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1. Introduction. Similarity properties of analytic functions in fields
with a non archimedean valuation were first observed by Krasner
1]. The following more general quasilinearity property of functions diffe-
rentiable in a ficld K of this type was pointed out by Schramm [21.
Let f: K- K have a non vanishing derivative at ¢« €K and denote the
valuation of an element ¥ =K by | v |. Then a ball B{a, ¢) of center « and
radius ¢ >0 exists. such that x € B{a, p) cntails

(1) fx) = fla) =(f(a) + <(a, 2)] (x —a),
(2} | efa, 2} | <| f'(a) |

and thus also

3) LAx)=fla) i= | f'(@) | |lx~a|.

Because of (3), we say that fis quasilincar for the ordered pair (a, x), and
that Bla, g) is a quasilincarity ball of f at a. The ball of largest radius cen-
tered at @, in which (1) —(3) hold, is the exact guasilincarity ball of f at a.
Its radius is the radius of quasilincarity r(f, a) of f at a.

In {3], as an application of quasilincarity, conditions for the term
by term differentiability of a function series were formulated in terms
of the radii of quasilinearity of the scries.

In some applications, the relationships (1) —(3) are of interest even
for single pairs of points (4, x). When, e.g., (1) —(3) hold in the field K =0,
of p-adic numbers, then the first term in the standard p-adic representation
of f(x) —f(a) is just the product modulo p of the first terms in the respec-
tive respresentations of f'(a) and x—a.

The significance of quasilinearity thus calls for the sctting up of
conditions to determine quasilinearity in practice. Sometimes it is ecasier
to establish the absence of quasilinearity, i.c., the inequality

(4) | e(a, x) 1= | f'(a) | >0,

instead of (2). Formulation of the relevant criteria constitutes the main
object of §3. From Theorem 2, c.g., quasilinearity or quasisuperlinearity
for a pair of points can be derived from the quasilinearity or quasisuper-
linearity of the function concerned for one, two or, at most, three other
suitable pairs of points.
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In Theorem 3, which will not be invoked later on, conditions arc
provided by which the quasilinearity of the sum function of a function
cerics for the pair (. x) can be derived from the quasilinearity of the terms
of that scries for {(a, x).

The theorems of g4 treat of more complex configurations. These
generally, involve the radii of quasilincarity of the function in question
at various points of the domain. (Ths. 4 —6).

‘The central result of this paper is Theorem 4, and most later results
are derived from it. It savs, generally speaking that in every ball of qua-
silinearity the radius of quasilinearity and the derivative of the function
concerned stand in certain relationships to vach other. Some of these refa-
tionships display a striking simplicity. When « is a point in the exact qua-
silincarity ball of fat a. c.g.. then r{/, ¥) never exceeds ([, a) or, differently
staicd, the exact quasilinearity ball of f at x is always contained in the
exact quasilincarity ball of fat «. (Th, 4 (2)). Thus two vxact quasilinearity
balls of a function coincide when cach contains the center of the other
(Th. 4 (:i7)). According to the slightly more complex enunciation of Theo-
rem 4 (ix), when o s a point in the exact quasilincarity ball of fat a such
that f(x)5=0 and r{f.3)<lx—e«l, then {Fayigtfla) | [ x—a Lr{ f. %).

Fhicorem 3 treats of the set I'y(f) of those points in the domain of a
given function f at which the radius of quasilinearity does not exceed the
number o 1t turns out that when f* vanishes nowhere, then I.(f) posscsses
a very simple structure, always being expressible as the intersection of the
domain of f with a disjoint union of balls. The latter are exact quasilinea-
rity balls of f when K is discretely valued. Conditions are provided under
which the number of the balls is finite.

Theorem 6 is concerncd with coverings of an open subset D ol ihc
domain of a function f by a set of pairwise disjoint exact quasilinearity
balls of /. When K is discretely valued and f' vanishes nowhere, then by
Theorem 6 there is exactly onc such set =. It turns out that when = is finite,
the number of its balls is less than the number of balls in any other covering
of D by quasilinearity balls of f.

The rest of §4 is concerned with so called similariiy balls. We shall
now recall the meaning of this concept.

