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1. Introduction. Let M he a "2n 4 1)-dimensional almost contact
metric manifold. We denote by (9, £, %, g} the almost contact metrie struc-

turc on 'I[ where o is a tensor ficld of ty pe {1, 1) on YR £ 15 a vector ficld

n is a 1-form and g is the Riemannian metric on 3/. As it is known, these
tensor fields are rclated hv

{1.1) 22X = =Y+ 9(X)3; 02=0; n(»X)=0; n(%) -1 and
(1.2) 2o X, oY) =g(X, V) —0(Y)n(X),
for all vector fields X, Y tangent to Af.
When 7 catisfies
(1.3) (Tx)Y =g(X, ¥)i—n(Y)X

for all X, Y tangent to M, where 7 is the Riemannian connection on M, we
say that A7 is a Sasakian manifold. Also, from (1.3) we have

(1.4} 7 xE=—9X for any X tangent to ).

Now, let 3/ be an m-dimensional Riemannian manifold isometrically

immersed in M and supposc the structure vector field % is tangent to .
For cach vector ficld X tangent to M we put

(1.5) o X =bX+cX,

where bX is the tangential part of 2X and ¢X is the normal part of A

Definition. The submanifold A is called an almost semi-invariant
submanifold of M if its tangent bundle TM has the decomposition TM =
=D@® D@D ® () where:

(1) {&} 1s the distribution spanned on M by the vector ficld g,

(i) Dis an invariant distribution on M, that is, (D.) =D, for each x = M

(iii) DL is an anti-invariant distribution on M, that is, P(DYC T M
Jor any xe M, where T, ML is the space normal to M in x,

(iv) D is nesther an invariant nor an anbi-invariant distribution on
M that is, bX,#0 and ¢X,#0 for each xeM and X, <D,
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Then, there exist the following particular cascs of alimost semi-invariant
submanifolds : B

1. semi-invariant submantfolds when D={0}, 2]

2. invariant submanifolds when D=Di={0}, r4].

3 ambi-invariant swbmanifolids when D=D={0} [5].

4. almost snvariant submanifolds when DL={0}, [1].

S almost anti-tnvariant submanifolds when D:={0}, [1].

6. psendo-tnvariant submantfolds when D=D1={0}, [1].

Fundamental propertics of almost semi-invariant submanifelds in

a Sasakian manifold have been obtained in [1] and [0].
The purpose of the present paper is to obtain some results on the

almost semi-invariant submanifolds in a Sasakian spacc form.

2. Preliminaries. Lct 37 be an almost semi-invariant submanifold
in a Sasakian manifold ¥1. We denote by g both Ricmannian metrics on
Af and M. The projection morphisms of TM to the distributions D, D1 and
D are denoted respectively by P, Q) and L.

For any vector bundle H on M we denote by I'(ZI) the module of
all differentiable scctions of I{. Then, for each X e (TM) we have

(2.1) X-PX+0X+LX+4(X)E where 7(X)=g(X, &).

We take X = I‘(I':P) and note that 6X#0 and cX#0. Thus ¢ defines a vector
subbundle ¢ : ¥ ~cl), of T, 271

For any N eI(T3ML) we put
(2.2) o N =tN+fN,
where tN and fV are the tangential and normal components of oV, respecti-
vely. Then we have.
(2.3) glzDL, cD)=0.
Next, we denote by v the orthogonal complementary vector bundle to
oDi@cD on TAL Thus that the normal bundle to 3 has the decompo-
sition
(2.4) TiMl=oDI@cD&v.

Lemma 2.1, [1). The morphisms t and f satisfy
(2.5) HTMLY)=Di®D, HpDi)=D:, HeDy=D and f(cDy=cl}).

Now, we denote by ¥ the Ricmannian conncction on A with respect
{0 the metric g and by V4 the lincar connection induced by %7 on the normal
pundle TALL. Then. the Gauss and Weingarten formulas for M are given
respectively by : '
{2.6) ViV =V, Y+ (X, Y), and
(2.7) VN = — A X +VIN,
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f_or anv .\, Y & l’(T.‘U) and N = (TA1)L), where & is the second fundamental
form of M and Ay is the fundamental tensor of Weingarten with respect
to the normal section N, These tensor fields are related by

(2.8) a(h(X. ¥} N) = g(A5 XY,

for all X, Y = I(7Af) and N eT(Ti/4)
For anv .Y, Y =I(7./) we denote:

(2.9) WX Y Y= o P Y 47 b LY — A jop X — 1 X

Ther we have
Lemma 2.2. "t1. Let Al be an almost sen:t-inzariant sulmanifold of the
Sasakian marifold M. Then we have
(2.10) PN, Y) =P (vaY)—0(YIPX,
(2.11) O X, Y =0{X, V) —9[Y)QX,
{2.12) (X, V) =bL(TxY)+ LIR(X. Y)—1(Y)LX,
{2.13) (X, V) =gleX, ¢¥),

MX, 9P Y)+R(X, BLY) 4V EoQY +T4cLY g0V Y 5ol ¥
(X, Y), for all X, Y& (TM) and

(2.13) Txioe =X MX, E)=0: V. X (D), for any X =[(D),

(2.16)  Tyi=0; WY, E)=—oV¥ ; VY eI(DL), for all Y =T(DL),

(217)  V2i— —bZ; WZ. Eym=—cZ ; VeZ =T(D), for all Z<=T(D),

(2.18) V=0 h{E )=0.

