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Noaw, using formula (2.3), we prove the following theorem
Theorem 2-3. Let M be an n-dimensional (n=23), complete TF-hyper-

swrface, with coustant wean curvature in a Riemannian manifold M (not
necessaridy complete). Iftrace A®Z (trace AP in—1)L2 inf K, with inf K=
>0, then M is tolally wmbilical in M (i.c an cxtrinsic hvpersphere)

Proof. By assumption, we conclude that the sectional curvatures of
M are bounded below (lemma 2.1) and also g* is bounded above. Then using
(2.3) and the same method as in [3] (proof of theorem A) we complete the
proof of this theorem.

Finally we obtain the following result for complete minimal T7°
hypersurfaces of a Ricmannian manifold.

Theorem 2.4. Let M be a complete mintmal TE-hypersurface of a
Riemannian manifold M (not necessarily complete) with inl K >0. Ther
suptrace A*zn inf K or M is fotally veodesic.

I’roof. By puting in (1.8} trnce 1 =0 we got

(12 Afz fninf K~ f)+ = V.1, V.4 =, where f=trace A*

If suptrace A*-<ninf K, then there exists a positive number e such that
trace A%=ninf K—e, everywhere on M and thus

(2.4) (1{2)afz fe.

On the other hand, the sectional, curvature of M 1s bounded below. In

fact, if XYAY is a 2-plane of TpM then from RK{XAY) = A{AAY)+
<af{X, X), a(Y, Y)>— <a(X,Y) ~? we get

K{XAY)z inf K—2 tracc 422 (1—2n) inf K+ 2 =const. > -0
since trace A%< pinf K —e. Then using the same method as in [3], we con-
clude from (2.4) that f=0 everywherc on M (i. e 3 is totally geodesic) and
this completes the proof.
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HYPERSURFACES OF QUATERNION SPACHK MRS
v

AUREL BIEJANC!

t L Introduction. Let N be a 4(n=-1)-dimensional nianifeld and
¢ be a Riemannian metric on . Then ¥ is said to be a quaternion
manifold (see [2]) if there exists a 3-dimensional vector bundle 17 of
tensors of tvpe (1, 1) with local basis of almest Hermitian structures

Jio Je Ja satisfving

(1.1) Jiofe=—Jo/1—=Js and
(1.2) Teli= % 0N, (r=1, 2. 3),

for all vector ficlds .Y tangent to N, where V is the Riemannian connection

determined bv g on N and @,, are certain local I-forms on N and

Ors-Qer=0. .
A quaternion manifold N is a quaternion space forin of quaternion

sectional curvature ¢ if and onlv if the curvaturc tensor R of N is given
by (277,

- 3 o ;
(t.3) R(X, 1’)2—%{51(&—', 7YX —g(X, DY+ ¥ el).Y, 4],
re]

gl).X, 2)]Y +24(X, JrY.:JrZ_?} _

for all X, ¥V, Z tangent to N. Fromi now on, we denote by N{¢) a quater-
nion space form of quaternion sectional curvature .

In 1] we have initiated a study of the geometry of hyvpersurfaces
in quaternion manifolds. The purpose of the present paper is to obtain
results on the geometry of hypersurfaces in quaternion space forms, First,
in § 2 we describe the geometrical configuration inherited by any hypersur-
face in a quaternion manifold and give fundamental formulas. Next, in
§ 3 we give characterizations of some classes of hypersurfaces in N{c)
by means of their sectional curvatures. Finally, in § 4 we obtain theorems
of decomposition for hypersurfaces in a quaternion manifold.

§ 2. The geometrical configuration on a hypersurface in a quaternion
manifold. Let N be a 4{» + l}-dimensional quaternion manifold and
{/1. Ja J3} be a local basis for the vector bundle V on a coordinate
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neighborhood % on N. We take another coordinate neighborhood % with
the corresponding local basis {],, /.. Ja} and Un# @. Then we have

(2.1) o= IE} a.f, (r=1, 2, 3},

where (a,,) is an clement of the special orthogonal group SO(3) of di-
mension 3.

Now, let .M be an orientable hypersurface of N and £ be : i
_ oW, 1 E: 3 2 ! ¢ a unit normal
vector field defined on M. Then, on the coordinate noighbgrhood OQ=aUnM
we define three vector fields X, =/, tangent to Af. In a similar way we

f]lcﬁnc X=7.5 on D=clnM, Suppose @Wn@# @. Then by (2.1) we
ave i

3
(2.2) X, El a XN, on WA, (r=1, 2, 3).

