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A=t y—1

(28) Are, =f(.r. woul(x, v, XY A(xv, s £, us, t))
yaal) 1=U

With the given boundary conditions #(x, 0) =g(x), #(0, v) =h(y) (0, 0} =0
where all the functions are real-valued and defined on N, also

(29) | g(x) + (¥ {<a{x, 3,
(30) PR(x, y,s.08 u) [<b(s, ¢) W( | (s, ) ]),
(31} [ fe, vome @) 1€b{, v) §alx. v) f+ba(x, v) | o )

where a and 1V are samc as in theorem 8.

Any solution of (28) satisfying the boundary conditions can be writ-
ten as

=1 y—1i s—1 1=1

wlx, V=g () +h N+ X Y .Y X kis bty w(, n)}.

sy f= ) =i}y, -0

Using (29 —1{31), we find

[ (x, v) | €al x, ¥) + fgo );u by (s, 1 u(s.8) [+ ‘i:} yi; bafs, t) x
. go ;0 b (=.m) W(| (=, %) [ ).

This is the same form discussed in theorem 8 and hence upper cstimate
for | u(x, ¥) | can be obtaincd.
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A SHAPE THEORY FOR CLCSURE ALGEBRAS
BY

1. PO

0. Introduction. The closure algebras (i.e. c-complete Boolean alge-
bras with a closure operation) were studicd, from the topological point
of view, by many authors. among which we cite: J. Mc Kinsey and
A. Tarski [1]. R. Sikorski, [2]. 3], G. Nobeling, [4] [}
M. R. Bunjatov. [6]. Somc problems ol homology and hemotopy
theory for closure algebras was investigated in the last vears by M. R
Bunjatov, [7}. [8]. [9]. S. A, Bairamov [10], E. A. Raga
Vohamed Baha, [t1].[12].N.I. Ahmed Hilmi Mubhamed,

13]. etc. -

In this note we construct a shape theory for closure algebras. This
i« possible by the results in [16] where the notion of AN R-algebra is defined
and it is proved that for cach o-complete closure algebra A, there exists
a H-ANR-F Boolcan system. which is H-ANR-B associated with -i
16, Theorem 6.5]. Let us denote by H the s-homotopy category of the
g-complete closure algebras and by A the s-homotopy category of the
a-ANR algebras. o

\We shall use the definitions and results from [16].

1. The Boolean shape category BS. _ .

I.1. Following S. Marde#die, [14]. and K. Morita, (15}, we
«kall define the Boolcan shape category BS: The objects of BS are all
s-complete closure algebras. The morphisms of BS are called Boolean sha-
pings (or Boolean shape homomorphisms) and are defined as follows : et
4 and B be o-complete closure algebras. A Boolean shaping f€ BS(4, B)
is a function which assigns to every [#]eH (Q, A), 9 =O0b A, ag -homo'fopy
class f({k]) =H (Q, B), in such a way that for Q' <Ob A, [A'] =H (0", ‘4)_
and [R1€H (Q,0"), the equality {k'] [k]={k] implies f([5']) Tk]=F([A]):

A B. 1)
W1 AWl fRD 2 N LR
ial/[k]\ . > /{kl\ :

If 4, B, C are s-complete closure algebras and f= BS (4, B), g= BS (B, ()
arc Boolcan shapings, then the composite Boolcan shaping gof is deflpcd
as follows : if [A]<H (Q, A), Q €ObA, then (gof) ([A]) =g(f([h‘]))_. If [W]=
H(Q', A), Q' <ObA, [K]<=H (0, ("), and [K'] [k] =[h). then f((W)[k ] =/({A])
and therefore g(f([W'])) (k] =g(f([A]), that is (gof) (IA']) [A] =(gof) ([A]),
which proves that gof is indeed a Boolean shaping.