When for all v.y in some ball B(a, ¢} a function satisfies the con-
ditions

(3) flx) =f(x) =[f"(@) +7(x. ¥)] (x =)
(6} ln{x, v} 1= | f'{a) |

and hence

(7) |f(x) =f(v) [ =If(a) L1 x—=¥1

then f{pem is a similarity transformation, Bla, p) is a similarity ball of f
at @ and p a similarity rudius. The largest p for which (5) —(7) hold is the
exact stmilarity radius of f at a, the corresponding ball being the cxact si-
milarity ball of f at a. By (7) the restriction of f to « similarity ball is uni-
valent. For K locally compact there is a much stronger result [2]: The
function f maps B(a, ¢) homeomorphically onto Bif(a). | f'{a) | 7{f. @)1
For an exact formulation see Theorem C in §4.
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The last theorem of this paper, Theorem 7, is particularly important.
It provides conditions under which the domain of a function f possesses
a unique covering by pairwise disjoint cxact similarity balls of f. From the
converig 7 so obtained we shall develop an estimate for the number n(y)
of times an clement y & K is attained by f or, in other words, for the number
of solutions of the equation f{x) =v in D. We shall finally show that when
the ficld K is locally compact, n(v) can be computed exactly, provided the
convering can be determined. -

§2. Notation and Review of Earlier Results. Before presenting our
new results. we shall give exact definitions of the concepts cmployed, in-
troduce some notation. and review some of the results of [3] used herein.

K iovariably denotes a field with a non-archimedean valuation,
perfect with respect to the topology induced. The valuation of a €K is
| a|. Balls in K arc denoted by B, g) ={v €K | | x—a | <p} or Cla, p) =
={yeK || x—a| <), as the casc may be. In formulations common to
discrete valuations and to continuous valuations, we let the symbol Pla, ¢)
stand for C{a. 5} or Bla. ) for A discretely valued or continuously valued,
respectively. For functions f: 4 K we define the derivative of f at the
point a interior to 4 =K by f'(a) =limy_o[ f(@ + %) —fla}1/kh. The assumption
of interiority is not necessary for our results to be true, but it is helpful
in keeping cnunciations simple.

Definition 1. Lef a be an interior point of Ac K and let f: A - K have
a non-vanishing dertvative at a. When for some point x=A (1) ~(3) hold,
assuming also z(a, a) =0, then fis quasilinear (ql) for the (ordered) pair {a, x).
When (2) does not hold. i.e. when (1) and (4) hold. we shall say that f is gua-
sisuperlinear (gsl) for the (ordered) pair (a. x). '

Definition 2. Lctf a be an interior point of AcK and let f+ A K have
a non-vanishing  derivative al a. A number =0 such that fis quastlinear
at a with respect lo all x = Pla, o) cdom(f) is « radius of quasilincarity (rql}
of f at a. Such numbers obviously cxist. The bull Pla, ¢) 15 a quasslinearily
ball (qlb) of [ at a.

Let p* be the upper bound ol the quasilincarity radii of fat 4. Then
the exact radius of quasilincarity of f at a {erql), the radius of quasilinearity
of f at a for short. 7(f, a). issupd| v || v=K. |y |-<p'}. The exact quasiline-
arity ball (eglb) of f at a is P4, #(f, a)]. The abbreviations ,,q1bs” and
.eqlbs’ will stand for ,quasilincarity balls” and ,exact quasilinearity
balis”, respectively. '

Remark 1. 1t follows from Definition 2 that / nced not be defined
at all the points of a ball of quasilinearity. This was not pointed out in [3].

~In [3] it was shown that in a quasilinearity ball of a function f at
{l‘us f}mction has vet a stronger property than the one stated in Defini-
ion I.