. From (2.2) it follows that we have obtained a globall >f1
distribution D1 on M which is locally represented by ?X ,,a)\};. ‘j\f»:}mgg
the coordinate neighborhood @. We denote by D the orthogonal comple-
mentary distribution to DL in the tangent bundle TAf. It is casily seen that
D is invariant b}:,/r. that is, we have J(D,) =D, for cachxeM and r=1 2
3. That why D is called the quaternion distribution on M. .

. We denote by P the projection morphism of TA to the quaternion
distribution 1. Then, for any vector field Y tangent to M we put

(2.3) Y=PY+u,(Y)X 40y (Y) X b 143(Y) X,
where u,, u,, 1y are I-forms locally defined on M by
{2.4) uw(Y)=g(¥, X,), r=1, 2, 3.
Applying [, to (2.3) and taking account of (1.1} we obtain
(2.5) JIY =T PY = (YV)etus(Y) Xy —15(V) X,

_ The Riem.annian connection induced by g on M is denoted by V.
Then the cquations of Gauss and Weingarten are given by '

(2.6) \."’IY=V_1-3’+I:(.\’, Y)I and respectively
(2.7) Vei=—AX,

for all X, ¥ tangent to A, where % is the second fundamental form of
M and A is the fundamental tensor of Weingarten with respect to £

It is well known that we have -

(2.8) MY, Yy=p(dX, Y), forall X, ¥ tangent to M.

Diffcrentiatipg {(2.5) with respect to an arbitrary vector field X tangent
to M and comparing the tangential and the normal parts, we obtain
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Va1 PY - [PV Y+ (1Y) { AN+ Q2 X) X3+ Qaa (X) X} +
A (182Y ) {V 2 Xa-FQya (X)X} (15Y) (O (X)X, - Ve X} +
X (1Y) — 12(VY ) 1 Xy —{X{10aY) —23(V 1 V) Xy 4 Qo (X) . PY +
F 05 (X)) JaPY — (X, Y)X,=0, and respectively
BX. Ty PY)=X(0Y)+ (Y VX, Xa) — (s V)R(X, Xp)+
(A Y )+ 0 N) (1Y) £ Os(X)11gY) =0,

for all ¥ tangent to M. _
We say that a vector ficld X tangent to M belongs to the distribu-

tion D (resp. DL) if we have X, D, (resp. X, = D1) for cach v=M. We

denote by T(D) (resp. T{DL})) the module of all vector fields on A which

belong to D (resp. D4L). o
The hyvpersurface M is called D-geodesic (resp. Dd-geodesic) if we

have

(2.11)

(2.9)

(2.10)

BYX, Y)=0 for all X, Y & ' (D) (resp. R{U!, ¥)=0,
for all U, 1" & I' (D4).
Also, we sav that M is (D, Dd)-geodesic if we have
(2.12) MX, Y)=0 for all X eI(D)and Ye=T(DL).

Lemma 1. Let M be an orientable hvpersurface of a qualeriiion mani-
fold N, Then we have o _ )
I. The quaternion distribution is involutive if and only if M 4s D-

seodesic.
2. The distribution DL 1s involutive if and onlv if M is (D, DL)-geodesic.

3. 1f D is involutive, then any leaf of D is lolally geodesic immersed
1 N.
4. If DL is involutive, then any leaf of DL is totally geodesic immer-

ved n M,
Thus we have a complete characterization of the integrability of

hoth distributions D) and D4 by means of the second fundamental form of
1. The proof of lemma is given in [l].

§ 3. Hypersurfaces of quaternion space forms.Lct M be an orientable
hypersurface of the quaternion space form N(c). Denote by K the curva-
ture tensor field of M. Then, taking account of (1.3} the structure cquation

of Gauss is given by

SR(X, Y)Z, W) 3{g(Y, DyelX, W) —g(X, Z)g(Y, W)
3
(3.1} + Z] {2(J.Y, 23X, W) —g(J.X, Z2)g(],Y, W)+
+2e(X, J.Y)e(].2, u')}} CR(X, TR, Z)—h(X, Z)R(Y, W),

for all X Y. Z, W. tangent to M.
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i From (3.1) we obtain that the scetional curvaturce Ky, of W determi-
ned by orthonormal vectors {X, Y is given by

(3.2) Kyu(YAY) c_."4{l-i—3 g SON, LYY N XYY, Y) o a(Y, Y

Now, we denote A (V) =Au(YA/X) and K, (X} =~ ’ 4
. i . ri alA A S ) & rel N} =Ny (SN Y ) for
any untt vector field Ne (D), r=s, r, s=1, 2. 3 )zm(i UE{?f /t\h{m )thc
quaternton scct'onal curvatures of the hypersurface 3. Then we have

Proposition L Let A be an orientable  hypersurface of N(c). If the
gialersicon distribution is invelutive. then we have .
(3.3) KAX)=N, () =c.