The identical Boolean shaping 1,<BS (4, A) is defined by 1,([A]) =
= [k), for [h] €H (Q, A), Q €O0bA. It easily results that for every Boolean
shaping f€BS (4, B), 1yof=f and fol, =f.

e
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In order to show that BS is a category, it remains to verify that
BS (4. B) is a sct. for cvery two o-complete closure algebras A, B. For
this, we obscrve that a Boolean shaping f=BS (A, B} is fully determined
as soon as f{[A]) is known for all [k} €H (), 4). where Q is a o-ANR-al-
gebra. Obviously H (Q, A) and H(Q, B) are sets, for any Q= ObA. We
have BS(4, B) a subclass of the class II Ens(H(Q, 4), H(Q, B)). But,

Q EANRB

for a continuous homomorphism % : ¢ -4 we can consider the closure sub-
algebra generated by %(Q) and for f€BS (A, B) we denote by fo the com-
ponent fo: H{Q, A)-H(Q, B). If ': (' >4 is another continuous homo-
morphisms having the same image as well as %, then because @ and Q' arc
C-algebras, we can define a continuous homomorphism % : ¢ -0’ such that
W ok =k, which implics f([2]) =f{{'])ok and which proves that fo is fully
determined by fo-. In this way we can consider the above cartesian product
only for the closure subalgebras of the closure algelbra A. It follows that
BS (4. B) is a set and thercfore BS is a category.

2.1. Now we define the Boolean shape functor B3S: H - BS. For
cvery g-complete closure algebras «1, Bweset BS(A) =: and if {#] =H(4, B),
we define BS([2]) €BS{4,5) by BS([2)([*]) = (%) [k], where [£] =H(Q, 4),
@ =0DLA.

Indced BS ([%}) is a Boolean shaping, Lecause if (£} [/] = [£], then
BS ((R]) ((F]) 1] = [A] (') (1) = [R)0K] = BS([A)) ([kD)-

hen BS is a covariant functor because BS ([1,4]) {((k)) =[1.) [k] = [A],
and for [1] €H (4, B), (k] «H (B. C), we have BS([£] [21) ([4)) =([k1[4]) {11 =
=[£) ([4] 1) =BS([A)) BS([4]) ({11}, for 1 <H (Q, 4), Q €ObA.

3.1. Theorem. Let A be a s-complete closure algebra, having the o-ho-
motopy tvpe of @ o-ANR-algebra and let f=BS (A, B) a Boolean shaping.
Then, there is a unique homotopy class [h] €H (A, B) such that BS([k)) =f.

Proof. 1f BS([#])=f, then, for [k]=[1,]€H (4, 4), we have
BS([2]) ([£1) =(R] {1,]=[k], that is (k] =f([1,]). Conversely, if we set [A] =
=/([1,]), then, for £ =H (0, ), =ObA, BS([K)) ([£]) = (%] [#] =f([1.1]) [}] =
=f([%]), that is BS([A]) =/.

4.1. Lemma. Let f=BS(A, B) a Boolean shaping and let (k] = H(Q, 4),
Q <=ObA. Then foBS([R]))=BS(f((r]).

Proof. For [kR]=sH (Q',Q), 0'=0bA we have BS{f({k])) ([k])=
=f(h]) [k) and_ (foBS ([A])) (k1) = ABS(AT) ([£1) = (2] L]) = A([A]) (A,
because f is a Boolean shaping.

5.1. Theorem. Let C be a category whose objects are all a-complete clo-
sure algebras and let BS: H—~C be a covariant funclor having the following
properties :

(i) BS(d) =4, for ezery a-complete closure algebra A,

(i) for every Q=ObA and every morphism f' & C(Q, A) there exists
a unigue homotopy class (b)) =H (Q, AY such that BS([h') =f". Then there
exisls a unique covariant functor O : C—BS such that ®oBS =BS.

