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A NOTE ON KNUTH'S ITERATED POWERS
BY
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In {4 Knuth described occurences of huge numbers in combi-
natorial theory and suggested the following notation :

B(B(...(B)) ..)) =B1T,
BTB(1(..1(B))..))=BI1T,
BItB(11(..11(B)..)) =B111T,

where in every equation above there are T copies of a positive integer B,
and consequently, there are T —1 operations of multiplication or $ or 11
performed. For instance,

-8
BtT = BT, BttT=B2"

where on the right side of the last equation there are T° copies of the symbol B.
The notation above leads to the following inductive definition :
BIT=B1'"T=kB, 1, T), Btt11T=BtT=k(B,3T),
T R1IT = o :
Bt T =Bt:T=k(B,2,T), B1ST <k(B,d, T),

Hence, following [{], we obtain the equations for a number-theorcetic
function %k (Knuth's function):
R(B,1, Ty=B% k(B,d,1)= B,
(B, d+t, T+1)=k(B,d kKB,d+1,T)).

In order to obtain a total function we add the following two equa-
tions, which are compatible with the foregoing definition {the first equation
1s borrowed from [1]):

kB, d,0)=1, d>1, k(B,0,T)=B.T.

Let us note that Knuth's function is defined by nested recursion.
Consequently, by standard methods (2], one can prove that % is recursive
and non primitive recursive.
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The hierarchy (X,) is a proper kicrarchy of the class of primitive recursive
SJunctions, and for every nz0, X, =Rass

To prove the statement above, we shall state the equality b, =r,+,
for every #>0. For n=0. kyx, y)=x Sy =ra{x ¥y for n=1, kix, v)= 2
and this function satisfics Ritchie’s equations : 7y(x, 0) =1, rx, v+ 1) =
=ri(x, r5(x, ¥)).

Let us suppose that k,=7,+5. We shall prove by induction (on )
that kg4 =445 For y =0, Fair(x, 0) =1 =r,44(x, 0) 5 if kyay(x, v) =rurs(x, y), |
then kae(5, 9 + 1) = ka(¥, Rara(¥, 1)) = Ea(%, Turs(5, 3) = Tata(%, Fasslts 3] = |
=tnts(x, ¥+ 1).

In viev of the third Corrolary of Theorem 3.4 [5] the proof is complete.

-et us note that the equality above motivates — a posteriori — the
modification operated by Rithchic in the original definition of Ackermann’s
function (Ritchie replaced the equation 7a(%, 0) =x by the equation 7,(x, 0) =
=1) : Ritchie’s modified equation agrees with the definition of the power
operation.

Finally we display a FORTRAN iterative program (using the me-
thod in {3]) for the calculation of Knuth's powers :

o —— _.'....

FUNCTION KNUTH (B, D, T) 3 KNUT=B"*KNUTH

INTEGER B, D, T GO TO 5 ‘
DIMENSION M(D), ITERATION (D), 4 IF {PLACE. EQ. 1) GO TO 6
1T PLACE = PLACE— {

IF (D.EQ.0) GO TO 8§ 3 ITERATION (PLACE)-{TERATION
IF (T.EQ.0) GO TO 9 {PLACE) + 1

KNUTH=8 GO TO 2

M= B 6 KNUTH= B"KNUTH

1F (D.EQ.1) GO TO 10 7 M{I) = KNUTH

PO 7I~2, D GO TO 11

JT()=B 8 KNUTH=R.T

IF (LEQ.D) JT{1)=T RETURN

PLACE=1 9 KNUTH=1

IF (PLACE. GT. I-1) GO TO 7 RETURN

1 ITERATION (PLACE)=3 10 KNUTH =BT

2 IF {ITERATION (PLACE). GT. JT 11 RETURN

{PLACE) GO TO 1 END

1F (PLACE. 1. GT. 1-1) GO TO 3
JT (PLACE+ 1)=KNUTH '\
KNUTH=M({I—PLACE— 1) <
PLACE=PLACE+ 1
GO TO 1