Theorem A [31. When {x, y}< Pla.r(f,a))ndom(f) and |v—x|=

=max(} v—a |. |x—al) then (5)—(7) also hold. ’

~ The function f thus multiplics by the constant factor |f'(a)| the
dls'tanccs of certain points in P(a, 7(f, a)l, in particular the distance of two
points not equidistant from a.
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Remark 2. 1t follows from Thcorem A that the cquality f(x) =f(y)
for {x, vy} < Pla, r(f, a)] entails |x—a|={y—a| We can casily state con-
ditions under which a given element y €K is attained by f at most once in
Pla.7(f. a)]. We trcat only discrete valuations, and assume that | y —f{a) i<
<| f'(a) | r{f. a), or y will not be attained in C{a.r(f, a}] cven once, by
quasilinearity. For v € K define S(f,a,y)={x e K||lx—-a|=]|y —
—f(a} |{| f'{a) |}. Assume now that all x =5(f, a, y) belonging to dom(f} are
interior points of dom(f) and satisly f'(x) =0, »(f, x) =iy — fla) I/ | f'(a) |-
(We shall sce in Theorem 4 (#i7) that this entails #(f, x) = 7{/, a)). Then
{x. y} = S(/, a, 7} ndom{f), x £ y entail | f{x)~f(3) |=1/(3) || %-y]| and
therefore f{x) == f(v). Thus v is attained in C(a.r(/f, a)] at most once.

The following definition of similarity transformations is slightly more
general than the one given in [3].

Definition 3. Let @ be an interior point of Ac K, let f: A-K have a
non-vanishing devivative at a, and let D A be a set, such that for {x, v}l
(5) —(7) hold. Then fis a similarity transformation on D with respect to a.
When D is the intersection of dom(f) with a ball Pla, g) of posilive radius,
then Pla, p) is a simalarity ball (sb) of [ at a, and p is a similarity radius
(sr) of fat a. Let S be the set of similarity radii of f at a. Then the exact sims-
larity radius (esr) of f al a {esr), r. (f, a), is sup{| ¥y |t v €K, |y | <sup S},
i.e. supS for comtinmous valudations und max {|y||veKk, |v|<sup/S}
Jor discrete valuations. The exact similavity bail {esb) of f at a is Pla, r,(f, a}].
The ablreviations sbs and esbs will stand for similarity balls” and ,exact
similarity balls”, respectively.

It follows from Definition 3 that the restriction of a function to any
of its similarity balls is univalent.

The following theorem is a very slight gencralization of an existence
theorem for similarity balls in [3].

Theorem B. Let ’c K be a ball of radius p >0, AcK and An P open.
With f: A=K, for all xeAn P let f'(x) exist, f{(x)=£0 and 7(f, s}z p. Then
P is a sb of at cvery a=Pn A,

In {3) additional existence theorems were formulated.

We shall now look at some of the basic propertics of similarity trans-
formations which were not dealt with in [3].

Theorem 1. Let a, b be inferior points of AN, and led D A contarn
two poinis at least,

(2) Let f: A>K be a similarity transformation on 1) with respect o
a and with respect to b. Then

(8) [f(a) =f @) | <| /") [ =1/(b) I

(#1) Let f be a similarity transformation on D with respect to a and let
(8) hold. Then f s a stmilarity transformation also with respeet to b.

Proof. (i) Let {x.ybcD. xfy. Then [f(x)—f())/(x =) =f'(a) +
ala, % ¥) =f(B) + (b, v v). with [n(a 2 y) [<|f(a) [, | s) | -
| (8) follows. (#7) When (3), (6) and (8) hold then f(x) —f{yv) =
[F1(B) +4(b, 2. 1)1 (x =), with [4(b, x. 3} 1= f{a} = f/B) + wla, 2, 1) [

| .
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Corollary to Theorem 1. Let the sbs Pla, p) and P(b, o) of a Sunction
S E—=K dntersect. Then r(f, a) =r{/, b).

Proof. The esbs A =Pla, r,(f, a)] and B =P[b, 7,(f, b)] also intersect,
whence A< B or Be . Assume A < B irst. Since « is an interior point of
L, / is a similarity transformation on the infinite set 4 n £ with respect
to 4 and with respect to 4. By Th. 1{z) (8) holds. By Th. (i) [ is a simila-
rity transformation on Bn E with respect to a, whence 7.(f, a)zr,(f. 1),
r{f. a) =7,{f. b}. The casc B=A is treated analogously.

