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=(5, s,, F,) with the same constant set of final states as 4 and for whicl
we have:

(i) | HA)=L(4Dl <, and

(ii) L(4) is regular.
Let f,, fi.... be the sequence which represents & and
(7) n = [log,k),

where [m] stands for the greatest positive integer less than or equal to .
Let A,‘.=(S, S, F,) be the t.v.a. with the same constant set of final states
as A4, in which F, is obtained from F as follows :

Fi=/i, Yisn,
Y ‘!? =f, Vj>n,

where f§, /%,... is the sequence which represents F,, # is given by (7) and f
is any fixed function from (F. Clearly we have {ii), by theorem 2 1. Moreco-
ver, by the definition of 4 in (17} and by (7) we have :

A(L(A) —L{A4,))) >log.k
and hence :
2——-1(1,(.4]—-],(.4‘,)) < }_ .
k
Thus, we have (1).

§ 4. Final remarks. 1. In all the theorems we have proved we have
considered only t.v.a. with a constant set of final states. But, by theorem 4
[1], this is not a prejudicial restriction.

2. It seems that we can not improve the result of theorem 2 in the
same way, that is by ecnlarging (3) (for example by setting ST M) 877 =
#* &, for all i and x with ${°, S% nonempty) without loosing the equivalence
of the Janguages. But, for improving the above result we must implicate
transition functions in non-concomitant moments of time,

3. Theorem 3 states in fact that for every t.v.a.a. language L and
avery # €N there is at least onc regular language K which has cxactly the
samc words of length less than # as L docs. Morcover, R is not trivial (ri-
nite) because the choice of /, in (8) may be so that A4, accepts in every moment .
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ON THE UNIQUENESS OF SOLUTION IN SAINT-VENANT
' PROBLEM
BY

C. J. BORS

i imi ; s v3=0, xy=h (h>0} and

We consider a beam limited by two planes x;=0, > >0} _

by a cyfirfc?rical surface F. We will denote by V' the domain occizcupl_td trju\l
the beam and also the volume of this domam_;_s will be th‘v for;a:mrw
aleo the atea of a vross-section of the beam. The boundarv o i .

lenoted bv T.
e We will take the axes x,, x., %, such that

J.-"xffd =0, g xoda =0, S Xyx.do =0,
S M 5
that is the 1, axis is the central-line of the beam and the axes v, and x,

A, . . ) =0
are . principal axes of inertia of the end x; e
o t}i;fepconsli)dcr our beam with the lateral surface frec from tractions

and loaded only on its ends in such a way that the beam 1~, 'in equilibrium,
I'l'hen the problem is defined by the following cquations :
(1 6iy=0 in 17,
{2) G, =0 on I

G =g, x) on ;=0

643 =/fi{%, x:)  on xy=h, .
where oy, are the stress  components, ‘g,-(xl. x.), f,-(.rl.. 12t)1 \a;el:]itgiv\ct.cxl
functions such that the beam is in equilibrium, n(#,, #s, 0) is the

tor along the outer normal to F.
0 Th§ problem defined by (1), (2). (3) que so
cxtremely difficutt to find it. If we replace the conditions

‘ }ff = - R Giada, M} = - S ,‘lfgdnd-o'. .’112 E ‘ .‘\',0’;,:;(30’.

i3

has a unique solution. but it is
(3): by

8 s 8

(4)
l Al = R (X203 — X;03)d0 OR x5 =0,
I,

peated indices. The index f after comma

JeNse : conyenlion over e k e
*} We nse the summation e e 123 o

inlicates partial differentintion with rgspccl 10 X5
all Gree indices take the values 1.2



2 C. 1. BORS

¥

where Ry are given components of the rezultant tractions and M, are given
components of the rezultant moment of applicd tractions.

It is understood that on the end v, =/} there are applied trac ions so
that the beam is in equilibrium. In this way, the uniqueness of so fution is
removed out because we have infinitely many traction repartitionls on the
end such that their resultant and moment resullant satisfy {4).

The problem defined by (1), (2) and (4) is known as Saint- V-
nant problem. If, in addition to (I}, (2), (4), we require that the dis-
placements 2, are of the form

(5} iy = 2 {-'ﬁo"ﬁ(-—fb Iz.\-'xg'

k-0

then the solution of problem is unique. The function UE(x,, x,) must be

determined. We can replace (5) by an analogous supposition for the stress
componcents ;.

In the following, we will prove the uniqueness of the solution for the
problem (1), (2), {4), (5).