(2.14)

AN

Now, suppose M (#) is a Sasakian space form of constant p-sectional
curvature £ and A7 he an almost semi-invariant submanifold of 31 (4).
The curvature tensor K of AI(k) is given by

R(x.¥)2 = "2 oy, 2)X— (X, 2V} + =l X pa2 -

@18)  _a(Vyn(2)X (N, Zpn(Y)i—g(Y, Zn(X)E+e(Z. oY )eX

—g(Z,0X)9Y +28(X, o¥)oZ},
for any XX, Y, 7 tangent to .1?(?:).
Then, the cquation of Codazzi is given by
k—1
(Dxl)(Y, Z)—(Dyh)(X, 2y = — {g(Z, bY)cX — g(Z, bX g
o v J2 (Dagh) (X, €)== {al JeX - g(Z,bX)eY 4
+20(X, Y )2},

for all X, Y, ZeT(TM), where (Dxh)(Y,Z) is defined by



8 NECULAI PAPAGHIUC 4

(2.21) (DxA)Y, £)=VL{(Y, Z)—h(VxY, Z)—h(Y,VxZ)-

3. Integrability. In this paragraph, we recall somc fundamental
results on the integrability of distributions involved in the definition of an
almost semi-invariant submanifold from {1].

Let A/ be an almost semi-invariant submanifold in the Sasakian

manifold A7.

Theorem 3.1, [1]. The distributions D, ). D®DL, Debt, D@D and
D@DLD are ncver integrable. =

Theorem 3.2, [11. {i)T e distribution D@ {E} 1s integrable if and only
if we have
(3.1) WX, oY)=h(eX,Y), for any X, ¥ = T(D).

(i} The distribution D@ {£} is.integrable and ils leaves are totally geodestc
immersed in M if and only if we have
(3.2) RX,Y)=T{v), for any X, Yel(D), and
(3.3) 7 ZeT(D1@D) for all X eT(D) and Z< (D).

Theorem 3.3, [1]. (i) The distribution D! is always inlegrable.

(i) Any leaf of distribution D1 s totally geodesic tmmersed in M if and
only if we have

(3.4) KX, bZ)+V4cZ € T(cD®v),

for all X e(DL) and ZeT(DOD®{E}).

Theoretn 3.4, [11. (i} The distribution D@ D@ £} is integrable if and
only if we have
(3.5) WY, bX)—h(X, bY)+TVLeX —VicY < McD@v),
for any X, YeT(D&D @{E)).

(il) The distribution D@®D®{E} is integrable and ils leaves are totally
geodesic immersed n M if and only if we have
(3.6) WX, bY) 4V icY = T(cDDv),

for any X, Y =T(D® D& {E}).

From Theorems 3.3 and 3.4 we have

Theorem 3.5. Let M be an almost semi-invariant submanifold of (he
Sasakian manifold AT, Then M is locally the Riemannian product M3 x M,,
where M, is a leaf of D@®D@E) and M, is a leaf of Dif and only if we have
(3.7) hX, bY)+VicY = T(cD@v)

for ail X sT(TM) and Y =T(DOD®E}).
4. Almost semi-invariant submanifolds in Sasakian space forms. Let M

be an almost semi-invariant submanifold in a Sasakian manifold M. We
assume that:

— . —y
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(4.1 )X, Z) = F(v), for all X e I'(D) and ZeT(h@Di).

Lemma 4.1. If the distribution D@ (£} is integrable and the condition
(4.1) holds, then we have

R(X, 9X : Z, 7) — gV hpX, 2) — VEMX, Z), o2) = 14 ;X1 +
—{—'ibeZlP—NbeZ,'2+2.i|X |2lcZ)j2 for all X = D) and Z =T (D@ D1y
Proof. By using the hypothesis, (2.8) and the cquation of Codazzi.
for any X, YeT(D) and Z, W eT(Di@D) we obtain
R(X,Y;Z, cW) = g(Vih(Y, 2), ¢IV) — g(VER(X, Z), ¢WV)
o(LX. YgUh(Z, 2), cW) -+l X, TxZ) =AY . VxZ).
From (2.15), we have
(4.4) (X, YY) =g(Y, 9X) —g(X, ¢¥) = —28(X, 2V)

for all X,Yel(D).
From (4.1), it follows

(4.2)

(4.3)

(4.5) AwX =T(D) for any X = (D) and W eT(D®DY).
By using (1.2). (2.6), (2.7) and (2.15) we have
(46) g(AcWYl T\-‘?XZ) '-'_g(Acl'r'Y’v.'XZ)'—': _'g(AeWY: ‘Pﬁx?z)

or anv Yel(D) and Z, We I(D@®D1). Substituting (4.4) and (4.6) in
(4.3) and taking account of (2.16) and (2.17), we obtain

ROX, Y Z, W) =g(ViH(Y, 2} =V4h(X. 2), W) +&ld oY oV 49Z) -
(A X, oV ,9Z)—2e(X, oY) (eZ, W),

for any X, YeI(D) and Z, W e D@ D4).

