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Theorem 5. Let M he an orientable hypersurface of the guaternion
manifold N. If one of the [-structures F, (r—1, 2, 3) is D-parallel, then M
s locally ropresented as tn Theorem .

Proof. By using (2.9) we obtain that cach one from the J-structures
Fy is D-parallel if and only if we have ((X, Y)=0, for all X tangent to M
and Y e (D). But this is equivalent to the integrability of both distribu-
tions L and DL, Hence the proof follows from Theorem 4.

Now we prove the non-existence of foliate orientable hvpersurfaces
in a quaternion space form of non-null quaternion sectional curvature and
give a complete characterization of them in R+l

Theorem 6. Let M be a foliate complele orientable hypersuface of a simply
connected  complete  4(n-1)-dimensional quaternion space  form  N(c)
with uz 1. Then we have ¢ =0 and M 1s R < ML i ROWY here M is o
leaf of DL totally geodesic immersed in M.

Progf. Taking into account that both distributions arc involutive,
for cach X, ¥ =I"(D) and Zel(DL) we obtain

(4.6) V)Y (Vo AN, Z2) wg(AX, ¥y 2) —g(AY, V7).

Since M is (D, D1lj-geodesic we obtain that 7 is invariant bv A, Then
by using (1.2) we have

(4.7) VaXy = AN+ 0(X) X+ 015(X)Y,

for all X =eT(D). Now, substituting Z by X, in {4.6) and taking account
of (4.7) we obtain

(48)  g(Vae)Y —(VyA)X, X,)g(AY, [LAX) g(AX, JAX),
for all X', Y eI(D).
By the assertion 1 of Lemma 1 we see that (4.8) becomes
{4.9) (Ve )Y — (Ve )X, X)) 0.
By wusing (1.3) and (4.9} in (3.10) we obtain cg{X, X) =0, which implies

c=0 since we have #2t. Thus M is a foliate orientable hivpersurface of
R**+T and the assertion of the theorem follows from Thecorem 4.
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QUASI-CONNECTIONS IN THE SEMIHOLONOMIC
FRAME BUNDLE OF SECOND ORDER AND THEIR
DIFFERENTIAL INVARIANTS

BY

W.MOZGAWA

Introduction. The purpose of the present paper is to study quasi-
conncctions on the principal bundle of the semiholonomic frames of second
order, o '

The notion of quasi-connection arises as a generalizationofa Oproiu
connection [17] and a Wong quasi-connection [24]. We shall recall
in §1 the definition of semiholonomic frame bunc}]e and some facts closely
related to the Oproiu connection. In §2 we shall give the definition of quasi-
connection in the semiholonomic frame bundle and their fundamental
propertics for the latter use. In §3 we shall consider the covariant deri-
vative of extensor with respect to the quasi-connection. §4 is devoted to
the induction of quasi-conneciion on a framed immersed submamfo]d:
33 is divided into four parts: in the first we give some natural tensors
connected with quasi-connection, in the sccond one we dete}'rnlne all skew-
symmetric torsion tensors, curvature cxtensors and their fundqmc‘nt.z'x!
properties. In the third part we give the structure equations qnd anch}lb:
identitics of quasi-connection. The fourth part. is devoted to study t e
curvature of the distribution determined by quasi-connection. §6 contains
some examples. ) L.

The a{lthor expresses his thanks to Mr. A. Szybiak for his kind
suggestions and criticisms. o

§ 1. Preliminaries and notations. In the present paper the indices
a, b ..., 7,4 ,... will run over the range 1,2 ,..., #, if we don’t mark another
convention. )

Our considerations are in the category €. Let us consxrdcr a bundle
{I*M, M, =) of lincar frames on the manifold M dim M =#u. We can (}l]que
PM as J3(R™, M) —a sct of the first order jets of local diffeomorphisms
of R* in M, where source of these all jets is 0 =R" and t_hc target mapping
is just the projection =. We can assume coordinates of jet for coordmates'
of frame ie. if (U, s*) is a coordinate ncighbourhood In M‘ then ev?r_}
frame jgb =" (U) can be uniquely expressed as well as (', #5) where % -
=x'od(0), u}=(x'0¢),,{0) and the matrix #} is non-singular. If V is neig )
bourhood of zero in R" and ¢: V—P'M is the mapping such that rogp:
V=M is the local diffecomorphism, then the jet jlop is said to be a non-

holonomic frame of second order in the point mop(0). The space J§(R", M)
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of nonhelonomic frames of sccond order is principal frame bundle on A7
with the structural group L% =/3R* JHR*.R*}.. This principal bundle
15 usual denoled by (P23, M, 7). Let @ denote the target projection £:
PIAM 1M A frame X = P20 s caid to be semibolonemic if

() 3(X) =j(=00).

We can introduce a dilferential structure in a set /2M of semilo-
lonomic frames with a hdn of coordinates (#!, #}) in = U)CIMM. Every
mmholonom:c fr'mu. r=fao can be uniquely expressed as well as (1“,1-‘

1, w,k) where o = (1fop) (0) o5 ={(u! o:)) (0}, wh={2f o), (0}, whr =(1io3): (0}

The condition (1) lnl')l'(_‘-, that 2 =}, thus if a frame of sccond order
r =430 is semiholenomic then it has coordinates r=(¢%, v5. ). In similar
way, we can introduce coordinates for the elemients of the group LE {the
group of semiholonemic jets of local dificemorphisms in R*): diement

’

o= L2 has coordinates g=(:,,h,.‘..,;.) however {1} implics that gi=g} thus

&7
‘for'cver_\’ g&Lly we can wiite g=gl oly). For ary g 2 L3, the multipk-
cations law is given by

i
(ghi =gllk,
i £ 7.0 EEA
(@M =gihbe + il
The right action of group L2 on P:M is given by :

ot
Ty e A K J ol
Xg=(x4 gl ajgh +at, ol o7),

where X =(x, &%, xi,) € P2M, ¢ =(¢i ¢h) €12 The set of semi-holonomic
frames of ‘;Lcond order is prmc:pal fibre bundle (£2M, M. =) with the struc-
ture group LZ.