§3. Basic Quasilinearity Properties of Functions. In Theorem 2 we
shall provide conditions under which the quasilinearity or quasisuperlinearity
of a function for a given pair of points can be derived from the quasilinmritg'
or quasisuperlinearity of that function for one, two, or, at most. three
ott’hgzr1 pairs of points. Th. 2 will he widely used in the proofs of the theorems
QO .

Theorem 2. Let [ A—K have a non-vanishing derivative af the interior
points a, b of A< K. Also, let CsA, cska. Then the following five enuncia-
tions are truc.

(¢) Defining the fumction < by (1), the following equalify is an tdentity.

) F10)~ fla) = {f’(a) LI = f(@) + (b 128 4 e, 1) 22 e —a).

Tc—a c—a
(i) a) When [ ds gl for both (a,b) and (b, a) then

(10) |/ @) 1= 1/10) I
(1) | /1@y =/ (t) 1< | fa) 1.

B) When, instcad of o), fis gl for (a,b) and cither (11) o
(12) /(@) ~f ) [ <1 £ 1.

kolds then f is gl for (b, a).
(777) When
(13) fc—alz|b—a]
and f1s gl for {a, b). (b, a) and (b, ¢) then fis g for (a.c).
(rv) Let [ be gl for (b.c). and let
(14) c=bl<min{|b—al|. |/ (@] f®) | [&—al.
When f1s gl or gst for (a, b), respectively, then f has the same property Jor
{a, ). Thus [ has the sanc property for (u, ¢) whencver ¢ is in a siitable » eigh-
bourhood of b.
(v) Let [ be gl for (b,a). let
{(15) la—b|=|c—=b1,
and let (12) hold. When. in addition. [ is ¢l or for {b. c). respectively, then f

has the sane property for (u. c). Thus [ has the same property for {a,c) whe-

never a is i a suitable neighbourhood of b, provided cb and 7 is continuous
at b. ,



e RUBEN SCHRAMM [

Proof. (i) We have
) - fla) = [(B) + (b, €)] (¢ — b) +[f'(@) + (e, )] (b —a) =
L@+ 178 (@) + (b, n =2 boa

+ z(a, b)
c—a ¢ ~a

(11} =) Take absolute values on both sides of the identity
(i) () + ela, &) =f'(b) +€(b. a)

to obtain (10). Transposc terms in (16) and take abselute values again.
5) ix also obtained after transposing terms in (16).

(7i7) Since fis ql for {a. 0). (b, a} and (b.c). (10), (11} and {f(b) —
—f )y el ) | <] (@) | Jollow. Also, |e—=bl<|e—al, Ly (13). Thus
(z11) follows from (z). o

(iv) By (14) |b=a|=|c—a|. Another application of (I4) renders
| £(D) (¢ =b)J{c—a) { < | f'(¢) |. From this and from thc assumptions (:v)
follows by (7). _

(v) ¥rom (15) |e—a |={c—>b|> 0follows. From this, from | ¢(b, a) | <
| f(b) | and frem (if) we have | e{a, d) (b—a)/{c—a) |<|f'{(a) ] From
this, from (12) and from the assumptions (v) follows by (1).

In Theorem 3. which will not be used later on, condilions will be
presented, under which the quasilincarity of the sum function of a function
series for a pair of points (a. b) can be derived from the quasilincarity of
the terms of this series for {(a, b).

Theorem 3. (1) Lot @ be an inderior point of Ac K, and bsA. For all
i €N, let fi: A—K be differentiable at a, fi{a)3£0 and f; gl for {a, b). Assume

alsa that the series Y, fla), Y, fila) converge. Then Y. fib) converges and
1 1 1

(c —a).

i fub) i< max{max[f{a) |. | fi{a) | [db—a |]] 1=NL

(0i) When i [i 15 differentiable at a terin by lerm and max{ﬂ(a)l e
1
EN} =|f;f;(a) then Y, fo is gt for {u.b).
3 1