SFEY.

for rzl’!‘ 1t veclor fields X = V(D) and s, r=1, 2, 3, s
{_i;c ﬁroof follrows by w dircct computation using Lemma 1 and {3.2).
¢ hypersurface A7 is called Di-minimal if the sccond : 2
form of M satisfies eont fundamentd
3

(3.4) ¥ (XL, X)) =0.

r=1
. Theorem 1. Let M be a DLantnimal orientable Jovpersurface of N (o
Lhen M s Drb-geodesic if and only if we have T B
(3.5) [\-.1:(1\-1/\~\-2)=]\-.1r(A\-2 A Xy) =Ny (VAN =

. Proof. Suppose Af is DL-geodesic. Then from (3.2} follows (3.5) by
using (1.1} '

Conversely, from (3.5) taking account of (3.2) we obtain (3.6)
(3.6) MY, X)X, N =X, X))2=0 for all r#s, r, 5=

1
Then from (3.6) and (3.4) follows k(X,, X,)=0 for all =
Hence M is Dl-geodesic. S v

Theorem 2. Let M be an oricntable kypersurface of N(c}. Suppose
{3.7) Ky(XAY)=c¢/{forall X eT(D), Y e r(oL,

and M be DY-pinimal. Then M is (D, DL)-geodesic.

I)rOOf. II'C ta]\—c ‘YEF l) . ] };- lw DJ- . ) -
obtain (D) and Y =T(DL) in (3.2) and by using (3.7)

(3.8) MY, )Y, YV)—h(X, Y)*=0.

Next, substituting ¥ by X, in (3. 8) for =1, 2, 3 and takine account

of {3.4) we obtain A(X, X,)=0. Thus A/ is (D, DL)-geodesic. ; o
T'he hypersurface 37 is called totally umbilical if we have

(3.9) AN =aX,

for al_l X tangent to A, where a is a differentiable function on M. The
cquation of Codazzi for the immersion of M in N{c) is given by

(3.10) g((VeA)Y —(Tp)X, Z)=g(R(X, Y)Z.z), for all X, Y, Z tangent to M.

r

2, 3
L 23

r
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Now, we state

Theorem 3. Therc exist ito totally wmbilical oricntable hvpersurfaces
f o Hu+ D -dimensional quaternion space form N (¢} wiih =1 and c#0.

Proof. By a direct computation using (3.9} we obtain

(3.11) N{a)g(Y, £2)=Y{z}e(N, Z)=g({Vv )Y —(7+1)A, 7).
Next we take Z=X,, Y=/, X< (D) in (3.11) and obtain
{3.12) (V) [N (¥, )X, X)) =0,
On the other hand, from (1.3) follovs

- NG .
(3.13) (RN, /X)X =lef2) o(X, ).

Thus, from (3.10), {3.12) and (3.13} {ollows ¢=0 und the proof is complete,

5 4. Theorems of decomposition for hypersurfaces of quaternion
manifolds. Let A/ be a hvpersurface of the quaternion manifold V. We
say that M s a foliate hvpersurface il both distributions D and DL are
involative on AJ.

Theorem 4. Lel M ba a foliale orientable hivpersurface of the qualernion
manifold N. Then M is locally the Riemanuian product MT « ML, where
MT s a quaternion subpranifold folally geodesic tnuwersed i N and ML is
a deaf of DL and is tolally geodesic imimersed in M.

Proof. From (2.10) follows
i1 MY, J.Y)=—u{vY),
for all X" tangent to 7 and Y =1(D). By the assertions 1 and 2 of
Lemma 1, from (4.1} we have g(VyeY, X)=0. In a similar way we
obtain g{AyY, X,)=0, for all X tangent to M, Yel(D) and r=2, 3.
Thus tie distribution D is parallel on A47. Since Vv is a Riemannian connee-
tion we obtain that D4 isalso parallel. Hence M is locally the Riemannian
product MT = ML where MTis aleaf of D and MLisa leaf of DL The re-
maining part of the theorem follows from assertions 2 and 3 of Lemma 1.

On each coordinate neighborhood (@) on M, we define three tensor
fields F, of tvpe (1,1) by

(4.2) FoX=f, PN A (X)X 3 — (1 X)X,
(4.3) FaX = o PX+ (i3 X) X, — (i N) X5,
(4.4) FaX = J3 PX + (0, X)X s — (X)X

for all X tangent to A/. It is a simple verification to sec that £, are f-struc-
tures on (@ (sec [3] for the definition of an f-structure).