Proof. We define © on objects by setting ®(4) =A4. Then, for each
morphism f'€C(4, B) we define a Boolean shaping @(f') €BS (4, B) as
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follows : for cach [A]eH({(Q, A), 0 €ObA, wu consider the morphism
feBS({h]) = C(Q, B). By the condition (ii), there is a unique {k| =H(O, B)
such that f'oBS([k])=BS((k]) and we set f{[(h])=[%]. We prove that f
is a Boolean shaping. If {#'] {/}=[A] and [£'] 1s chosen in a sucﬁ__‘a way
that f'oBS([4']) = BS({k']), then f([A']) =[#']. Sincc also BS([#']) [ﬁ(.[l]) =
=BS([A)), onc obtains  BS{f({A'}} [/]) = BS(f(Ix'])) B5([) = BS([E'])
BS([]) =f o BS(IH NBS([L]) =f oBS([k]) = BS([k]} = BS(f{[A])), which by the
uniqueness in (if) implies f([4']) L1 = f{[A]). _ :
We define ®(f)=f. Then, if f'=C(4, B), g eC (B, () and [h] =
=H (0. A}, Q=ObA, there exist uniquely (k] =H(Q. B). [[1=H((, ()
such that f’o-B"S([lz])z BS([£]), goBS([k})=BS([1]). It follows g'of'c
o3S([1}) = BS({1]), and we obtain (P(g'of")) ({k]) =[! '.(,)n thlrl‘ other hand
(D(g") B(f")) ([B]) =(g") (k) =[1]. so that B{g'of)=(g) ®(f'). Itis casy
to sce that ®{1,) =1, Thus ¢ is a covariant functor.
Now we prove that (of3S) ([R]) = BS([4]). for cvery [A] EI_*I_L:ri: B).
If [R]=H (Q, A), ¢ =0L:A, then B5([A]) ([#]) =[h] {k] and because BS(ih)e
olS{[k)y = BS((4] [k]), it [ollows (®oBS) ([k]) ([*]) =[] (k]. Tn order to
prove the uniqueness of the functor @, we consider a covariant functor
4°: €-BS satisfying WoBS =BS. We have A= BS (d)=(VeBS5) ()=
="'(d), for cvery o-complete closure algebra A. Now, let f = C(d, B_|.
and we consider [#1=H{Q. 4). Q=0bA. I S oB5([Ah) = B5([%]), then b S
"o BS([h))) =¥(BS([£))that is Y (f)oWoBS([k]) =(¥'oBS) ([£]), and thus
Sljf(]”)ol(i[s ()[)h]) =BS ([k]). Then, by Lemma 4.1 it follows that 3’)’8([/{‘:) =
=BS(Y'(f') [A)}) and by Theorem 3.1 we obtain ¥(f') [2] ={k}. Comparing
with the definition of @, we obtain Y'(f') =®(f). This completes the prool
of the theorem. '
By Theorem 3.1 and Theorem 5.1 we obtain: .
6.1. Theorem. Fhere exist a unique (nwp to isomorphism) category
BS having all a-complete closure algebras for objects and a wnique covarm?{i
functor BS : H— BS having the properties (1), (i7) of 5.1, such that the uni-
versal property of Theorem 5.1 holds.
2. Boolean shapings and HB-systems. _ _
2.1. Theorem. Let B be a o-complete closure algebra and o ={A;[q,1. ]}
a A-system which is A-associated with antother a-complcte closure algebra A
and let g;: A;—A be continous homomorphisms satisfying the conditions (7).
(1), (¢#1) of the definition of associated systems with closure algebras [16,
Definition” 6.4]. Then there is an one-lo-one correspondence between the
Boolean shapings fEBS (A. B} and the systems of homolopy classes [h] =
=H(A,, B), satisfying [ky) [q,;y] =[h], if <j'. The correspondence is given
by foBS([¢q,]) = BS{[4]), j< /. using Theorem 3.1. ) .
0 Pros)ﬁj Because A; are of the homotopy type of A NR-algebras, it
follows by Theorem 3.1 that there exists a unique homotopy class [hyy &
=H(A4,, B) such that foBS([g,]) = BS([k]). We consider the correspon-
dence f={[hy]};es. H j<<f" let foBS((q, :):BS(}i,»J). We have, [16. Defini-
ton 6.4], [g;-] [gs)=[g,]. Thus f°B$(.‘h]) =f°bS(I?j*,_ [f};;'(}) ;folib(’[q,f])o
o3S([q,1) = BS([hs1) BS([g)r ), that is BS{[h,]) =BS((hy] {gsr]). By Theo-
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rem 3.1, it follows [&;]=[hy] [¢;; ]. We prove that the correspondence  so
defined is a bijection. Let £, g <B'S (41, B), on which corresponding systems
coincide. Then we have fol3S([q,]) =goBS( 7s]), ¥ie]. For [k} =H(Q. 4,
(¢ =ObA. we have (foBS([g,)) ({1]) = (oBS((g,])[k]= ABS([q,] [F]) =
=g(B5([g,] [Fl)=/((9,] (7]) =¢llg;] [%])) and by the definition of Boolean
shapings, it follows f([g,]) =g([q,]), Vi€/. Now let Q=ObA and [k]=
SH(Q, 4). Then, there exists &y Q—.A4, g-complete continuous homonior-
phism, such that [g,] [k])=[£]. By this we obtain JUEDN =flgs) [k} =
=/((9:]) (k] =g(lg))) kil =g{[q,] ()]} =g([k]). that is f2g. Thus the above
defined correspondence f—{[4;1}es is injective.