Remark 3. By [3. Th. 5] differentiability of ¥] fi at a term by term

1
is guaranteed when the numbers r(f;, a) have a positive lower bound.
Proof of Theorem 3. By gl, for all ie N, | f(b) | < max []fa} |,

| fida)il b—a |]. Thus (i) follows from the convergence of 37 fi(x). ¥ fi(e).
1 1

o

(1) follows from the equality(i fi)(b) = ¥ {fda} + [ fi(a) + eda.b)}(b —a)}; =

= i Jfila) + i Jila) + i ei{d. b)] (b — a). since | efa. byl < |fila)! <

1

< max{ifif) | i =N} = lz s
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4. The Global Behaviour of Differentiable Functions. When Q is
a quasilinearity ball of the function f at the point a, there exist interrela-
tions between the values of 7{f, a) and f'(¢) on the onc hand the values of
r{f, x) and f'(x) with x being in @, on the other hand. Theorems 4 and 5
will elucidate these interrelations. Thus, knowing more about the values
which #(f, x) can attain in a ball of quastlinearity. we have at our disposal
a powerful means to determine quasilincarity or quasisuperlinearity ol
a functioen for infinitely many pairs of peints in the domain of [

In our formulations we shall conveniently be using the concept of
a set-centered ball or sct of balls.

Definition 4. When SN and P is a ball centered al @ =8 wwe shall sax
that P is S-cenfercd. Analogously, when < 15 a sef of balls oll the centers of
which are in S we shall say thal < dis S-confered.

Theorem 4. Let f: A— K have a won-vanishing devivative wt lhe in-
terior points a, b of Ac K. The following enunciations are fhei drue

(£) Every cqlb I’ of f contains every P-cenfered glb of f.

(1) When a is in the cqlb of fat b and

{17) rfa)yztb—u|
Sfor discrcte valuations or
{18) Wfoay=|b—a

Jor continuous valuaiions, then r(f. a)=r(/. b).

(741 When a and b are cach in a glb of f ab the other poind then the eqls
of fat a and b coincide.

(iv) Let b=Pla,r(f,a)]. When r(f,0)<|b—a  and ihe valuation is
discrete. or when r(f, 8)< | b—u | and the valnation is continuous, then r(f, b} <
< [f@11(6) |6—a .

(v) Let r{f, a)zp. 7(f. by =a>p, with [ gl for (a, b). When the valuation
is continnous and | b—a |<p, or when the valuation is discrete and | b —a |
does not cxceed the smallest vatue of elements in K larger than p, then v(f, a) =o.

(vi) The union of an infintte strictly increasing sequence of exacl qua-
silinearsty balls of a function is not a qlb of that function.

Proof. (1) Let K be discretely valued and b €C[a, 7(f, a)]. (7) is cvident
for »(f,b}< |b—a|. For r{f b)>|b—a| show that f is gl for (a.c) whe-
never ¢ €C{b, r(f, b)] =Cla. r(f. 8)]. For c=Cla, tb—a |}=C[b, | b~a |] this
is evident. For ¢ €C[b, r(f, b)]/C(b, | b—a |] it follows by Th. 2 (7).

The proof for continuous valuations is analogous. (if) and (i) arc
immediate consequences of (¢). (iv) For a discretely valued K let ceX
satisfy {c—bj=r(f.b). Then jc—b|<jb—al, |c—a]|=|b—a]. Supposc
1S @) le=bl>[f(@|1b—al. Then |f(a}}llc—al= |f(c)—f(u)r[ =
Z1ES@) + (@, 0)) (b—a) + [ F(8) +e(b, )] (€= &) | =] f(B) 1 ¢~ b1 >/ a
Ib—aj=|f'(a)|]|c—a] would follow, since | e{a, b [ f{aY]. | elb.e) <
<| f'(b) |. Therefore | f{b) | |c—bi=]f"{b) | r(f. D)< f(a) {|b—a .

For A continuously valued define ¢; € B[b, r(f. b)] [or all : €N such
that lime,.|¢;~b |=+(f,8). Then | f(8) §ici~b || f(a){}b—a]| follows,
as in the discrete case. Now pass to the limit i— o0,

S
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(v) Let K be discretely valued. For cvery ¢ K with p<|c—d |<0o
we have le—bigmax(le—al. 1a=b|)<|c—ai<a, whence f is gl f(?r
(b, ¢) and Theorem 2 (i) applies. Thus #(f, a}z 6. But 7(f, a)<o. by (i),
sincca eC|b, r(f, b)) )

The proof for the continuous case is analogous. .