Supposing that the beam is orthotropic. the relations between the
siress components o;; and the strain components e, are {1]

Gii=04En +CQ(E';2 +C3{$33 (not Sulnmcd).
(6) O3 =038y, Ooy = 03825, T12 =CpEpe.

where ¢;;=c;; are constants which caracterize the clastic propertics of the
matcrial of the beam.
The inverse relations of (6) are taken in the form

E g3=v)1 611 + V12 Goa — vy Oy,
E ey =vip 00+ Voo G20 — Ve Gaa,
{7} L gy = = v; 0, — V2 820 + 654,
€44 £13 =013, C55 Tu3 = CTag. Cyg €10 =0y,

The components ¢, are given in terms of the displacement compo-
menis % by
€y =1, (not summed), gig=ts g+ (1%7).

If we denote by &} the strains of the displacements (U, %, 0) and
bv =9 the corresponding stresses, then we have

H
— k) ok
€y = E ES‘SXS.
k=0
" A
ca= 3 A UBxb 4 ¥ Uisk
k=0 ke

" L
oi=Y, T8 x5 +ci Y, AUPE T (not summed),
k=0 kw0
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¥
~ k)
Tyz — L T2ty
0o

1l L
N R R EL e
Fx=Ciinitz| ¥ I G =t ZU,..‘ ]
L.et us denote by

y
li-n kot

2 )y

8 =y — 4 O =
() A=t E T
g 3]
= -_— C;-, ﬂg""— .
(9) [ =cyn, - + Cis v,

. 5 el -2y wil
The equilibrium cquations (1) and the boundary conditions (2) wiil
e satisfied if and oply if. for arbitrary &, we have

JU‘!‘;] +(fe+1):f‘uU(f.4{l'+f55U'i,‘.._.”+T<§§'1' +

o S (h+ )k #2)c5 U =0 in S.
(11} DU, = —(k+ D, U{thn, +e Ukt ], on 1
" o+ in S
(IZ) T(ﬁ)g.ﬁ +(](’ + 1)((‘23 +C;;+1_1I,1) (J"g.-;l:' +(k + I)(k +2)C;;+1.3+¢ a Dy,
{13) iy = —{k+ el &0, on I

The problem defined by (12). (13} 15 a planc problem with body
forces.

ufficient conditions for the existc:llc_c o[g_thc $0-

lutions for the problems (10), (11) and (12), {13} cakn_bc fF)Lu'rll 12{ _2.“. .
Now, let us solve the above problems f01.' / —n,r "on‘;t’antq ,

the following. we will denote by 4. b,, ¢,. ¥, arbitrary cons 8.

The necessary and s

& k=n
We have . . L
‘ AU =0 in S. DUP=0 on I
“m.=0 in S, <gm,=0 on .
- afd, i
1t results 3, =0,
(14) I"-':.i' =iy — Ve U":;) =bn + ¥k, U’ = =
2 k=ngsl

The corresponding problems arc
AUG-1 =0 in 5,
DUS Y w — s [caldn — ko) (b + 7N ). OD 1

and S @
g =0 in 5,

‘ . =1, 2).

<0y Dty = Cpaatte o0 T (2 =1, )

‘I'he solutions of these problems are given by
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UP™D =negvixy +an s —FposXe, US™ =nr,p —n{ayx, +b, Vo) —Cuiyl

(13) {

Utg‘l'l =HCp VX +bn—-1 +7”_11'2,
-1y ~n=1) _ -t
(16) { W =R €l TR =0 sy, TRV =0,
-1y .
.rga ’—11(‘,(613 Vi +Czs\’2)='n0n(633 ""E),
where ¢ is the function of torsion defined by
Ao=01in S, Do=cyxm, —csim. on I

3°, k=n-2
It resulis

AUS™ +u(n — 1)(coyvs +6va—FE)e, =0 in S,
DU D = — (0 — Dey{ney s + @y — 1y Xadity +

F e {nCavaXo +bay w7, y10)n,]  on I

This problem has solutions if ¢,=0. and then its solution is given by

(17) UG =(n—1)rayp —(n = 1@ty + 80100} =0y
The problem (12), (13) becomes
(18) { A T (= D {e1 +0u) (7091 = @a) +Casldn —7,7,) | =0,

i
053 4 25D+l — 1) [(caa +Casd7ape = ba) +Cxslba+7020) = 0 in S,

—(n=2 —h=2 — - . -
SN F = — (= Depn(rap —dax, — b)) —c,y iy,

(19) {

- The necessary and sufficient conditions for the existence of the <o
lution for (18), (19) require that r,=0, and we have
A = (n = 1)eys[n{dany -+ By xn) +cuss],
20) TP =(n = 1)ean{agx, +0,x.) +c,,],
T N = (= 1) (33 —E)n{anxy + baxa) e,y ), 20 =0,
. I ]
U z}=;;(u——l)[5 a2 — voxl) + by, X, ] +
]

iz]) ] +(”—I)Cn-1"1-\'1+“n Flaal SN EH

_ : ! . ]
U2 =n{n—1) [a,,vz.x;xz + Eb,.(vzx; —viaf) | +

(1= 1)CasaveXs +bp s + 752X,
1°. h=n-3
The function U™ is defined by
AUG I+ tn ~ 1) (n —2) [nfesvs +osve ~E)dny +p32) +¢4_ 11 =0 in S,