Now let {[h)]};es be a system of homotopy classes. [h;jeH(.;, B),
satisfying [hy] {g,0]=[h;], if § <j’. Then we define f=BS(A4, B) as follows :
it [k]eH(Q, 4), 0 =Ob A. there exist 7, €/ and a continuous homomor-
Sshism &, @4, such that {g,] (k] = [k]. Then BS([k;)) = BS(Q. Ay)
and we define f{[k]) =BS([h,]) (%, ). First we prove that fis wel-defined.
In fact, if £, Q>4 is a g-complete continuous homomorphism, such
that [g,] {A,]=[k], then there exists je /. with jo<j, i;<7 and [¢,]=
= [gs] [95s], [g:]= (q,] [Qm_] and thercfore {g,] [¢,.,] [ky] = lg;} [_‘]m] (%5}
Chus it follows [16, Definition 6.4, (i}] that there exists j e f, i<’ such
’that (gsy7] [g’;nf]°[’f:n]_=[gf1'] (91] E’{h]- This implies {g,,;] Tky,] ={0ss] (&j,1.
Fhen  BS((h)) (Ch)) = BS(Uhyd (g5 1) ([hl) = BS(Thr))  Toar] Lhe]
= B[y 1) (1] (k] = B[y o[y 1) L] = BS(U, ) (k). that is 7 s
well-defined.

Now we prove that £ is a Boolean shaping. Let []<H(Q', A), O =
=0bA and [[1=H(Q.(Q'} such that (R[] =[k). If [gp] (K.i=[F"]. it
{oll_ows (95] [%,) [{1={E] and we have SR =BS(Ih.0) [k;.] and AR =
=BS({A.]) (4.1 U1 =A%) [2).

Finally, we prove that fo35([g;)) =BS5([#]). In fact, if (2] =H(Q. 45,
@ =ODbA, then (foBS([g3)) " ([A1) =f([g,] [£)) =Algs) [k] : BS([4;)) (L&)
=[] [R]. But [g,]= [g;] [1a;] and therefore f{{y,]) =B35([ky]) ([1.;)=14;]
This finishes the proof of the theorem.

2.2. Theorem. Lot a={A, [9i#], J} be a A-system which is A-usso-
clated with a s-complete closure algebra A. Then, in the Boolcan shape culc-
gory BS the object A is the inductive Limil of the directed inductive sysiein
B35(A) ={4,, BS([g;s]), I

Proof. Because BS is a covariant functor, it follows that BS(a) s
indeed a directed inductive svstem. Then, if g5 A;—4 are continuous ho-
momorphisms satisfying Definition 6.4 of {16], then the Boolean sha-
pings B5([g,]) BS (A,, A) satisfy the condition BS5(lgr]y BS([gs1) =
=B5({g,)), if 1 <4'. The universal property of inductive limit results by the
surjectivity of the correspondence given by Theorem 1.2.

