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1. Introduction. During the last few years the role playcd by the
discrete inequalities in the theory of difference cquations and numerical
analysis is well known. One of the most used discrete inequalities is the
analoguc of the cclebrated Gronwall-Bellman-Reid inequality
established by Jones [4] and Sugivama [l 17 and its subsequent
generalizations (see [3]. [51. [6], [71. [8]). An interesting but apparently
neglected gencralization of GBR inequality in two independent variables
iIs duc to Wendroff [1, p. 154] and this has been generalized for va-
rious motivations in different directions, (see [2], [10]). The discrete version
of the Wendrolf inequality and its generalizations are given in [9]. Like
the inequality of Jones and Sugiyama these inequalities are very useful
in studying the qualitative and quantitative properties of solutions of partial
difference equations.

In this paper we present several new discrete inequalities in two
independent variables which can be used as handy tools in the analysis
of various problems in the theory of finite difference equations involving
two independent variables. Section 2 deals with linear and in section 3 we
present some nonlinear inequalities. Finally in section 4 some applica-
tions are given.

Before giving the main results of this paper, we shall first introduce
some notations which we shall use throughout the paper. NV — denotes the

=1

et {0, 1,...}. The expression ¥, &(s) represents a solution of the linear dif-
3=0
ference equation AZ(f) =5(t) for all ¢ = N under the initial condition Z(0)y =0,
where A is the operator defined by AZ(t) =Z(t+1) —Z{). 1t is supposed
—1 t=1

that ¥, 5(s) =0. The expression Ilec{s) represents a solution of the linear

yu=l

a=1l
difference equation Z{¢t +1) =C(!) Z(/) for all £€N under the initial condi-
=1

tion Z(0)=1. It is supposed that IT ¢(s) =1. Also we define

20
AZ(x. V) =Z{x + 1, ) =Z(x, ¥). AZ,(x, 3) =Z(x, y + 1) =2(x, ¥
AZn(%. ¥) =DZ, (%, ¥+ 1) —AZ,(x, )
where the letters v and y are used to denote the two independent varia-
bles which are members of N.
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¥

In what follows we shall assume that the functions appearing in the
incqualitics are real-valued, nonnegative and defined for all Az20, vx0.
2. Linear Imequalities. Theorem 1. Lef the Jollowing incquality be
satisfied for all x20, =0 ‘
(1) w{x. ¥)<a(x) +5(x) +e(x, ¥) LE(x, v, u)
re= |

where
=1 y—1 n=1 -1

E Z_f,,(sl.! Z E Soa(sa t a)

L0l =0 =it i)

Er{x, v )=

my—114 _ =1

YN Y flst)uls, 1)

=0 e =t
ith @ (1) and b(y)>0 also A w(x), Ab(yj20; e{x.3)=1. Then Jor all
20, v20
w(x, y)<e(x, v)[a(0) + b(y)] }?Il[l i Aa(s)
“ ' ol a(s) +5(0)

Proof. Inequality (1) can be rewritten as

g }. AE,, (s.¢, c)J.

@ m(x, )<a(x) +0(0) + ¥ E (x, 5, cm)

where mfx, v) =u(x, ¥)/e(x, v). Let o(x, ¥) be the right members of (2), then

=3} A Eyls, giem) < T AEu(% 3,9 V(x, v,

re=l y=

(3} Ao, (x

since (¥, v} is nondecreasing in x and & From (3)

Av, (x, v)

Av{x, v +1)
(4) xS ET) T oxs] 3 S EIE” {x, v, ¢).

Keeping v fixed in (4) and summing over v from 0 to =1, we obtain

Az, {x. ) Aa(x =l
i"(x!_v) < (1’)+b(0 g(]rglAr“ ¥i ),

or
(5) —d(—f(—rt-l;—)ﬁswu% ";:;Ar (x.1,¢).

Keeping y fixed in (5) and taking the product over v from 0 to ¥ 1. we
obtain

v(x, ) <[a(0) + b(v)'l'{'{[:[l -i-;(-sff%— +j§ ; AEL (s, 1 c)]

and now the result follows from wu/c<w.
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Remark 1. For n=1 and ¢(x, 3)=1 the result is the same as given
m 9.

