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HIPERSLURVACES OF A DIEMANNIAN MaANIFOLD
YVIY A PINCHING PROBLEM ON THIL »ECOND
FUNDAMENTAL FORM
BY

THOMAS HASANIS

1. Introduction. Let M be a hypersurface in a Riemannian mani-
told M with metric =, >,and let ¥ and V be the covariant differentiations
on M oand 1_[, respectively. Now, let ¢ iy the €2 unit normal on M. Thea
the Weingarten map and Gauss equation become.

(1.1) Vye=—.1X,
1.2) ViV =V, Y-+alX, ),

where, XY are vector fields tangent to 3, and a the second fundamen-
tal form, which is symmetric. Obviously A,=4 is a sclf-adjoint linear map
and «<A,(X), Y >=<a(X,Y), e>. The Gauss curvature equation and
Codazzi-Mainardi equation now become

(1.3}  tan R(X.Y)Z=R(X,Y)Z+ <AX,Z>dY - <AY, Z>4AX
{1.4) nor R(X,Y)Z=<VyAY ~VyAX - A[XY] Z>e,

where, R and R are the curvature tensors of ¥V and V respectively.

Definition. A hypersurface M in a Riemannian manifold M swuch tiat
cverywhere on M, nor R{(X,Y)Z=0 for X, Y, Z wvector fields tangent o
M is called TF-hypersurface.

Remark. Every hypersurface of a space form is T'F-hypersurface.
Also, cvery umbilical hypersurface with constant mean curvature in a
Riemannian manifold is TF-hypersurface ([2], p. 266, equation 3.2). A
TF-hypersurface satisfies the classical form of Codazzi-Mainardi

equation (VzA)Y =(Vyd)X.
Now, let M be a TF-hypersurface with constant mean curvature

H=1/n trace 4, in a Riemannian manifold M. We set f=trace 4% and we
compute Af, where A is the Laplacian of the induced metric on M. To begin

with
(1.5) (1/2) Af=<O'A, A>+ <VA, VA >,
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where A’ is the restricted Laplacian and we also recall that it

(1.6)

AA(X)= ¥ (R(E, X), A) E,,

1=

where {£,,....E,} is an orthonormal frame at a point of M. Here the reader
should consult {4] and obscrve that (1.6) is valid because A is symmetric
with constant trace and satisfies the classical Codazzi-Mainardi equation .
Now, since M is a TF-hypersurface of M we have from (1.3)

RIX.Y)Z=R(XY)Z+ =AY, Z>AX = <AX, Z>AY
and thus
<A'A,A>= Z' <AVE), AE;>= 3 <[R(E, E,), A] E,, AE,> |
7 e
or !Q,
<@, A>= Y {<R(E, ENAE,, AE;> — < R(E,, E))E, A*E,>].

i

Now, by assuming that E; (i=1,..., n) is eigenvector of 4 with COITespon-
ding eigenvalue A;, that is A E,=\E,;, we get

-=-':"_\,.'1, A o= Z {)\{)‘;‘f_le(E;, E)) E,‘, Ej:‘ ‘—)\f‘-:](' (El‘, Ej)E[, EJ‘ >}
[

== 2 ()\‘f—'—?k,)\j) ]“"U': Z (?\"—"’)\1)21\’(;,
i f 1<y
where Ny = <R(E, E;) E,E; > is the sectional curvature of M for the
2-plane spanned by £, and £, i#7. Thus we have

(1.7) (112)Af= & (h—2)*K i+ <VA, V4 >,

Now, since K,-,=EU—I—)\;)H, where 'f\';” is the sectional curvature of M for
the 2-plane spanned by E; and E,, i%£j, we get

(2Af=Y (M—2) Kt B (=2 hy+ <VA, VA > '
v f (9]

2 inf K{n trace A*—(trace 4)% + trace 4. trace 4% —

|
|
—(trace A%)*+ <VA, VA4 >,
where
|l

trace 4 =3X\;, trace A2=3X)}, trace A®=%2 and inf K is the infi-
mum of the sectional curvature of Af. Thus
(1.8)  (1/2)Afzn inf K{ trace A*—(1/n) (trace 4)?}+trace A . trace 4° ~
—(trace A%)*+4- <VA, VA >,

2. Main result. The following two theorems are very simple conse- - i
quences of the maximum principal and formula (1.7).
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Theorem 2.1. A compact TF-hypersurface with constant mean curva-

ture and positive sectional curvature, in a Riemannian manifold (not neces-
sarily complete), is totally umbilical. In particular, if M is minimal, then
it 1s geodesic, _
n 3%?53’(:“?]62.2- A complete, non-compact TF-hypersurface with constant
mean curvature, posilive sectional curvature and trace A*=const., in a Ric-
mannian manifold (nol necessarily complete), is totally wmbilical. In parti-
cular ; If M is minimal, then 1t is tolally geodesic. _

Remark. Theorems | and 2 give necessary conditions, for a hypersur-
face of a Riemannian manifold to be an extrinsic hypersphere (for the
definition ¢, f. [2]).

