

(1) 0‘1;._1=0 n I y

¢ from tractions

(2) Gty =0 on F:
Gu=g.~(5\'n X}  on vy =0,
{ o= (%, x:) on Xy =h,

(%, & X, ¥g) are given
+ stress  components,  gi{xy, X, il 1. X give
e ? #y, Hs, 0) 18 the unit vec-

(3)

%

where oy arc ot s, ;
functions such that the beam is in equilibrium, 1(

or normal to F, ) _ L
wr a!i?l:xlg ptlg(ialgrl:lt?lcf?ned by {1). (2). (3) has a unique solution. l.mt it is
exiremely difficult to find it. If we replace the conditions {3); by

‘ Ry=— S gida, M,=- S XGaado. M,= R X,05d0,

s ] $

(4)
‘ .\IS=R(xzc,,—x102:.)dc on x;=0,

s

i repeated judices, The index j after comina
! 30 5 b wention arer repeated iudices, The LN
*) We ase the summation conven E:\u S M 13,3 i

svlicates partial differentition with r:_‘-spcu 1o X
all Gree indices take the values 1.2