Remark 2. Let fulx, y) =fu(#, 3), ¢(x,3)=1 and #=2 then the re-
sult is not comparable with the result obtained in theorem 2 of {91.

Corollary 2. [n inequality (v) replace a(x) +6(y) by p(x, ) where
Plx. ) ds positive and nondecreasing ; then for 120, y>0

-1 yln

ux < (r) (e ) M1+ 3 AEs(s.t.0)]

-0 l 0 r=1
Next result is about the following inequality

Te=1 =1

g{x, )Y N Als 1) n(s, o).

r=0t=0

) w{x, viga(x, v)+

.;M'

L

Theorem 3. Let the incquality (6) be satisfied, where (i) a(x, v) >0 wnd
nondecreasing (it) g v, v}z 1 (e =1, 2 ..., n) and nondecreasing for all iz 2. Then

' 7) w(x, y)<E, a(x, v)
where Ey 1s defined as follows
z-1 =1
Ecw=1w, Esw=w ( ., &) l'[[ 1+Y, I Es 1@;;:, k=1,2,..,n
£=0

=0

Proof. The proof is by finite induction. For # =1 the result follows
from corollary 2. Let us assume that (7) is true for given integer &, 1 <kgn —1.
Now we are given

u(x, v)< [ a(x, v) +gen{x, ) IZ vz hyo(s, 8) u(s, t)]

=0 1=
a-1 ¢y=1
Ingxy ZOZhst )
=0 =0
since the part inside the bracket is nondecreasing, we have
z—1 y-1
u{x, y)g};",[a (2, 3} + gana{x, 2) E Z Biea(s, 2} 1, i)]s_
=0 =0
o (s, 1)
SEza(x, y) + gena(x, 3) Eva(x, v) %, z ey (5, z!) ok
=0 = s
Ghus we find
1#{x, ¥) #-1 y-1 uls. b)]
a(x,}) SEy gin (x, J)[l +'2°‘Z Reaads, !) ,t)J'

Now applying corollary 2, we obtain

xr-1 v—1
u{z, y)<a(x, y)Ey gass (%, ¥) n[l + X (s, ) By gonls, f)] =Epna(x, ).

=0 (=0

This proves that (7) holds for k+1, hence the result is true for all &.
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Theorem 4. Let the inequality (6) be satisfied with a(x, y) nondecreas-
ing and positive also gx. yy=1 for all i then for all x20, y=0

u(x, y)<a(x, ¥) flg (x. T :[' + Z E he (s,8) Hgi (s, f)]

i=1 s =0 r=1

Proof. The proof is similar to previous theorems.
3. Nonlinear Inequalities. Theorem 5. Let the following inequalily
be satisfied for all x20, yvz0

g e, <pte )| BB |

re

where 1, >0 and

=1 y=1
Er{x, v, u)= Z Y S (su f1) w50 (se, 8) -
L P

Ly — ]—1fr 1—-'

E Z frr Sro f)” "('.r' r)

5, =11 hs

k., 1<r<n, 1€5<r are nonnegative veal wumbers. Then for a1, 220, y20

HER k1

ﬂ(\'. ) plx, ‘r) ”l z 4 I_a)z.—.z ZI‘:‘ S {, p) Wy

seell lemidr

where

r

x, == 2 k.y and a=max «, I€rgn,
7=1

Proof. The inequality (8) can be written as #(x, y}<p(x, y) m{x, ¥}:

where m (¥, v} =#, + 3, E (., u).
rem]
Thus,

A"n;y x, '\,) Z "J X :"‘ P) [’n (:\—, .\.) ]a’
Since m{x, v)> %, we have
Bmey (x,3) <m® (3,3) B AEL (x5, p)
r=|

By using the nondecreasing nature of m{x, y), we find

Amy(x, y4+1)  ADm, (x, ) v . 2 __
=5 < AFEY .Y, X, —
) iy T e (n ) <A A e A
In (9) keeping x fixed and summing over y from 0 to y —~ 1, we get on using
Amz(x, O) = ‘
y—t n
M E Z AL‘ (x.l,P) ng_"_

(10) (x,}' tml) peeld
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For x20, y20, we have

241
LW L O L
(s 3) e (7 9)

l—a

and from (10) we obtain

v=1 n
(11) Amt= (x, y)< (1 —a) & EAT’ v, ) o

fm0 p=1
Now keeping v fixed in (11) and summing over x from 0 to x —1, we obtain
on using m(O,y):uo

m{x, y) < u‘““+ !—o:)lz v}: iAE’ (s, 1, p) ux “] -

qaml) Jem(bpe=1
and hence the result follows.