TNy T, = —(n — Deealt (74 = Anxy —baXs) — oy e on 1

1 N . ] .
DU M= —(n-2) {C“[?!(ﬂ - l)(i“n(\'x"i — vax3) +hyviaya =)
=Dy Xy eV ,fc.,.] "y +cgs[n(n -1} (a,,vgx,x, +

. . : . 1.
+ ; bn(v-_;,.‘\.’g — lef)) +(n— 1) vaCp 1 X2 4 by '-"‘ll ﬂ_‘ 2LE

and the existence condition of U ® require that ¢, ,=0.
We have _
s —p{n —1){n—2) "9 (1 —2) [rn 29 —(@n sXy + OpoaXa)l —Can
where the function ™ is defined by
Ayin-# +(£aavy + sy V2 —E)(anx, +b,x:) =0 1n S5,

Dyms =c {l A vy x5~ veX3) + b,,v,;nxg] ity +c.—.sl dpvp Xy +
: 2

+ ! ba(vers ~ v,x'“{)] n, on I
2

a, and b,.

Hion P exi itrary
and the function 7" ¥ cxists for arb YD ave

In conscquence. the equations defining
i P o 1){(n ~2)[(c1a +u)(7a%n — ) +
Aol @acy —n X3 =0,
< Y (- 1){n —2)[(ces + Co)(?n 1.1 — ba1) +Cas{fao t
+7aa%:)] =0 In S,
iy = —(n —2)cisl(? = D{Faa? — ¥ —ba_yX2) = Caozl?y,

)(_rn—lc? — iyt —bpo1¥2) G 2}
=0. At the last,

- =3
T(;‘l 3)’”| + 2
<80, 4 05, = —(n —2)casl (-1

and the conditions of the existence of the solution give 7,_;

we obtain
I =" —2)cis{(n— 1}(@n-1%1 +ba1%a) +6n-2)-

235 = (1 =2)¢ss (1 = D{dnaF1 +Bas®s) Feas]

(22) b 20 :
00 = (1 = 2)(6as B Y[ — ) (aoss +Baca®a) +0ae]y 757 =0
U =(n - 1)(n ~2) [% sl i3 = va3§) + bxx] +
(23)

+(’n —2)Cp_2V1%g a3 —Fa-ate
. 1 ;
U =(n—1)(n—2) \an-—lvlexﬂ + 3 ba_s{vaE — ‘"ﬁ)] il

4+ (B —=2)Ca_2VaXs N P o ST
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. k=n—4

The equations (10), (1) are
AUG™S + (n—2){n — 3Neuvy +egve —){n~1)a, 13, +
+b4 1% +¢y 2] =0 in S,

IT)U"."_‘: = —{n—3 . 1 > o
& ( ) (?l l)("' 2) E(In—l(vl-ti_V1§)+bn |V1-1’|.T2J+

F (1 =2)cu oy Fa, 5 —7, 3_1-2} ny—(n -—3)c,,_.,{(n —){n —2)[(1,. 1V X Xy

]
— by _1fvax3 — v, 22
Fs (v:x3 Jl.‘C])] +{1—2)c,_svex, + 8, 3+r,,_3x1} n, on I.

and thf: conditiqn for the existence of soluti
The cquations (12), (13) reduce

oh=dy i [
MY+ 4 (1~ 3)eas F ) U™ + (n—2)(n —

— 3y bt (= 1y] 2y xd
N )[Ean(lel—vzxg) +b,,v1x1.t2}+a,, . 2_1-2, =,

on is given by ¢, . =0.
to the following

'7(;'-.7.:] n—d)

By (1 = 3) (6 +0is) U™ + (s — 2)(n — 3)cgs ‘l nin—1) [a,,vwxlx, +
1 b lvox? .
T E a{vexi — v,x;)] +ba_s +7n-»2x1} =0 in S
and

—t=4) =4
O+ TV = — (= 3)6, U0y,

~in—d} P} 7
T2y + 1M = —(n —3)e, U ¥, on I

From the existence conditions for the solution of this last

. problem

o p=by =0, 7, ,=0 (n24).
laking into account the above results, we can conclude that in the