2.3. Let @ ={A,, (), I} and B = {B,, {gsr], J} be two A-systems.
A morphism (or a Boolcan system homomorphism) from @ to B con-
sists on a map ¢: /- / and homotopy classcs of e-complete continuous
homomorphisms [A,] : Ai—~Byy, for every i1, such that 1< in I and
i) <j. 2')<j in ], then Tggns) ) = [gocrrs] Thir] [per-

2.4. Two morphisms (g, [#,], I) and (¢, [%], f) Trom the A-system
A = {44 {pir], I} to the A-system B={By, [q;/], J} are said to be equi-
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valent. if for cach 7 =1, there exists j= ] such that (/) <j, 4{i) <j and

Geen) i) = [qecnsd Al

’ 2.5. Theorem. Swuppose that the A-systems Q= {4, p], I}, B =
=B, [q.r]. J} are A-associated with the o-complete closure algebras 4 and
B respectively. Then there is an one-to-one correspondence between the Booleun
shapings fEBS(A, B) and the equivalence clusses of morphisms from @ to B.

Proof. By Theoramn 1.2 there exists a one-to-one correspondence
between the Boolean shapings fe€BS(A4. B) and the syf;tc.rns.'of homo-
topy classes [I;] €H(A:, B) satisfying [A | [pir] = k) if7 <7’ Beeause
A4,=0bA and B is A-associated with B, it follows [16, Definition 6.4 that
for cach 7 =1 therc exists j = J and a ¢-complete continvous homomorphisem
ki: A;— By such that [g;}[k]=[h]. We prove that 9: -], of1) =Jj; :lund
fey: Ay— By define a class of morphisms from & to @ . In fact. if j'= J
and & :A;-> By, is a o-complete continuous hOTIl.Ol’ll(.;:Ir‘phl{im such that
gr] kil =[], then let he j7 =) such that j<7". j*<j”. We have [q,-l_ =
= {g,-] [gs] and {g7]1=[g,] [grs-]. Thus we obtain [g;] [gy,] (K] = .fh_
and [gy] [¢55] [R]={[%]. By the condition (if) of Definition 6.4. [16 .
there 1s ;"= J with "< ;" such that [g;-5-] lgs} [k ={lgs 5] lg/s
(k. This implies [g,,~] [:] = [gyy~] [A]. which shows that the class of
morphisms corresponding to the Boolean shaping [ \rvlell_-Qefmcd. lh.(;
correspondence [—{p, [#], I} is injective. In fact, if g-{v. k], I} anfi';.
(7. [&], ), (. ki, T) arc equivalent. then we have [go0;] k] =1qu;]) (R,
for o(d) <j, ¥(2) <j and if {[A]ker, {{%]}er are the homotopy classes corres-
ponding by Theorem 1.2 to f and respectively & then [gge] Lki‘l= Uz,-_}.
Guo] [Ri]={k]. Then we have [g} =I[g;] (ol and [§yn] = 9,7 [geen;].
Vherefore (1] = (951 [gons] R = [95] [gucins] TRi] = [gy0i] [Ri) = (o] (K] =
="/}, and by Theorem 1.2 it follows f=z.

Finally il {p, [A]. I} is a class of morphisms f'rom & to @B, we con-
sider the homotopy classes (2] = [go] [A:d. H 1 < 7' then {h;] [f“-]=
=[¢on] [Re] [per]. and for oli) <j, o) <j [gou] = (751 [gotins! and
Jotn] = (453 [qouny]. We obtain  [he] (2] = [9)] [9oins] 'Jf:'] [ifh-.-;l = ??fi
Gocng) [R5l ={g,] (k] =[k], that is, the homotopy classes {1} ier sutish
the condition of Theorem 1.2, Moreover, if (&, [£], I} is equivalent, W
(9. [&:], ). then k] =[ggn] T4) and there is j = f such that o(i) </, @r(f-zj--i?
and  {gocn] [Re] = [gyns! k] By {guw) = [93] [ggrng]. we obtain L=
=[g5] [9505] (K] =1g5] (o] k) = [95e0] [Ae) = [A;]. Thus th(fﬂ}C]a‘Sh_ 1(#
il 1)} defines uniquely the system of homotopy classes {[%;]}ier. satis-
fving the condition of Theorem 1.2, and therefore it defines a unique
Boolean shaping f<BS(4, B). This finishes the proof of the theorem.