Definition. A function W: [0, c0)—[0, o) 1s said lo belong lo class S iy
(1) W(u) 1s positive, nondecreasing and continnous for uz0;

) %W’(u)g W(ufs), for all 120, v=0.

Theorem 6. Let the following ineguality be satisfied for all x20, yz0

—1 p—1

(12) wu(x, y)<a(x, y) + 'g E (x,y,u)+ ai: gy, M x X% Byls, OV {u(s, 1))

s=0 t=0
where
(i) a(x, y) is positive and nondecreasing
(#3) gdx, ¥)21 for all i=1,2,.,m
(si2) W,€8 for all i=1,2,..,m
Then,

(13) w(x, y)<alz, ¥) O(x, 3) T g (% 3) L Er (%, )

i=l r=1

where

O(x, v) = "1[1+JEIZ"AE;y s, ¢, Hg.)]

sl fmQra]

Eu{x, 3) =G :[c;, 4TS by (5,8) Bs, 1) Hg,(s t)]

s=0 (=0

Eyx, y) =G} [Gk {1) + lg yg By (s, 2) D(s, t) ,(s, 1) x :13[: E s, t)]
k=2,3,.,m

“

Mz >0

ds
Gutw) = | Wils)
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as long as

reml yeml m k—1
Y+ XY s ol b II As.2) T E(s, t) = Dom (G
s=0 (=0 ra= i=l

F=1,2,...,m

Proof. From (ii) inequality (12) can be written as

n "

o, y)<a (%, ) + L E (v, 3, Hgen),

= i=1

where

m r-13y—1

a{x, M =alv, N+ X Y Y Aisd) H gi(s.t) Wo{ols. ulx, v) = m'u(x. ¥)

rol sml) te=i)

I1&x, »)
i=1
From corollary 2, we find
(14) e{x, v)<a(x, v) olx, y).
Now from (14} we have
m x—1y—1t H
(15) (v, vy <l + E Y, ¥ st Zg (s. 1) ofs. #) x W.(m(s, 1)),

n=1 s=0 (=0

where

m(x, y)=wv(x, y){a(x, ) o(x. )
Rest of the proof is by induction and we shall represent
P (x. )= iz[g‘(x, v), for m=1 we have
]

1—1 y-1

(16) m(x, vy <1+ 2, E hi(s, 8y pis, t) ols, )W ilm{s, £)).
Let n(x, ) be the right member of (16), then

Ang{x, )<hi(x, 3) p(x. 3} 9(x, 3) Wiln(x, 3))

or
Angx, y+1)  Ang(x, y)
Wiln(x, y+1)  Win(x, ¥))

<hy (2, y) plx, ) 9(x, ¥).

Now keeping x fixed and summing over y from 0 to y —1, we get on using.

An,(z, 0) =

An, (%, ¥)
W_(’;W Eh x, 8) p(x. 8) o(x, 8).

SOME NEW DISCRETE TNEQUALITIES

12
~]
41

From the definition of &; we have

Gy (x+1, V)= Gi(nlx, 3) = S LI{;{ES) < H?’z;((:’ yv))) h

(17) )
<% e, p(x. 8 ol ).

Now keeping ¥ fixed in (17) and summing over x from 0 to x —1, we obtain

r—1y-1

n(x, v) SGI“!G. + % ¥ Ra(s.8) (s. £) p(s, t)]

=0 [wi]

and hence the result follows for m=1. Assumec the theorem is true for a
given integer k. 1 <k<m —1; then we are given

m{x, v} [l +xi Yi Funa(s, B9(s, £) 2(s, £} Wyeai(u(s, t))] +

=0 f=0
k x—1x¥—1

+ ¥ X N Ais, 8) ofs, ) pls, &) Wilmis, t)),

=l og=1 =0

since the part inside the bracket is nondecreasing, we obtain as earlier

mx, y)s{ | +xi }i Resi {8, 0) 9ls, 8) p(s, £) Wiwy (m (s, t))] x I] Efx, ¥);

s=0 ¢=0 =1
or
x—1 y—1
nix, y) <1+ }:o th (s,8) 9 (s, 2) p(s, 1) HE,(s £) Wiy (1 (s, 2)),
™ =0
where