Saint-Venant problem w e i
Jant-venant Form we have #<3, and the displacement (5) must be

1
Uy =a x"-}-a X""+6 —a %2 — Xa) + Xy X +a -
1 3X3 2 X3 3(\‘1 1 Va g) b,vl 1 2] Xz 1Xg
= +2!—1 Aol VX7 — vox5) + ' —
YiX X% I = 5 + +
1-teig | 2( 14] Vg 2) bgle,xz CiyviXy 4 dy —FpX,,

. =ph. a3 2 . 1 :
2 =0,23 + 625 +0 [a3 Vo X + -Z-b:,(vzx%- lef)] Xy +dxy+r2,x, +

1 .
+2|a 2+ - 2 '
[ 2VaX X + > bz("zxz'—vzxg)j +¢1 vaXa +hotroxy,
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1, = — 3{a,%, A bax,) a8 —2{a.1y +b2.t2)xn--clxn+U'g’(x1, Xa).
Taking ay=by=a,=by=7,=0 and if we put down
6ay=A,, 6by =Dy, 2a, =4, 2b,=B,, ;,=C,.
ry=1, UP(x,, x2) =®(x;, A},

the above formulac take the form

1 . : ”
My = —T)vg-'ra'f'czlel +L2A3(\JII"'—V2X§) +BaV1A'12'z F EAa ﬁil e

1 . o 1
+ = Ay(vix] = vox3) + Bovii,xe+ = Auxd,
2 2
24 . ] 1 ;
(24) o= T Xy +Cpvaxs + [Aavzx,xz + P By (vpxf —vial) + p Bal‘ﬁ] Y3+
1 o o, 1 5
+Agvexy .+ 5 By(vexi —wi2}) + 5 B.x3,

1
1ty =D (xy. x3) — (Aox, +Baxy +Co) ¥y — 2 (As%1 + Baxa) 15,

which coincide with that given in [3]

The constans d,, As By Ba Ce and < are uniquely determined by
the conditi.ns (4) {see [2]), and the uniqueness of solution is proved.

The unigue solution (24) will be called standard solution and the cor-
responding tractions on the ends standard repartition.

In account of the Saint-Venant principle we take this solution as
solution for all repartitions which satisfy the conditions (4}.

Some remarks: — The treated problem for the orthotropic bcams
can be extended to the general case.

— ‘The uniqueness of solution, which is a polynomial on x;, for the
general problem of the beams can be proved.

_ "When the stress tensor is asymmetric (as in [3] f.4) the conditions
(4) are not sufficient in order to determine an unique solution of the form (5).

It seems that to the conditions (4) we must add also, separately, the
following conditions

.
Y mydo=uy,
8

where y,; are given and my, are the couple-stress tensor components on the
end %, =0. Similarly, in this last case the principle of Saint-Venant must
be reexamined.

The same thing is valid for the micropolar media. The remark made
long time ago [4), In connection with the rigid body displacements, allows

us to believe that the Sanit-Venant problem, for the micropolar case, may
be solved if we take the displacements and the microrotations in the form
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;| i
= g U, — vy, — - H I T — Tk : 5 :
, ( 1= Taats % ulra) X+ T — oy, — N bixf —tuan, — =3,
1y = U.-—-!mxé’+-]-rtr Yot 17y = - byt T
- a ikt R R 2 X3+ ToX Vg TH Ny — - ogad

. . 1
=00 + V4 — " =
3 ady + Vit > (ulf‘-x +dsx, +a3)£\73 +(b|'l'1 +byx, +[}3,T;;)l-',+

H{e1xy ey +64)xy,

]

1
F1 (‘Dl + E azx:!) Xy +4 +bux,,

]

1
P2 ((Dz - ‘5 alxa) Xy +‘:"‘2 —byxy,

1
Q5= l(ba i 5 T,xs) ¥y + Yy + Teny,

where U,(x,, x ;
a, by c:("‘h :)' i‘égrl;lg:) (D‘(:trh fZ)' 'hsh ¥s) are unknown functions and
» O G Ty, T, constants. e existence of this s ion i
n cryhl : . b ol this solution is
spen problem. It is possible that such : A b tion is an
1 a soiution do not exist.

It remains to clarify, for example, what is the difference between a

lood by tractions (e5) onl
$ ¥ and a lood by couple-stresses (m,, i
E‘!::Hfast;lght%rec%gg;r;tt.he t?rscxon p]:oblem. What alt?e the ways (inI ’é)rd‘)czl){é ‘;:.t:}
: lons ? Can this difference be put in evide 5
perimental way ? or the effect of couple-stressespis a second:f; Eﬁei‘n o
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