{v6) For all i €N. Iet S be egbs of fat 4. with 5, properly contained

in Sy and let S= U S Then S is a glb of f at no x, =S, since for some
1

j& N we must have ¥, =5, and since every qlb of f at x, is contained in ;.

Corollary to Theorem 4 (iv), When K is discretely valued, when eve-
riwhere in Co= Cla,r{f, a)] the derivative of f vanishes nowhere and
r(f. x)]| x —a | is bounded away from zero, then [ is bounded in Ca-

Proof. When the valuation is continuous and 7(f, ¥zlx—a)| or
when the valuation is discrete and r(f, x)>] v —a| we have 7{f, x) =r(f, a).
by Th. 4 (44), and therefore |f'(x) | =] f"(¢) {, by Th. 2 (@1). In all other cases
the corollary immediately {ollows from Th. 4 {iv).

Corollaties to Theorem 4 (v). Let f: A —K have a non-vanishing deri-
vative at the inferior points a, b of A< K. The folllowing cunnciations then hold.

(«) Let p, py be successive values in the discretely valued field K, let
r(f.ay=p<py=|b—a| and r(f. )z e Then S 15 st for (a,b). Lhus. when
r(f, )2 1 cverywhere on the ,sphere” S ={xeK | [x—a|=p,} then f1is ¢s!
for {a, x) whenever ¥ &5,

(8) Let K be continuously valued, let [b—d |=r(f.a)=p<r(f b).
Then f is gsi for (a,b). Again, when r(f, ) =p cverywhere on the spheve S =
={vEK || x—a|=p! then f is gsl for every v€5. ‘

) Let p, p, be successive values of clements in the discretely valied
field K, g<py, Cla.p)c Ak, #(f,a)=p. Then for at least one element
x €K with | x—a =p, cither f'(x) does not exist or f'(x) =0 or r(f. x) <z

(3) Let K be continuously valued, Bla,p)c A=K, r(f, ¢1)=E. Then
for at least one x <K with | x —a | =p cither f'(x) docs not exist, or [y =0,
or r{f. x)<p. . _

It is worthwhile mentioning in connection with Theorem 4 (w7) that
the union of 2 strictly increasing sequence of exact quasilinearity balls
of a function may somctimes be continued to a ball which is a quasilincarity
ball of f. ) o

Example 7. Let K be continuously valued. For i €N, let o= K satisfy

! . .
0= |ay| <] and let S;= B (0, 1 ————]) With S, =0 define f: C(0,1)—
1+
— K by f(x)=a,x when x=S5.\Si,. We shall show that every 5 is
an eqlb of f: Let xv;@ S\ S, v S S/\S.1 j#i. Then flx) = flx) =
=a,x — o = (o + (2 — afx —x %) (= x4). Also ] gl x| <= 1fj+1,
7 Bkl W Jog | %} <

bl

1 =1/i<| x| <1 =1f(i +1}. Thus, when j<¢ wc have
1

- a—i%(l —-—-—-‘-I

Qo =11 @)l

X — Xy

2

=
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On the other hand, when j=i we¢ have |ea,—ufx—xixv|=|z;}{>
.: > | =|f'(,r.-) :i.

When fa; | <! for all 1 &N, then f can be continued to C(0, 1) such
that €(0, 1) is a qlb of the continued function, also denoted by f. Just de-
fine f(x)=x for | x|=1. For | x,|=1, x=5\S;., we then have f(x)—
—f(xe) =y X =xo=(l 4+ oy — fx — 2 %) (¥ — %) and |a;— lfx— 2,%|=
= x|/l xel=]x|<t=|f"(x0)|. When on the other hand | a(|—00, then
C(0, 1) is a glb of f for no definition of f on | x | =1, since | f{x)| »oo for
x 1 1,which is not possible in a qlb.