A local trivialisation of the bundle P2M is given by

Byt = {U)>2(U) x L,
Jrop = (v, ul, uiy).

If (¥, a") is another coordinate neighbourhood and UMVs£¢, then we
would like to derive the transformation law of coordinates of semiholono-
mic frames of second order. We have the following diagram :

....—1( UmV)._____
| l
X(UNV) x B — S X(UNV) x L2

hoohd(x, a4, xh) = (5, 34, 38).

It is easy to verify that
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=(2"oax Nox, af =a¥pl, alp=lpi+atanpl
L Mater 1! iy Aoyt
where pi (—:“‘“ o pi ety

i x gxt gy’

The family of mappings (2} pi, #i, are called transition functions of i

bundle (F2M. M, =), As usual the set (Djox1), ... {0fua¥), will dencte the
basis of tangent space T,M with respect 1o the coordinate neighbonrhood

(i, '), pepU. Similarly (8/8x1, 8]0l 5/0a%), is the basis of 7,123 and
{0t 0fdgide is the basis of T, 72 .
Y5 i

By ::;lI'IlpI(_ calculations we ohtam the following propositions :
Proposition 1. The basis of left invavicnf veclor n/us on Liis given by

) 0 a 7 . J
(3) Ej=g — + 8o +gu R i
g Lir gy Ui

Lot (8f9xF, 0/9x3, A)913), be the basis of TP with respect to the
coordinate neighbovrboed (U, x%) and (¢jdxY, ¢foxy, df2a%) is the another
basis of 7,720 with respeet te the anether coordinate neighbourhood
(2" e UNF.

Proposition 2. I/ (U, &y and {17, '} are the chorts such thel UNV ==
thea the following rolalions Lold

J o0 Co. ; . 7
— . - t g’ NS o
Nk "j);: g +-‘t) f’“.?iir I’y "jf'('*"lf-.‘nhnlk‘!‘-‘-tr[ ﬂk} E o
ox dx IEY dai,
o J (@ LG
(=} = =PV — + Apli— + v ph— .
a4 A 0 o
A X; b Xy
]
Pk PP
axu 1’”

where pi, pin are transition functions of the bundle P2M. o
V. Oproiu ([17] obtained a connection form in the principal
fibre bundle P2M
5) o} =x Y (dk + I xbd ),

ok =18 (dafy ~ abi0f — 20l + T aPafd 18 4+ Tipalid sy,
where I'}; and P,m er the connection cocfficients in the chart (U, xf). Let
(e, Tier) and (144, Y0} be the connection coefficients in the chart (U, af
and (V, x*), respectively. In the intersection UMV we have

Bt

iy =ph +Tal .
Diph + Tk + Dhupl =pia + F}'&.-ep}”’,-'}ﬁu’p{ + i ph pki.
Remark. Above connection coefficients with minus sign are exactly
coefficients of Oproiu connection [17].

(6)
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We denote by 9% the canonical form on semiholonomic frame bundle.
Given a connection of, &} on P*M we introduce n-tuple of vector fields
E., such that

BYE,) =8, wi{E?) =0, oj(E,)=0.

W call E, the standard horizontal vector fields.
V. Oproiu [17] found the structure equations of the connection
wjejy,

116‘=0*/\m}‘+% TLOEA 0, dol=wbAof+ ;R,‘:“G"/\ o,

(7) dwly =wf A 0} b A 0f o A ol +

1 X . R
). = — 1 . " 11
+ 5 (Rirse + N x 825, — a7 518, Ry — x5 a%, R, 00 4 07,
where
T =T = Ui, R;"k|z =1 —P;"qk + 0I5 -5 T,

Rigie = Piens — F,'::;: v+ Do D5 =D T3+ T3 Ty, — I‘}nI‘{-: — DL + DL LY,

By Proposition 1 the fundamental vector fields on P2A corresponding to
a0t 8[0gh, =mi are

& 0 9 ; d
=x— +x:p_',— +ap, —= , Eff=x -

6x} 62'”, aﬂij 3.4.‘5;.

§2. Quasi-connection in the semiholonomic frame bundle of second
order. The structural cquations of the connection o, e} has a dual for-
mulation in terms of vector fields. If E;, E}, E} are the standard horizontal
vector fields and the fundamental vector ficlds, then the structural equa-
tions become

(8) Ef

(8.1} [E}, EY]) =8iE} - 3fE},

(9.2) (Es, Ei] = ~8E,,

(9.3) Ep El==ThRE~RiuEl = (Rl + Rppex 803, —
— X G x5 RY e — x5 Re) EF,

(9.4) (E,, E¥] =0,

(9.5) (E}, E19) = 8iE}? — $E — EY,

(9.6) [E¥, E'?] =0.