We say that F, are -parallel on @ if we have

(4.5) (FaF)Y = 3 0n(X)1Y
s=1

for all X tangent to M and Y €I'(D). Now, we state
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Theorem 5. Let M be an orientable hypersurface of the guaternion
manifold N. If one of the [-structures F, (r=1, 2, 3) is D-parallel, then M
15 locallv ropresented as tn Theorem .

Proof. By using (2.9) we obtain that cach one from the Jf-structures
I+ is D-parallel if and only if we have ((X, Y)=0, for all X tangent to M
and Y € (D). But this is equivalent to the integrability of both distribu-
tions D and DL, Hence the proof follows from Theorem 4.

Now we prove the non-existence of foliate orientable hypersurfaces

I a quaternion space form of non-null quaternion sectional curvature and
give a complete characterization of them in R+,

Theorem 6. Let M be a foliate complete orientable hypersuface of a simply
connecled  complete  4n-[}-dimensional guaternion space  form  N(c)
with w2 1. Then we have ¢ =0 and M is R < ML in RAOY ojere M 1s o
leaf of DL totally geodesic immersed in M.

Proof. Taking into account that both distributions arc involutive,
for cach X, Y eI'(D) and Zel(D1) we obtain

(4.6) VDY (Ve AN, Z) = g(AX, VyZ)—g(AY, V7).

Since M is (D, Dd)-geodesic we obtain that /) is invariant bv . Then
by using (1.2) we have

(4.7) VaXy = JiA X 4 0(X) Xt 013(X) X5

for all X'eT(D). Now, substituting Z by X, in (4.6) and taking account
of {4.7) we obtain

(4.8) gU(Ve)Y (Vi d)X, X)) =g(AY, JrAX)—g{4X, ]4X),
for all X', Y eI'(D).
By the assertion 1 of Lemma 1 we see that (4.8) becomes
(4.9} (Ve )Y — (Ve )X, X,)=0.
By wusing (1.3) and (4.9} in (3.10) we obtain cg{X, X) =0, which implies

0 since we have »2 1. Thus M is a foliate orientable hypersurface of
K™D and the assertion of the theorem follows from Theorem 4.
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QUASI-CONNECTIONS IN THE SEMIHOLONOAMIC
FFRAME BUNDLE OF SECOND ORDER AND THEIR
DIFFERENTIAL INVARIANTS

BY

W.MOZGAWA

Introduction. The purposc of the present paper is to study quasi-
conncctions on the principal bundle of the semiholonomic frames of second
order, o '

The notion of quasi-connection ariscs as a generalizationofa O proiu
connection [17] and a Wong quasi-connection [24]. We shall recall
in §1 the definition of semiholonomic frame bundle and some facts closely
related to the Oproiu connection. In §2 we shall give the definition of quasi-
connection in the semiholonomic frame bundle and their funldlamentql
propertics for the latter usc. In §3 we shall consider the covariant deri-
vative of extensor with respect to the quasi-connection. §4 is devoted to
the induction of quasi-conneciion on a framed immersed submamfold:
§3 is divided inlo four parts: in the first we give some natural tensors
connected with guasi-connection, in the second onc we detemlne all skew-
symmetric torsion tensors, curvature cxtensors and t_heir fundqmeyxtg%
properties. In the third part we give the structure equations qnd Blanch;]:;
identities of quasi-connection. The fourth part is deveted to study t e
curvature of the distribution determined by quasi-connection. §6 contains
some examples. _ o

The agthor expresses his thanks to Mr. A. Szybiak for his kind
suggestions and criticisms. o

& § L Preliminaries and notations. In the present paper the indices
ab,.., 7,7 ,... will run over the range 1, 2 ,..., #, if we don’t mark another
convention. )

Our considerations are in the category €. Let us conSIfler a bundle
{(I*M, M, =) of lincar frames on the manifold .M dim M =#u. We can (}i]qflne
PM as J3(R®, M) —a set of the first order jets of local diffeomorphisms
of R® in M, where source of these all jets is 0 =R" and the target mapping
is just the projection =, We can assume coordinates of jet for coordmates'
of frame i.e. if (U, x*) is a coordinate ncighbourhood in A{ then ev?r_}
frame jgb =x~(U) can be uniquely expressed as well as (u', #5) where % -
=x'od(0), uj=(x'0¢),,{0) and the matrix u} is non-singular. If V is neig )
bourhood of zero in R" and ¢: V—P!M is the mapping such that mwogp:
V=M is the local diffeomorphism, then the jet jlop is said to be a non-

holonomic frame of second order in the point mop(0). The space J§(R", M)