Quasilinecarity pairs (a, x) of a function f, such that | x—a | is the
smallest value of clements in K larger than »{f, 4) do actually occur.

Example 2. Let K=Q,, a=!, f(x)=x% Then r(f a)=57 since
H(1+A)?—=11faA=3 t=|A113+Aj. For {h|< 57, this equals 57" which
is smaller than{3.i?|. For A= the expression equals 1, which egquals
| 3.1%]. On the other hand, for /=2 it equals {2 | |3 +2 [= 57" which is
smaller than | 3.12 [,

We shall now sec that the set of points in a field & at which a function
/ has a quasilinearity radius which does not ¢xceed a given number « has
a particularly simple structure.

Theorem 5. Let f: I'—+ K have a non-vanishing derivative in the open
set Tc K. For every a=0 define U, ={xel'|r{f, x)<a}. Then every non
empty Iy is the intersection of I' with the disjoint union of a set of balls. When
K is discretely valued these balls ave exact quasilinearity bails of f.

Proof. Let «>0 be a number such that I,%0 and let P, = {P{y, (f,
v)]|y<l,}. Then Lyc U(P,nT)c,, by Theorem 4(:). Therefore T, =
=I'n {u P,). However, for discrete valuations the union of a set of balls
of bounded radii which have a non empty intersection is identical with
one of the intersecting balls.

From Theorem 4 and Corollary (2) to Theorem 4(v) we learn that
in at least one important case, the quasilinearity of a function f for pairs
{b; x), with x being in the ,sphere” S={z]|z—b|=7(f, b)}}, cannot be
extended beyond S. More exactly, let K be discretely valued, let «, 3, v
be consecutive values of elements in K, with a < <y, and let 6 €[\ T,.
Thus 7{f, b)) =8 and f is gl for (b, x) whenever x €S. However, f is qsl for
(b,7), yeS' ={z| | z—b | =y}, whenever S’ belongs to I'\ I'5, by Corollary
(#) to Theorem 5(z). The inclusion $'< "\ I} is true, in particular, when
cach T, is a ball. In that case p<v entails I',<T,.

The shape of the sets I, is particularly simple when K is locally com-
pact, when I' is bounded and every point of I is contained in some simila-
rity ball of /. Since I' is closed as well as open, it is compact and can be
covered by finitely many similarity balls of £. On the intersection of each
of these balls with I, »(f, x) is constant, by the corollary to Th 1. Thus in
L, r(f, x) takes only finitely many values r, <7, ... <7,. We conclude that

for every s ={1,..,, n} the set P,,, defined in the proof of Th. 5, 15 bounded.
Its unboundedness would entail the unboundedness of U P, since the
radius of every ball in P,; is at least », and K is locally compact. The un-
boundedness of U P,, would, in turn, entail the unboundedness of Iy, =T,
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since every Q € P, contains a point of T, Thus I", is the intersection of i
with the union of a finite number of exact quasilincarity balls of f.

The relationship just presented can be reversed. When the number
of different quasilinearity radii of fin I' is finite then every point of I' lies
in a similarity ball of /. In order to see this, let @ be any point of I" and let
p be the smaliest rql of £in I'. Then C(a, ¢) is obviously a similarity ball of f.

Theorem 6. Let K be discretely valued, De A< K, D open. Let f: A K
have a non-vanishing dertvative on D. Assume that the set T of D-centered
exact guasilinearity balls of f does not contain an infinite strictly increasing
sequence of balls of T.

Then a unique covering of D by pairwise disjoint, D-centered, exact
quasilinearsty balls of f cxisis, and this covering is identical with the set
< of balls in T which are not proper subsets of other balls in T.

In order to see the significance of the condition imposed in Th. 6
on the set of D-centered exact quasilinearity balls of f, consider the follo-
wing example.

Example 3. Let K=0Qp for some fixed p. For all i eN, let o, =K,
with 0 <] a |<|am, |, and S;=C(0, p'"). With S.=@ let f: K—-K be
defined by f(x)=o.x for xe€SN\Si.;. Then every S; is an eqlb of f with
respect to every point x,=S5;\S,.;. Thus all the exact qlbs of f intersect,
but a covering of K by pairwise disjoint eqlbs of f does not exist.