The equations (9.1), (9.5), {9.6) contain only the information about the

group L2 Taking into account (9.2}, (9.3), (9.4) we see that the conditions (9.2)
and (9.4) admit to put on any assumptions which are independent on the

structure of the semiholonomic frame bundle P2M. Y. Ch-Wong [24]

has asked under what assumptions vector fields E, which satisfy the con-
dition (9.2) determine a linear connection. We will ask under what assum-
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ptions vector fields E, which salisfy the conditions (9.2) and (9.4) determine
Oproiu connection. We prove the following

Theorem 3. Lgt F, I:‘}"_bc the fundamental veclor fields on M then
cuery n-tuple of vector fields I; on semiholonowic Jrame bundle 1M such that

(10.1) (7, EL] = — 8IF,.
(10.2) [E;, E¥1=0,
s locally mven by
— ;0 R . 1
Ejzl.ri(cr‘(',)'T - x5 bf, . 't";:x;(b."t.' (‘ —-\'I;r(').i: a )
X a; Tor 2o

where Cj, @y, ®fy, are family of functions whick are subject to the following
transformation rule :

BCE =CpL, OUpy =Crphe +p2pLOL,.
Dluply +Ohplss + Ghurpt’ — Ciplny, = by pE pY By, + b7 phiE,

and pj., Pre are transition functions of the bundle PM.
Proof. Let us consider vector ficlds

(i

- a | .0
EF o= + o8 —— +hir...._._
y=Ji axi o axi g axi,
where f}, gli, &, arc unknown functions of variables (x'. 2§, 2j}. From the
identities (10.1) and (10.2) we obtain the following partial differential
equations

ai i
02 A2 Lpp (22) gy % o g

axd ® 91l
. ki ok Y
(12.3) Bypet 4 o8t —af 220 g Thore 5 Ulsrs  saps
F4 #ptz P dﬁ.‘f ? ax{u up axg;! $0prz -
. _ i
(12.4) sgaggg,,ﬂ;,%—':" .
o Xer )
2
(12.5) =0, (12.6) %k _o.
xk, 3x;_,

By virtue of (12.5) and (12.6) we have that fi, & i :
} . (12. g at fi, gi are independent on xf,.
Y. Ch-Wong proved in [24] that the cquatio?ls (12.1) and (12.2) imp’i;;

(13.1y  fi=xfCi, (13.2)

where C}, @, are functions depending on points of M only.
By equation (12.4) it follows that, if ¢tz and r==u then

i P oA 4
g)l" = 3’},1;:(»;)!

(14) Ohiu _
axi,

= Matematica 202
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ITence we have that 4, depends only on xd,. Thus if /=2 and r=u then

M.,
v =i
A . A
().l';,,
and by virtue of {13.2) we have
ahi, .
(15) — = —
I Xz

since @ depends only on xf i, has the following form

(”’) ]’frzu = —_\':,\'f,,(l’_.'-;, + !\-é:u(-"k- ‘ﬁ)
Let #=r, 1=z and t5=s. I we substitute the right hand side of (16) into
cquation (12.3) then
i f)llﬁ,- o 5
{17) Ny — xh —= = =0 (no swwmalion with respect lo 1)
Ak
Howe put £ =2 45y, I=ks and { =5, f5=r. /=42, then we obtain
\ s 3 (i’l’i,—z g 0
(18) bip—N,—— =0, (w0 summalion with respecl to 2)
Jx}
; i : U‘j\.” o .
119) Flpe — 3 —= ; =6, (no sunnmalion with respect fo s)
g

respectively, Taking into account {12.3), we have

i,

(20} =0.

il
Let us differentiate the cquality (17) with respect to v} (p=Fs, r, 2) 0 we
obiain
r)lc:.,.,z_ _(’M‘j,z
dxl RN

Thus we have that dkl,/dx], depends onlv on v 3}, 1), Similarly taking
into account {18) and {19) we obtlain

{21) Kipy = —ag ) 0i0%y, + Dy,

where @5, M, depend only on a’. Taking into account (17}, (18), (19)
and (21), we obtain

(22) Hipe = — ,\?xz-ri(l’iac - X3 x5,

Thus the vector fields E; are given by

: . ] J d d
23 E; =23 Ck —— = ald: — ka0 — x* @ .
(23) ! ,[ dxt o dx; i 01, o ax;,)
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We shall deduce the transformation rule of local vector fields [/ in the
intersceetion of the two coordinate neighbourhoods. Given two coordinate
neighbourhoods (U, 2% and (7, 27) such that UNF=@ we have

.

- (o D ] ? .
(24.1) I =1} {(;,7"-7 = VWi m— = Wm0 —
R R dal axi, Ay

= H{UN). On the other band. by Proposition 2 we have

11 i
e " H
E;=x7 (( h — Cixepis —+ Coapalpl + X4 pli) —— =
dx ial il
{14.2}) .\"(D‘A/: _— = \’(D‘,,\,,/),,, —— — kb i T
f ()'\Mﬂ { n’

t k i
+xky q”uf’q " W pi ) .
f’ r)"f"

By comparing the cocfficients in {24.1) and (24.2), we oblain casily

(25.1) P =GP

(25.2) Wiepa =Cf Pra + 5 PP

(25.3) By iy + 0% P + WL pl =Cipiui + pipE pLOLr + pF Pl
Corollaries.

(26.1) 1t follows from (25.2) that £ 15 a tensor.

{26.2) 1f == 120! then there are n¥+#n*4rank ( linearly  inde-

pendent vectors in the fanviy Ez). Fiz). Lifz) _
(26.3) I rank of tenvor € is constant evervwhere in the manifold M and
ts equal to w=dim A, then we can put

(27) ‘;t : =C_l_lﬂ(b(:ks }l’l _hC aq)(rkf 0
I this is the case, we can rewrite (23) in the form
X e - (’} - TE (” ~f o N Rl a
'LIS) ]:J B '.";(‘r —_‘ _-“‘i. 1tk P s:‘ -[w.l.l p — -:-l ikT .
dx r}x_, dai. ¥z
It iy easily seen from the definition of the standard  horizontal vector

fields and {28) that ].,m(, F.. where €3 =xC, Thus we have
Theorem 4. /f o, are arbifrury veclor fields on 120 salisfytng