W y)=m (v 3)( TF E+ (5 3)-

il
Repeating the same arguments as before, we get

t—1 =1

n(x, y) <G}, [Grﬂ {1 + gﬂ ‘ZO Tty (s.t) o (s, &) p(s, 1) x

[LE: (s, t)] = Euns (5, %)

i=1

hence the result is true for 2+ 1 and thus the theorem follows.

Corollary 7. In theorem 6, let g%, y) for all 1<i<m be nondecreasing.
Then

w(x, y)<a(x, y) 6z, ¥) T1 B« (5, 3),

=l
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where
$(x, v)= l}o 1+ ;0'; AE; (s, ¢, 1)]

and
Ey(x, ) =gz, y) G [G; (1) + :go gh,(s, £) gels, t) Y(s, t)] k=1,2,..,m

The next result deals with the following inequality :

(18) w3 <a(n)+ BE (6. 0+ % E (55, W),

Theorem 8. Let the inequality (18) be satisfied with
(i) a(x, y) nondecrecasing and positive (ii) W eS.
Then

=l y—1m

(19)  w(x, ¥)<a(x, 2 (v 3) c-[ FEET A 0y

5=0 t=0rwl

where

Gy (1) =S

He

<,

ds
W (s)

and Y(x, v) is the same as defined in corollarv 7, also the term inside the brac-
ket of (79) €Dom(G™).
The proof of this theorem is similar to previous ones.

Theorem 9. Let the inequality (18) be satisfied with
(i) a(x, y) s nondecreasing and positive (ii) W is positive, nondecreas-
tng, continuous and submuliiplicative. Then

u(x <6 (5.3) 4 (1) 626 (0 + 38 B amfs o *4a))

5=0 {=0rml

where { and G are the same as defined in theorem 7, also the term inside the
bracket €« Dom(G™).
Proof. Inequality (18) can be written as

u(xy) sa'(xy)+ L Bz y, 4),
where
@ (5 )=a(x 0+ B E (5,5, W (@)

since a*(x, y) is nondecreasing from corollary 2, we obtain
(20) u(z, y)<a'(x, y) 9(x, ¥)
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or
(21) m(z, y)<t+ X E(x vﬂ%‘ﬁ”—)]

re=l

where m(x, ) =u(x, v}fa(x, ¥) ¥(x, ¥).
Let n{x, y) be the right member of (21). Then since W is submultiplicative

" ; !
An,y (x, ;\’) -‘..:\ ’gl AE;} ( X, _‘\', Ll%?}—i)) I.V(n(x. :\v)).

Now using the similar arguments as in theorem 6, we obtain

=1 3y—~1 m
14
rmy<efom+ 5 % T, (s KL
i=0 =071 a
and from this the result follows.

4. Some Applications. There are many possible applications of the
inequalities obtained in sections 2 and 3. Here we shall present only two
which are sufficient to convey the importance of our results,

Consider the system of sum-difference cquations

s—1p=1

(22) (%, 3) =a, (x} +b.(¥) + 2 g fils. 2, uy(s, 2), ug(s, 2)

—1 y-1
(23) us (x, ¥} =as (%) +5a(y) + E EOfS(S’ 2, 14(s, 4))
where a,(x), b(y) =0; Aa,(x), Ab(y)>0 for all x, y €N and
(24) Llxs ys t, wa) [<Ia(x, 3) [ 90 |+ Ra(x, y) | s ]
(25) L o2, y, ) |< e (2, 3) | 100 1.
Using (25) in (23) we obtain

r—1ly—1

(26) Jus (5, 9) I<laa () 14 102 (0) 1+ B 3 Buls, 1) [ aals, ) 1.

Using (24) and (26) in (22) we find
x—1y-—1

Lo (%, ) 1<a: () +5: () + Eo tzok, (s, 2) foa (s, 8) | +
(27) -1 v—1 s—1 -1
s R TR a1 b0+ T T a1}
§e= - Te=0 el
For the inequality (27) theorem 1 is applicable and hence we can find upper
bound for | #,(x, ¥) | and from (26) the upper bound for | #.(x, y) | in terms
of known functions.