2.6. Two o-complete closure algebras A, B are said to have the same
Boolean shape if 4 and B are isomorphic as objects of th'e category B'S.
We denote this by BSh(4)=BSh(B), and this holds iff there exist
f=BS (4, B), g=BS(B, A) such that gof=1,, fog=1,.

2.7. Corollary. Two a-complete closure algebras A, B which have the
same o-homotopy type, have also the same Boolean shape. .

Proof. The Boolean shape functor BS: H— BS preserves isomor-
phisms,



U84 1. POP P

2.8. Corollary. Two o-ANR-algebras A.B have the same homotopy
type iff A, B have the same Boolean shape.

Froof. The necessity follows from Corollary 7.2.

Converselly, suppose that 4 and B have the same Boolean shape,
Le. there exist f&BS(A. B) and g ©BS(B, 4), such that gof=1,, fog =1g.
By Theorem 3.1 there exist a unique [#] =H(A, B) and a unique [v] =H(B, A4)
such that BS({u]) =/ and BS([z]) =¢. Then BS([¢] [#]) =BS([z]} BS([u]) =
=uof =1, and by the uniquencss, it follows [z] [#]=[1,]. Similarly we
obtain [x] fo]=11,.

3. Homology and cohomology for closure algebras related with the
shape theory. 3.1. Two variants of Alexandrov-Cech homology and coho-
mology for complete closure algebras has been introduced by M. R. Bu n-
jatov [8,and N. L. Ahmed Hilmi Muhamed, [t3]. The se-
cond author has proved the homotopical invariance of these groups. Now
we prove that two g-compiete closure algebras which have the same Boolean
shape have the same homelogy and cohomology (up to isomorphisms).

First we recall from [13] the definitions of the spectral homology and
cohomology for closure algebras,

Let 4 be a complete closure algebra and let 2(4) be the set of all
partitions of unity of A. For a » eX(4}), let A(2) be the closure subalgebra
generated by h. Let Cov()) be the set of all open coverings of unity of the
closure algebra A(n), that is Cov{r) ={o=(a)ier/:€7 xi=1, ot open elements
in (%), ie. e, €A(2) and «; are open clements in A} Let Cov(4) be the
dirccted set (with respect to the refinement relation) of all coverings of
unity of the closure algebra 4. Now we set: Cov(E(4)) = u {Cov(M) =
<Cov(d)/heZ(A)}. Then Cov(E(A4)) is a directed subset of the directed
set Cov(4}. For an open covering of unity of A(2), a=Cov(r), o =(x:)er.
we consider the simplicial complex nerv o ={sc/;&a0,} and one de-
fines the X-spectral Alexandrov-Cech homology and cohomology by :

(1) H, (= lim I, (nerv «), Hr(4)= lim H*(nerv 2)
o €Cov((4)) aECuV{E-l)J*

and one obtains, [13]:

(2) H,(A)= lim H,)). Ho(A)y= lim H"(3),
e AELA)

where H,{2) and H"() arc respectively the spectral Cech homology and
cohomology groups of the topological spacc (X, 04).

3.2. H A4 is a g-complete closure algebra (without being necessary
complete) then we can define the Y.-spectral homologv and cohomology
groups by :

{3) Hy(Ad)y=lim H,(\), Hidy= tm H"(3),
Nex, ) reE )

where E,(.1) is the set of all at most countable partitions of the unity of A,
and H,(A), H*%) are the u* Cech homology (resp. cohomologv)  group
based on locally finite normal open coverings.
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3.3. Let A be a o-complete closure algebra. For A€Z (A4) we have:
(4 Ho(W)=__lim H(Kaw) H*3) = _lim  H%Kaw),
a5t ath €2

where @(A) denotes the set of all locally finite normal open coverings of
the topological space (A, 04), [15].
By the formulas (3), we obtain:

(5) H3A)= Hm  Hu(Ra), HYA)= lim _.H"(I\’a(;,),
.;A.utln esd Aapy e st

where @ ={(», a(A))/A=Z.(A4), a(r) = 4(X)} is a directed set, [16].