\E, Fi) = —8E,, [E, Ei¥ =0,
witd if E(=). EXE), F¥ () are incarly independent, for cach se A, then
there cxisls o mur]uc conneclion it the sense of Oproin (3) such that ils

slandard horizontal veclor fields are given by

];“,=f',"‘,‘];:i where E'-x,(,' 0
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Taking into account above consideration we can state the following
Definition. The triple (¢}, O, ©ipr) is said to be quast-connection if
it obeys the transformation rule (25) and tensor Ci is singular on M.
We shall now consider the identity (9.3) .
Proposition 5. The following conditions arc equivalent:
A LEy, Ek_ =~ Thl;— RinEl — (K + Rope¥ 13270, —
129.1}

. -1t I L]
— X lix;aRl’;t — ¥ i K ) Y

b) there cxists a family of functions d 1 every coordinate neiyghbour-
hood (U, x*) such that

{292) kacillﬂ =7\:1C; .
Proof. Tt is casily verified that

: = i i ‘) r a thi i
(Ey, Ex | = -"jl'i(cftc:m —(D'[.,]Cf) _—0 o xﬁ"*'zf"u(cuq’mrw - q’?tp)q’ar -
x

_ s L D
(29.-3) --Q)‘[’,_ﬂ(]);;]a) d_aT + x;;r,'..xﬂz(d)‘[’, nq):m +tb‘(',wl(b}]a—- C[,(l)”,,;ﬂ) 5"}" +

+ 248l — ChPliprin + O Ol + Do Phres +Of Phipa + 1 Piga) P

On the other hand, we have

Ti g I ot ' =tz Jop.
—ThE(— R:th; - (Rtmt + I\rull?-"is - -f'z-tpxl\ ik

3 = dJ = .
— i, Re,) EV = = ThxiCi e +(T3eaf 20
X
— . — J
(299 Rty L (Tt i — R ) = +
axi UXye
T » 12 e h oLt i S0
+ ( I;kx?xutq)flb - R{}txhxuzxf) B = EJ. E;\- N
Taking into account (29.3) and (29.4), we find
(30.1) C?kC:“u —q)fme, =l 7’:;6; .
(30.2) Cobiine — Py Pha = Dhe®hs = — Rin — T4y

(30-3) _Cf:’mglvrlﬂ +(Dﬁil (D:Pf +¢?z‘ ? (D';lar +¢?j|1 (D:lpd +(b‘[':'prl(bgla = T‘J'!(D‘;m - R‘;’rﬂ .

! iy = i >d 187 lb,tlc
];l =7 rsx;xl;-tli‘ 1‘,;1'! —f\nbrx:t-tli"‘ Tl

4 I3 ila s1b:1e . 1d
Ripta™ RapcaXeX § XX 1% -

‘Taking account of (30.1) we see that (29.1) is equivalent to (29.2). 1f we
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take actount of (30.2) and (30.3) we sec that Riy, Kl are uniquely deter
mined by Cl Th. Ol @y
§ 3. Covariant differentiation with respect to the quasi-connection.
Let us consider a bundle B2 of (p, ¢) tensors on M and the bundle J*(57)
which is the space of 1-jets of the local sections in B ([13], [17]). The
cross-section in [3(B2) is said to be a (p, ¢) extensor on M. An clement T
of JY{B%) has the coordinates
o 1
(T, %0 15 s

in a local chart (L, x%) of M.

In this scction we shall consider only cases when (p.¢) is equal to
(1,0} and (I,1}. The theory of covariant differentiation of extensors can
Le given in the general case but it is outside of our considerations. Let ¢
e the quasi-connection given by (Cj, @, ®jn). Then we can define the
covariant differentials for X e Jy{Bl)=/Jy(TM) and Z=fY(B}) with the

[N}

coordinates X =(af, a%;) and £ ={z}, z}.4) by

(31.1) Vi, ah) 1 =(CPafe + 10y, CFalpa + %W — Dlealy + Qo x®),

V25, Z51) = (Co 280 + 52 —V4aZf, C3Z61a + V50280~
2519, — Z5,40% + 23050 = ZePjar).

Theorem 6. Let @ be the quasi-connection on manifold M. Then for any
cxlensors X € JUT M) and Y € JYBY) expressions V(X' X' ;) and V,(Yq, Yg,)
ave the coordinates of extensors belonging to J{TM)@TM" and j}(BI)@TM".
respectively.

The proof can be obtained by straightforward but tedious checking
of the transformation rule of the covariant differential, and is ommited here.

If the tensor C has the maximal rank on M then the quasi-connection
reduces to the Oproiu conncction (27) and the formulas (31.1) and (31.2)
give covariant differential V,=C-}V, with respect to the Oproiu con-
nection.

V. Oproiu [17] derived only the covariant derivative of ele
ments of JY{TM) ie. we have

(32) V(' ') = (5 + 2T, 2% + 2740 = Theas + T x?).

Using the method given in [21], onc can obtain the covariant differentiais
of arbitrary extencor with respect to Oproiu conrection (I, ). For
example the covariant differential of {I.1} extensor with local coordinates
(Xg, X§1) is given by

VX35, X5.1) =(X5s + D5 X5 -5 Xi, Xoay+ 15X~
— X5 T4~ X5 D% + D5 XG ~ XiT5a).

~§ 4. Induced quasi-connection. Let M and N be the manifolds,
dim M =#, dim N =m, m<n and the manifold N is immersed in manifold
M. That is, we have the pair (N, F), I : N —-M where rank F, =m. In this

(31.2)

(33)
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soction the indices a, b ,... run over the range [ ....# the indices 4,7 ,.... the
range 1 .,...,m and the indices s, ¢ ..., the range T ol R n.