Proof of Theorem 6. Either T contains some ball C* of infinite radiu
or all balls in T have finite radius. In the first case let t={C"}. In the se-
cond case every C =7 is contained in some ball C,(C) €T which is nof a
proper subset of another ball in T. Let t={C,(C) | C €T}. In both cases
< is not empty, the balls in = are pairwise disjoint and v == U T, whence
Dc U~ Thus a covering of D by pairwise disjoint, D-centered eqlbs of /
exists.

Let p also be a covering of D by pairwise disjoint, D-centered, eglbs
of f. Let U=Clu, r(f, %)), with « <D, be any fixed ball in = and let S=
=C[s,7(f, s)], with s €D, be that ball in g which contains #. Then Sc U,
since U &< and since no ball in + is properly contained in any D-centered
eqib of f. By Theorem 4 (i45) S = U. Therefore the particular ball in p which
convers a given d €D is identical with the ball in = which covers 4, whence
p=1. O

As an immediate consequence of Theorem 6 we observe that when
< is finite the number of balls in t is at most equal to the number of balls
in any other covering s of D by D-centered glbs of f. One immediately
sees this by replacing every ball in o by a concentric eqlb of /. Either the
balls in the new covering are not pairwise disjoint or the new covering is
identical with <.

When for some index set I, C[xy, #{f, x)] |1 €1} is the covering =«
of Theorem 6, then f(D) is contained in UIC[f(xs), | f'(x:}] 7(/, x91}. Thus,

!

when in a given case = can be determined, a simple superset for f(D) can
be obtained.

From a practical point of view the last theorem of this paper, Th. 7,
is of greater portent, as we shall presently see.

1—— —
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Theorem 7. Let K be discretely valued and D<= K open. Let f: D K
have a sumilarity ball at every point of D. Then a covering of D by pairmwise
disjoint similarity balls of f exists and this coverimg is unigue.

Proof. Every d €D belongs to the sb Q=P[d, r,(f,4)]. Let Q inter-
sect with the sb S=P[e, 7.(f, ¢)]. Then either Q=S or S<{. Assume first
that Q< S. By the corollary to Theorem ! we have r,{/, d) =r,(/, 7}, S=Q.
The case Sc( is proved analogously. ' '

~ When in a given case the covering of Theorem 7 can be determined,
it is possible to obtain information on the number of times a given element
v €K is attained by f or, differently expressed. on the number of solutiens
#(y) of the cquation f(x) =v. Since f is univalent in each of its similarity
balls, n{y) does not exceed the number of balls in the covering o of D Ly
pairwise disjoint csbs of f. The estimate n(y)<card(s) thus obtained con
be improved by disregarding certain balls in the count of the clements of o.
We shall show this for the discrete case. Let Q@ =Cla,7,(f, a)] 6. Then
v&@ entails |f(x)—f(a) |=}/(a} || x—a . Thus, when for some 7 we
have |y—f{a) | >|f'(a) | r.(f, a} then y is not attained by f in @ and thus
{J can be distregarded. When K is locally compact and o can be determined
we can cven compute #(y) exactly, on the basis of the following Inverse
Function Theorem :

Theorem C [21. Let K be locally compact. let the simislarity ball 5=
=Ca, g) of f: A—>K be contained in A. Then every point v in C[f(a),
{f'(a) | p] 1s aftained in S exactly once,

‘Thus, n(y) exactly equals the number of those esbs Cla, 7,(/, )} in
o for which |y~7(a) |<|f(a) 7./, a). )

_We have seen that a function f is not necessarily univalent in its
quasilinearity balls. Thereforc no estimate of #n(y) can be obtained from
knowledge of the covering mentioned in Theorem 5. On the basis of Re-
mark 2 an element y =K is attained by the function f at most once in a
given quasilinearity ball of f, when r(f, x) satisfles a certain inequality
for all x belonging to some y-dependent point set. Thus, when this ine-
quality is satisfied in all the balls of t, an estimate for n(y} can be gained
also for this case.
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