In the next example we apply our theorem 8 to obtain a bound on
the solution of a partial difference equation of the form
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=1 p=2

(28) Arny, =f[_r, youx, v, E Z R, v, s, 8, u(s, t))
s=l) F =0

With the given boundary conditions u(x, 0) =g(x), n{(0, v) =h(y) (0, 0} =0
where all the functions are real-valued and defined on N, also

(29) g(x) +h(x) i<alx, y).
(30) [R(x, yos b ou) |<by(s, 8) W( | u(s, &) ]),
(31} | flx, o @) i<b(x, v) Fu(x. v} j+bo{x, V) | @)

where a and 1V are same as in theorem 8.

Any solution of (28) satisflying the boundary conditions can be writ-
ten as

a1 y—1 s—1 1—1
wlx, v) =g (%) +h{y) + EG Y /s, tous t).;‘_,) Y k(s b5 om u(s, ).
Using (29 —(31), we find
=1 y-1 =1 y-1
[0 (2, ) | Sal x, ) + g,o :gu by(s.H)tu(s, )|+ ZU ;0 bafs, 1) x
s—1 =1
x Eo ngo b (=.m) W( |2l ) |).

This is the same form discussed in theorem 8 and hence upper cstimate
for | n{x, ¥) | can be obtained.
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A SHAPE THEORY FOR CLCSURID ALGEBRAS
BY

1. PO

0. Introduction. The closure algebras (i.e. o-complete Boolean alge
Lras with a closure operation} were studied, from the topological point
of view, by many authors. among which we cite: J. Mc Kinsey and
A. Tarski {i]. R. Sikorski, [2], (3], G. Nobeling, [4} [3).
M. R. Bunjatov. [6). Some problems of homology and homotopy
theory for closure algebras was investigated in the last years by M. R,
Bunjatov, [7L [8]. [9]. S A. Bairamov [10], E. A Raga
Mohamed Baha, 117, [12].N. . Ahmed Hilmi Muhamed,
137, ete, o

In this note we construct a shape theory for closure algebras. This
i« possible by the reselts in [16] where the notion of A N R-algebra is defined
and it is proved that for ecach o-complete closurc algebra A, there exists
2 H-ANR-F Boolean system, which is H-ANR-B associated with -

t6. Theorem 6.5]. Let us denote by H the o-homotopy category of the
a-complete closure algebras and by A the o-homotopy category of the
a- INR algebras. o

We shall wse the definitions and results from [16].

1. The Boolean shape catecgory BS. ) .

1.1. lFollowing S. Marde#i¢, [14], aned K. )_-Iorlta. f157, we
chall define the Boolcan shape category BS: The objects of BS are all
s-complete closure algebras. The morphisms of BS are called Boolean sha-
pings {or Boolean shape homomorphisms) and are defined as follows : let
4 and B be o-complete closure algebras. A Boolean shaping f& BS{A, B)
is a function which assigns to every [k] €H (Q, A), 9 =O0b A, a cr-homoi':opy
class f([#]) =H (Q, B), in such a way that for Q*<Ob A, [A'] =H (0, A)_
and (k] =H (0, ("), the equality (4] {k]=[h] implies f([¥']) (k) =A([K]) :

Ay th B L)
SIPAN D IR (U AN
Q/lk]\a, > 0./([kl o
If A, B, C are s-complete closure algcbras and /= BS (4, B), g = BS (B, ()
arc Boolcan shapings, then the composite Boolean shaping gof is deflpcd
as follows : if [h] €H (Q, 4), ¢ <ObA, then (gof) ([4]) =g(f([A])). If {A']e
H(Q", A), 0" <ObA, [k =H (0, ("), and [k'] [£] = [k}, then f([R])[k ] =f((A))
and therefore g(f(A'])) (k] =g(f({A])). that is (gof) ([W']) [A)=(gof) ([A),
which proves that gof is indced a Boolean shaping.

The identical Boolean shaping 1,<BS (4, A) is defined by 1,({A]) =
=[], for [k] =H (Q, 4), Q =ObA. It easily results that for every Boolcan
shaping feBS (4, B), 1gof=f and fol, =/