Let (U, ) and (V, ) be the coordinate neighbourhoods of pomnts
yeN and F(y)=M, respectively, Then we define f*{(x) 1 =¢° of oo '(x).
et be given a vector v = ei(t) € T,N @(0)=y and a vector ficld ¢ such
that B(y) =v. Then V =30 e J}{TN) with the local coordinates ¥V =(o*, ¢ )
We shall compute the exvector on M which is determined by the exvector
V on N:if %: K—N, v=j then Fo: K—M determines the vector
jaF ot with the coordinates #°. In such a case we have
(34) wi= Ll geoFon(t) =/

dtito

Differentiating the above relation (34). we obtain:
(35) 0wy [ =fhvt + S0

In order to induce the quasi-connection, we aeed the concept of the pro-
jection of cxtensor and covectors from M to N. We assume that manifold
M is framed, i.e. therc exist exvectors #®, w4 [}(TN)}, which together
with f¢, f¢, form the basis of JHTM). Exvectors of the dual basis are uni-

quely determined frem the {ollowing conditions :
GoJio) - Ur fe =330, (n2.mia) - (f.020 =(0.0)
D RCHENEICE 0y, (o, b o) - (05 WEe) = (3%, 0.

Now we can project the exvector along the spacc spanned on exvectors
(ne, n5.) = J(TH). Given a covector ., then its projection on N, is ex-
pressed by

{37) v;=Xg f} -

Given a vector ), then its projection depends on framing (n%, n5.) and is
expressed by

(38) v=yvfi.

In order to obtain the projection of a exvector we differentiate both sides
of identity (38)

(36}

Jf.=y".af£;i" 2 fio fE-
Taking into account {36), we have
(39) Vemy i -y Tfix L
Summing up, the projection of extensor (X3, X2 ) e JH{TMY®TM" is
given by
(40) (6 ) =(rs o, b0 SLIETE — A8 L2k SETR).

Theorem 7. If ¢=(C5, 8., Dhea) 15 @ quasi-connection on the manifold

M, then there cxists the umigie quasi-conneckion (CY, ix, Yint) snduced ¢ on

11 QUAST-CONNECTIONS TN THE SEMIHOLONOMIC FRAME BUNDLE H07

the framed manifold N immersed tn M. This guasi-conmection is given by
(41.1) Ci=fICe i,
(41.2) W= Cfo 72+ 0% R fiS2
ay = CLf8nJa 0% [ fi e = CR IS S S S =Vl fES2 S i fi
—CL o T Ja =V RS ST+ VRa RS S

Proof. Given a exvector field (v, % TN i
e tor , 1% 5} = JHTN) let us extend 1t reg
larly to the extensor field (v/, #};) on M. In suchja (casc)wc have e

(42.1) s

=1* 1,
(42.2) vy =ut S e —fos 1B i

Let be given the covariant differential

(43) Vo(1®, 9%) =(Ci1% + D507, Cvlne + D50 —Dgprte + @502,

faking into account (40), the projection of the covariant differential {43)
is given hy ‘

{44) V(o' ) =1V T Vela S5 ST =Vt fiTE S J2)-
Let us censider the first term in the formula {44)
(49) SV fa=3C5 0 i + 105 o

Then from (42) we find
Uy = [V = FIC Sty 4 SIS S0 i + 0TS =

=Coal, + (CUfip i + @3 1 Ji S} =3ty + 07 -
Hence we have
Up=Cifpa i+ 00 fP 312 -
'zli'lr':fl l:zzcao-fz)o'ft(;;:;)wié sollr)r:g?.; If we take account of the sccond term of (44)
Veafofefi— Vo f3f2 fon fo= V by = C20thp + 9507 — $5evly + 9inet” -

It is easily seen that, the term at v is equal to the right side of (41.3).

1 Corollaries. 1. If ({3, f2,) are the transition functions of the bundle
M, then the formulas (41) are just the transformation rule of the quasi-
connection.

2. If rank C =dim M then there exists the uni uc i

‘ ‘ que Oproiu connecti
(T4, T&y) induced from the connection (27) on the franr;cd manifold 0{1
immersed in M. This is given by

(46.1) 0o =f2, 2+ T f4 12 fe.
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Do =fsmf2=Vos L S = fia B Fs fE Vo L L1003 =
—fiafsfe fE=Fa e i S fa + Do [ 10 S0 12

Proposition 8. 11 (C}, ¥, M) 1s the quasi-connection on the manifold
M and (C% U, Yw) Is the induced quasi-connection on the framed sub-
manifold NCA, then the covariant differential of (1.1) mixed extensor
ts given by

V15 18,) = (20, + OBt fi — Yty CREpp + Pt fi—

— By s~ URte o + Pt S £ — VRul5)

The proof can be obtained by straightforward but tedius checking

of the transformation rule of the covariant differential.
Analogously the general case is outside of our considerations.

(16.2)

(47)

§ 5. The differential invariants of the quasi-connection. All conside-
rations of this section are in the fixed coordinate neighbourhood (U, %) of M.

a) Naive invariants. We shall give a fcw tensors naturally determined
by the quasi-connection ¢=(Cj, ®}, D).

(48.1) w0 are the coordinates of (1,2)-tensor, [24]

(48.2) 4O W are the coordinates of (1,3)-tensor,

(48.3) ChChip — D%y Ch are the coordinates of (1,2)-tensor, [24]
W being a {r, s)-tensor. #» 1 such that

(48.4) wyterheach =0,

then S

{48.5) lV}'l'_'.'_;‘:"“'""'1(1>3. arc the coordinates of (7, s +1)-tensor, [24]

I being a (r,s)-tensor, #>1 such that the condition (48.4) and

IVE-‘I";':i'+1""’ 19k, =0, are satisfied, then
{18.6) W;',__ij’:i"l"'i"ld)f}u are the coordinates of {r,s+2)-tensor,
(48.7) ®juy are the coordinates of (1,3)-tensor
(48.8) ®%,,, +C%yy are the coordinates of (1,2)-tensor.

b) Torsion tensors and curvature extensors. We shall give the classi-
cal theorem of Frobenius in the following form.