We prove the following lemma . ‘ _ _

Lemma 2.1. Let M be a hypersurface of a Riemannian manifold M,
so that at a point peM ,

trace A*Z {trace 4)7 +2inf K,
n—1
the tional curvatures of M at p are nonnegative. )
e li:frofffc. I]?ct X andY arc {“'0 orth({)normal vectors at p =M. We choose
an orthonormal frame ¢;,...,¢e, in 7,M such that ¢;=X, ;=Y. By
assumption we get

(n 1) Y B S( X B2 42 (0 )inf K, where ;= <Ale)), 6;,>,
(] F]

ar

(2.1) (Y, hey*z (n—1) B 5+ (n— 1) Z_h?,M—Z(H—l)ian’ .

12}

Applying the well-known algebraic lemma (1], we obtain

2y g = 5B —2inf K22k, —2inf K,
iwf

ar By hos—hez — inf K,
then K(XAY)=R(XAY)4-hy hyo— 1z K(XAY) — inf K20.
Now, we put LX=AX—(lfn) (trace A) X. Then
trace L =0, trace L*=trace A2—(1/n) (trace A)?
22) trace L¥—trace A3 —(3/n) (trace 4) trace L*—(1/n*) (trace 4)*

Morcover we set g*=trace L2 Obviously g°=0, everywhere on M, if ang
only if M is totally nmbilical. By assuming H=(1fn} trace d :ico;{si.‘>
and substituting {2.2) to (1.8) we get, by repeating the same calculations
as M. Okumura in [5]

(2.3) (1/2) Ag"?g"’[n inf K +
_(n—2)
Vuin—1)

(trace A) .

n

traceA.g—g"] 4+ <V4, VA >,
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Now, using formula (2.3}, we prove the following theorem

Theorem 2:3. Let M be an w-dimensional (n=3), complete TF-hyper-
surface, with coustant wean curvalure in a Niemannian manifold M (not
niecessariby compleley. Iftrace A*(trace ARfin—1)+2inf K, with inf K ~
>0, then M is totallv wumbilical in M (i.c an exirinsic hypersphere)

Proof. By assumption, we conclude that the scctional curvatures of
M arc bounded below (lemma 2.1} and also g% is bounded above. Ther usin
(2.3) and the syme method as in 73] (proof of theorem A) we cornplete the
proof of this theorem.

Finally we obtain the following result for compleic minimal 77
hypersurfaces of a Riemannian manifold.

Theorem 2.4. Lel M be a complete minimal TE-hypersurface of a
Ricmannian manifold M (not nccessarily complete) with inf K —0. Ther
suptrace A*Zn inl K or M is lotally geodesic.

Proof. By puting in (1.8) trace 4 =0 we get

{12 Af2 f(ninf K — f)+ < V.1, V.1 =, where f=trace A?

If suptrace A*-=ninf K, then there exists a positive number e such that
trace A2Zninf K —¢, everywhere on M and thus

(2.4) (1/2)Afz fe.

On the other hand, the sectional, curvature of M is bounded below, In

fact, if NAY is a 2-planc of 7,M then from KA(XAY) — N(XAY)--
<a(X, X), a(Y,Y)>— <a(X, Y) * we get

K{XAY)z inf K —2 tracc 422 (1—2n) inf KN+2e—const. = — n,
sincetrace A2Sninf X —¢. Then using the same method as in [3], we con-
clude from (2.4) that f=0 everywhere on M (i. ¢ M is totally geodesic) and
this completes the proof.
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HY PERSURFFACES OF CUATERNION SPACE 0
By

AUREL BEJANCU

§ L Iatroduction. Let N be a 4(n--1)-dimensional manifold and
2 be o Riemannian metric on N, Then N is said to le a quaternion
manifold (see [2]) if there exists a 3-dimensional vector bundle 17 of
tensors of tvpe (I, 1) with local basis of almost Hermitian structures

S Ja Js satisfyving

(L.1) Jiofe=~/[0/1=/a and
3
(1.2} vyl = ; 0,.(X)]. (r=1,2, 3),

for all vector fields X tangent to N, where V is the Riemannian connection
determined by g on N and @, are certain local I-forms on N and
(\’)T.!J-()af ={). i

A quaternion manifold N is a quaternion space form of quatcernion

sectional curvature ¢ if and only if the curvature tensor i of 2V is given
by [2]-,

(1.3)  R(X, )VZ="Slg(y, Z)X —g(X, H)Y + f; so(J.Y, )] X

r=1

b | D

g().X, Z)J Y+ 2¢(X, J,Y)_/rZ}} |

for all X, Y, Z tangent to .N. From now on, we denote by N{¢) a quater-
nion space form of quaternion sectional curvature ¢,

In 1] we have initiated a study of the geometry of hypersurfaces
in quaternion manifolds. The purpose of the present paper is to obtain
results on the geometry of hypersurfaces in quaternion space forms. First,
in § 2 we describe the geometrical configuration inherited by any hypersur-
face in a quaternion manifold and give fundamental formulas. Next, in
§ 3 we give characterizations of some classes of hypersurfaces in N{c)
by means of their sectional curvatures. Finally, in § 4 we obtain theorems
of decomposition for hypersurfaces in a quaternton manifold.

§ 2. The geometrical configuration on a hypersurface in a quaternion
manifold. Let N be a 4(n + 1)-dimensional quaternion manifold and
{J1, Ja. Jsb be a local basis for the vector bundle ¥ on a coordinate