4.3. Theorem. Let A, B be two o-complete closure algebras and let
f=BS{A4, B) be a Boolean shaping. Then [ induces homomorphismes
L HYA) - HY(B), f: HyB)— HA) such that (1,).= 1y, (gf). = g.f.
and (10" =Lz (89/)° =/¢" _

Proof. iet A= {o(Kan)s [ everon], 47} be the H-ANR-F system
which is A-associated with A, [16, Theorem 6.3] and let B = {o{Lpag),
[goauewn ], B'} be the associated system with B. . . .

If f€ BS(4, B), then by Theorem 5.2 there exists a unique equiva-
lence class {{@. [#an], @)} of morphisms from & to B, [ham]: o(Kap)—
—+0{Lewon), corresponding to f, and by the thecorem of homotopical inva-
riance, [13, Theorem 3], the homomorphisms :

(a1, © Ha(o{Kop)) = Hul(o{Low@on ),
[Bap]” 2 HY0(Lo@pn)) » H(6(Kam)),
are induced, that is:
(6)  [hap]. : HulKap) = HolLopn), [han]™: H*(Loaow) = H(Kapn)-

Passing to limit in the formulas (6) we obtain the homomorphisms f, and
i : the thecorem.
TCSPCC%I;:IZECj;ndO fpart of the theorem follows by Theorem 5.2 and by the
definitions of the composite and the identical Boolean shapings.
3.5. Corollary. If A, B are two a-complete closure algebras and BSh{A) =
= BSh(B), then:
H3(A) == H3(B) and Hj3(A) = Hy(B).

3.6. Remark. For complete closure algebras Theorem 4.3 and Corol-

lary 5.3 holds also for Z-spectral Alexandrov-Cech homology and coho-
mology, using an adequate statement of Theorem 6.5 of [16] and a corre-
sponding shape theory for complete closure algebras.
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HIPERSURFACES OF 4 RIEMANNIANY MANITFOLD
AN A PINCHING PROBLEM ON THLE »ECOND
FUNDAMENTAL FORM

BY

THOMAS HASANIS

1. Iniroduction. Let M be a hypersurface in a Riemannian mani-
told AT with metric =, >,and let V and Y be the covariant differentiations
on M oand 11_‘[, respectively. Now, let ¢ be the €7 unit normal on Af. Thea
the Weingarten map and Gauss equation become,

'-al'l) -‘-7,1’8=—“53X.
1.2) ViV =VyY +a{X, V),

where, XY are vector fields tangent to M, and a the second fundamen-
tal form, which is svmmetric. Obviously A, =4 is a sclf-adjoint lincar map
and <A,(X), Y>=<a(X,Y), e>. The Gauss curvature equation and
Codazzi-Mainardi equation now become

(1.3}  tan R(X.Y)Z=R(X,Y)Z+ <AX,Z>AY --<dY, Z>4AX
{1.4) nor R(X,Y)Z=<Vy AY -V AX ~ATXY] Z>e,

where, % and R are the curvature tensors of V and V respectively.

Definition. 4 hypersurface M in a Riemannian manifold M such that
cverywhere on M, nor fé(X, Yy Z=0 for X, Y, Z vector fields tangent fo
M s called TF-hypersurface.

Remark. Every hypersurface of a space form is T'F-hypersurface.
Also, cvery umbilical hypersurface with constant mean curvature in a
Riemannian manifold is' TF-hypersurface {([2], p. 266, cquation 3.2). A
TF-hypersurface satisfies the classical form of Codazzi-Mainardi

equation (VzA)Y =(Vyd)X.
Now, let M be a TF-hypersurface with constant mean curvature

H=1/n trace A, in a Riemannian manifold M. We set f=trace 4% and we
compute Af, where A is the Laplacian of the induced metric on M. To begin
with

(1.5) (1/2) Af=<&'A, A>+ <VA, VA >,