Proposition 9. C being an arbitrary tensor of type (1,1) such that rank C =
=m on M, the distribution im C is inlegrable iff there exist a family of func-
tions Wy such that ) )

CuCha=MuCh
in (U, 2%).
Y. Ch-Wong proved in [24]

13 QUASI-CONNECTIONS [N THE SEMIHOLONOMIC FRAME BUNDLE g

Proposition 10. Lef C and S be (V1) and (1.2) fensors. respectively
and rank C =const on M. If there exist a Samily of function Oy such that CyUg, =
=83, then there exists globalv a (1.2) tensor T such that C TR =S¢ 15 satisficd.

Corollary [24]. /f o is the quasi-connection. tank C=const =m and
distribution im C is infegrable. then there cxists (1 2) densor T oswuch that the

Jollowing condiltion is sulisficd
('19) T;:;C;l = ((i;&-;] — }::n:g) C;, .

Definition. o tensor 1 is said to be a forsion fensor of quasi-conmnection
1f the condition (49) is satisfied. Let be given a quasi-conncction 2 =(C5 0},
@) and denote by (RYy, Ny) the following expressions

{50.1) Ry = Chlja =D Pha — O Pey + Ta®s;
e L . ﬂ : . . iy i
(5(}'2) ]\;:,r:f.l -_C‘?J(h;]pﬂﬂ ~{ [}'I](D::l.pr —(D“U qu)}]ﬂr "(D‘;i r|(b;1m _(pn[f z?fl(b‘rla + 1 J'I(D-:p-'-

et L2 denote the vector bundle with fibre the Lic algebra L2 of ihe
group L2, associated with the principal bundle #23.

Theorem 11. If ¢ is the quasi-connection, rank C =m and distribution
im C is integrable, then for an arbitrary tensor T of the cxpressions (30.1)
and (50.2) are the coordinates of exlensor ReLI@ATPM .

The proof is ommitted here, because it can be obtained by straight-
forward but tedious checking of the transformation rule of (50.1) and {(50.2).

Definition. An extensor R with coordinates (Riy, Ria) 1s said lo be
a curvailure extensor of quasi-connection .

Taking into account (23), we obtain the following geometric inter-
pretation of curvature extensor R.

_Theorem 12. A mecessary and sufficient condition for the distribution
Lin(E,) to be integrable 1s that there exists an extensor R with the vanishing
coordsnates among all curvature extensors of 9.

Proof. Let the distribution Lin(E;) be integrable i.e.

(51) (E;, Evi=2hE.

Taking into account (30) we have

(52.1) CHChyi — OhnCi =2 C5

(52.2) C% D10 — Do Phs — Vg Phia = K Pl

i i i a i o i st
(52.3)  Co%Dhoma = D% P — 0% @har — P%inPhipe —Plaien Phie =75 Pinr

where .
I 1= R T TRAL
Thus taking account of (52.1), it follows from Propesition 10, that there
exists a tensor T' such that
(53) ChChas — Ot Ci= — TCe

Hence
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=, i ' a i i tH i
(.\4.1 | (e t‘l)z;;',n _(ha[i,'l](b'aj —ip [L|j;(hua + ‘rkl(])z;‘ 5 0'
. { i 0 i Y i Ty —
(942) CoWp e — 4% 500 = P4 Plier — 0% O e =B Pl + T3Pk =0

i the coordinates (Riu. fjua) of a curvature extensor are vanishing
{or some torsion tensor /. then from (29.1) we have

(£, Exl=-ThE:.
Now, we shall involve the Nijenhuis tensor of the tensor G
{55.1) NN, V) =[CX, CYT1-C(X, CY] —C{CX, Y1+ X, Y,
with the ccordinates
(55.2) Ny =C%Che =ChnCl -
let K, te the following set
K.:={PeTMRATM"; iml’=kerC}.

Theorem 13. Frerv skew-syvmmietvic {ensor T with the coordinates

o ‘a od i M
(Sﬁ] Iz: =‘DTH) +C 131 Spr T L
15 forsion tensor of the quasi-connection o iff the tensor S salisfics the condilion
57y N =54C .

and tensor P ek, . ‘ o
Proof. Given a torsion tensor T of the quasi-connection o, 1t satisfies
the condition
(58) T8CL =0%4Ch — ChCla -
Subtituting the cquation (36) in (38). we obtain
DunCa +CwnCh —StCi + PLCy =04 Ch —C%Clhya -
and hence Ni; =S4Ch and P =K.
Conversely, if (58) is satisfied, we have
(39.1) (T = Oy —Clan) Ca=~Nia
since the right side of (59.1) does not depend on %, therefore T4 should
have the form
(59.2) T =0%n + Wi
where W, obeys such a transformation rule, that ®%,;, + W4 arc just the

coordinate of some tensor. It is easily seen that We, obeys the same trans-
formation rule as Cfyy therefore we have:

(I’sz "'C“[km) Cf: = “N;et = _SEIC:

and in the sequel
(Wi —Chm +S5) Ca=0.

15 QUASI-CONNECTIONS IN THE SEMUOLONOMIC FRAME BUNDLE Al

Henee B8 —Chyn + 5% are the coordinates of the tensor '« L. Finally,
we have
Per=W3 —=Cluy + 5% .

Suming up. the coordinates of the tensor 77 oare given by e
Pa=0% +Clyny — St + i

We shall now recall the Rao-Mitra’s theorem which will T used
here.

Theorem 14. ({191). [131). Lef A be an arbitrary malrix and A~ a mairix
such that Ad-A =A, A sceessary and sufficient condition for the eguation
{60) Adx=y

to be consstent is 44 -v = v. Then all solutions of the vqualinn (60) are ziven by
: x=A"y (I —A"A)z,

where = is an arbitrary vector belonging lo the range of A.

Corollary (Obata’s theorem). A betng a projeclion operalor. a necissary
and sufficient condition for the cquation (60) to be consistent is Ay =y, then
all solutions of the equaiion (60} are given by

x=y+{I—4)

By Rao-Mitra's thcorem and Theorem 13, we can propose a following
simple classification of manifolds with a quasi-conncction :
tvpe o — when Ny, =0 {cf 1121}
tvpe 3 — when the Nijenhuis tensor Ny, is a priori given in the form
.’\"_iu =Sg.1C;.
tvpe v, — when the tensor € is the projection operator {ie. C*=() an
the distribution im C is integrable ;
fvpe vy, — when there is given a tensor C, suh that CCC =C and the dis-
tribution im C is integrable.

We can give all torsion tensors and curvature extensors in alt above
cascs, but we shall present all these ones only for a space of type .. Thus
by virtue of Theorems 14 and 13 we have

T2, =%y + Coun — NGCl + By — BRCICE .
Rl =C%Dhy50 — D% @l + Con®h; — NoCAB}; — B3, — BLCIPLLT
{01) R =C®sie — D35 Phar = P4nrPhips — Dsizr Phia +ChiinPape —

1a by g Ty a bredyi
— NG C Py g — B P pr — chacb g

epr -

where B is an arbitrary skew-symmetric tensor.

¢} The structure equations of a quasi-connection. In order to present
the structure equations of a quasi-connection, we should give an exterior
differentiation on a manifold of an arbitrary type =, B, v, or y.. We shall
introduce it only for smooth functions, !-forms and 2-forms.
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1=

i-.:

I f is an arbitrarv smooth function on M. o —u I-form and ¥ a
2-form. then we put

{62.1) 8. [ =7CE fy. YA 1)0.
i
[62.2) SN, V) =3y oY) -3y w(.Y) —o,(f\ CY]+iCN. Y]=
—CIN. Y1+ S(X.Y) - PN Y))
SOUN. Y. 2) =84}, 2Z) =3 QN Z) 30X, Yy =Y. CY]+(CX.Y]—
H[N.CZT+[CX, Z] - -C[X, 2]+

—CIXN,Y +S{X.Y)-P(X,Y), Z)
(623)  +S(X,2)—P(X,2),Y) -V, CZ1+(CY,Z)-C[Y, Z]+
+S(Y.Z)-P(Y, 2), X)
where X, Y, Z are the local vector ficlds on A
By the very definition of K. and (57) we obtain casiiy, that 83 =0.

Let be given a quasi-connection ¢ = (C3, ., BYy,y). \We put wb i =0} dat
wip: =®idat. By the definition of torsion tenem curvature extensor and

{62) we obtain
Theorem 15. I/ o is the quasi-connection on M. then the following

structure equaiions

L]

S(dx') + o A dat = % Thdxd pda*,

. . "
(63) Joi +awl o= p Rippda® pdxm,

i i i 3 3 4 .
Swi +of A @l + ol Ao} +oj Ao = o pldd! X7

are valid.
If we denote by QF, €, Qi the right hand members of (63), then dif-
ferentiating the structure equations (63), we obtain the Bianchi identities

SQ — =0f p ot —wh A QF; 3 =4 A o — ok p S ;
SQy = A @ —wje A Qp — il A QY ~ e S + O b + O ek

d) The curvature of the distribution of a quasi-connection. In this
section the indices a, b, ¢ ,... run over the range 1 ..., 7 the indices 7,7, k ..
under 1,...,n and the indices A, B, C ,... under m+1 1. We con51der
the \,ector f:elds E,, (23). As was seen by the corollary (26 2), the number
of the linearly independent vector fields is equal to m =rank C. We may
assume, without loss of generality, that the matrix Cj is non- -singular. Let

-1

ns consider the matrix A'=[g ”} and the vector fields

(64)

T T -1 i a kI 0 gy 0
(65) F;:=Lx7% =C56—x‘ — %p %P *;; — %Wl Py —19:‘1’:::8

17 QUASI-CONNECTIONS IN THE SEMIHOLONOMIC FRAME BUNDLE 31

[et Gy:=F, A} Then G, has the form

) . ! a a .9
(66.1) Gy = AYCE — —x A"(D,‘,.———-— — 2t Al — k0, —
dy’ x4 N, aat,
or
p d 0 0 . ¢ ¢
; - koA, :
(66.2) Gy = T +HJ—A —ak z'm-'—_.‘ "‘-\p-\ubf'n-t—“’l — Mhe —
ox dx dx}, 1y, d ¥
where
Fag
i g4
Cidd = 4
By
and

Ghp t= A0, G = A0,
moreover the G, form a sct of 1incarl§:_indepencicxlt vector lields of LinlE )
which is transversal to the fibres of PP2A{. Consider the dual Plaff system
(67) ot =dxt — Bada®, b =dx}+5hdrt,
wie =daly + vialdbnd 2 + xidnd b

{hat is ker w =Lin (G,). The forms o' measure the deviation of the quasi-
connection from the Oproiu connection.

In order to calculate the curvature of {67). we shall bricfly recall the
general method (cf. [7], [18], [14]).

Given a submersion = : Y »X, the &', 3, 4,7 ... e P
=1,...,m denote some local {ibre coordinates on Y. “herc, rn=dim X,
m=dim Y ~n.

Consider the subspace of 7,Y given by

(68) w=dy* —Fx, y) ds' =0.

Let I'Y denotes the bundle of all vertical tangent vectors of Y. Then we

define the curvature Q of the system (68) by

QN kerw-VY

Q = (F3, +FeFg)dx  AdX',

Coming back to our consideration, we calculate the forms for the system (67)
Q" =(B#. + B?Bglp) dx® pdx”,
Qf = 5§ (Yo —dhphe) d” A dx,

iy = xbxd (Ghonge = Vierkds) dx® A dx + e (Yhee = Plbir) da® ndx’

We have from the above construction and Theorem of Frobenius (i.c. third
form in [14} p. 120).

Theorem 16. The system (67) is integrable iff the jorms Q4 Q5 O
vanish for wveclors belonging to Lin (G,).

It is easily secen that the distribution Lin () satisfies the definition
of a partial connection (cf. [5)). Then we would use the theory of foliated

(69)

{70)
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Bundies amd their eharacteristic elasses in the investigations of the (uasi-
connections. but it is outside of our present considerations,

6. Examples and final remarks 1) Givena space M of tvpe 2 with
P =0, and a quasi-connection {(Ch @) in the bundle of Jincar frames OO
the torsion tensor is given by 75 =03, 3 Cluy. Lot (M g hea Ricmannian
manifold. B

Definition. A guasi-counection V is said (o be Kicimanntan if the follo-
wing condiiions hold
{71) BN, Y)=g(Vo N V) (N VY)Y =10.
In 127 we have proved that such the connection is given by
172} by, = : 2O e + 8 —Ciet + 8t Clrn +rai Clig +gul(:u|.'.‘if1)-

L In this seetion we shall give an example of quassi-connection
induced on hvpersurfaces in Euclidean space E™L

Wo follow notations of §4, he. a, b, =1, .., n+1, ik =0
Let €F be an arbitrary singolar 2 +1>n +1 matrix. Consider the quasi-
connection CF A% =0, §4=0 on the trivial enveloping manifold M =FE".
Consider an orientable hvpersurface S and et f1 K= B-SCE™! be a
coordinate patch. : _

If /%, denote the basis of tangent planc to § then unique vector ficld
m® perpendicular to Lin (%) gives the framing of 5. _ '

Thoerem 17. If 2=(Ci. ¥). Mie} s the abore nientioned quasi-con-
nection on E™. then there exist the unigue gudsi-copnection (C3. %y, ©F5)
indiced by p on the naturally framed hvpersurface S in E™ This quusi-
conneclion is giuen hy
'L_‘S) C; = jb - gfazi~ d)}’:i =C£{T:r} (i)f:u' =C‘£‘( {:1»] i ff,rr_: ::5})
where 12,4 denote the Christoffel symbols of 5.

Liry QUL SO
Proof. The scalar product on S is given by

(74} 2o = g} FATRATR
Taking into account (36.1). (36.2) and (74), we oltain
(75) Ji=g" It
Thus by virtue of (41.2) and (75) we have
O =Ch X flg™
Using the fact, that f2;=/f% wc obtain

Vo= —Clg 5, (afE+hiu ) =

@

Cig™ Y, S/ =R St

ol -

{76) (P D= fid = %Cfg”"(gu:, + ki - g, (ff S+ el =

Cig"™ (gan; +&mie —8um) =Ci{ls}.

o | —

-
oo

1G GUASI-CONNECTIONS IN ‘I'HE SEMIHOLONOMIC FRAME BUNDLE

We have from (41.3)
nor py ‘p T n 0 = »
(l".-ij { ;:f_l':_l:,[l_ff: _( i-_lf:b_pjrb N If.rj_lr; —C;.' j;,’}’_]h_/l’jf_/f: S
Taking account of (76) and the fact that £, =/, we oblain

(77) (I)J:r'j =(-.ﬂ-({:p-l i l[a'l.;v' ]‘Irr: .

It is ranarkable that the expression {5}, — 4, 16,1 is the prolongation
of the connection 40,0 in the sense of Oproiu {17 .

¢y In (13, we considered the problem of existence of @ quasi-connec-
tion in the parabolic Podkowvrin space.

d) A, J.o A Morgan has applied the Oproiu’s results (ef. 111 m
the theorctical mechantes. We see the possibility of simitar applicat:ons
of the present paper.
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APPLICATIONS QUASI-CONFORMES SUR DES PRODUITS
FINIS IVESPACES NORMES
PAR

SILVIU CRACIUNAS

Dans cet ouvrage, on établit, & partir d’un #-uple d’homéomorphismes
sur des espaces normés réels quelques résultats concernant la liaison entre
fa quasi-conformité des applications composantes dans le sens de la défi-
nition métrique et de la définition avec des dérivées scalaires) et la quasi-
conformité de l'application produit.

"
Sotent E,. i=1. n des espaces normés réels ct £ =[] E, I'espace

=1
produit sur lequel on considére la norme définic par
xeEk- || xll=max || x| on v,k et x={(x,.. x,)
1ign

s

et ol pour ne pas compliquer la notation on a utilisé || §| pour toutes les
normes. Sur I dans la topologie produit compatible avec la norme intro-
duite, on peut considérer comme une base, les ensembles ouverts, dela forme

D=1l p, on D¢ sont des ensembles ouverts de I
i=1

On note aussi

f: D=1l D,-p =11 pr

i=1 fe=1
Fapplication définie par

x €D flx)=(f(x1) ..., fol %)),
odt f,: Dy~D] est un homéomorphisme de Vouvert D;<E; sur l'ouvert
D{eE, (i=1, n). Il est aisé de voir:
Proposition 1. L’application

f: D=11D,~ D =I1D;
K=l i=1
est un homéomorphisme sur D.

Soit maintenant 1'application f de la proposition précédente ; on
considére la dilatation locale linéaire et les dérivées scalaires définies
respectivement par les relations

§ — Matematica