By using (1.5), (2.6), (2.7) and (4.5) in (4.7) we get

R(X,Y ; Z, cW)—g(Vik(Y, Z) —VLMX, Z), cW)=g(24 X T T —
(4.8) —g(qJA‘wY,beZ)—l—g(A‘wX. Aczy)_g(Ade' 4.,.X)—

— 28(X, oY)g(cZ, W),
for all X, ¥ eI(D) and Z, weT(D@Dt). Since the distribution D@ {E}
is integrable, from (4.5) and (3.1) we obtain
(4.9) 4 X =—gd X for all X (D) and W =I'(D@D!).
We take Y =¢X e I'(D) and Z==W e (D@®DL). Then from (4.8), by using
{4.9) we get
R(X, 0X ; 2,62) —g(Vih(eX, 2)~V3,MX. 2). 02) =g(pd X,V ybZ) ~
—g{A X,V bZ)+ 204 X 2K e Z i1

(4.7)

(4.10)
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On the other hand, since 4,,X and b7 ave oerthogonal, we have

804X, Voub2) = — g7, y(041 ,X), b2) == —g(57 (4,X), b2)

(.11) SVl X) 92y =g (2 X A N 140wy N, 907) = gV, 05X, 9bZ) -

<8V X, @bZ) =2V 1,0 X, 8Z)=g(14,, X, X14.T_(1,X), 82) -
=8(Tx(4,,X). 02) =gV (4, X), 17) = —g(4 X7 02)
for any X=I'(D) and Z = l‘(1)~+1)l). Substituting (4.11) in (4.10) we get
R(X,2X 7, ¢Z) —g(Vih(oX, Z)~ VI, Z), cZy=2§1 X% 4
2 X iz eZ )2 — 2¢(A X, 7 .b7),

for all X e’ 7 L NP
we hava €I'(D) and Z < I'(D4-D1). Now, from (2.10} -- (2.13) and (4.1)

(4.12)

(4.13) VybZ=4, X+t . Z forall XeT(D)and Z<= (D@ DY),
S0 by (4.12) and (4.13), we get

(4.14) VX, 90X Z, cZ)~g(Vih(pX, Z) — ViHX, Z), cZ) = 2|4 X34
T2 XL eZl2— 20V (bZ)i2+2e(b7 £,V b2Z).

From (4.13) we also have

(4.15) 14 X 15 |7 b2 + 59 2 2= 20(v b2, b7, Z).

Then (4.14) becomes (4.2) and the proof of Lemma 4.1 is complcte,

Now 7 P - '
we find ?"' suppose that M is a Sasakian space form M (k). Then, by (2.19)

(4.16) R(X,0X;2Z,cZ) =— fl | X2jicZ |2
5 :
for any X eT(D) and ZeI(D@D4).
We make the following
Definitions. An almost semi-invariant sub ] 1
‘ 1 ¥ nanifold A 3
manifold M is said to be: / e et

_ () (D, D@®Dy)-geodesic if h(X,Z) =0
rBe oy =z f R ) Jor all X< I'(D) and Z e,
((11; (DD D, Di)-geodesic if h(X, Y),0 forall X e T(D@D) and ¥ & I(D4)
N} a proper almost semi-i it ] J
i B {0}.15 b st semi-invariant submanifold if D#{0}, Di {0}
Then from (4.16) and Lemma 4.1 we obtain the following
Lemma 4.2. Let M be a (D, 5@91)-geodcsz'c almost semi-invariant

submanifold in a Sasakian spac ; < tyihaets e
integrable, then we have pace form M(R). If the distribution D@{E} i3

7 ALMOST SEMI-INVARIANT SUBMANIFOLDS [N SASAKIAN SPACE FORMS i1

E+3 . i o
(4.17) IV B2 = 4, K17 + (00,20 + == | X (212

for any X eT(D) and Z =T (D@D*).

Theorem 4.1. Let M be a (D, D@ Di)-geodesic almost semi-tnvariant
submanifold in a Sasakian space forin R (k), ket —3. If the distribulion D@{Z}
is integrablc and ils leaves ave fotally geodesic smmersed in M, then M is eilher
an invariant submanifold, or an abmost anti-tniaviant submantfold of M{R).

Proof. From (4.5) and (3.2} we have

(4.18) A_,X=0 for all X<I'(D) and ZeT(D@DY).

Then from (4.13) we obtain

(4.19) VBZ =tV Z for any X eT(D) and Z < T(D @ D4).

By using {4.18) and (4.19) in (4.17) we get
k43 .
(4.20) -——ﬂ: [Xi%eZ]|* =0

for any X €I'(D) and Z2eT(D@DY). Thus, the assertion of Theorem 4.1

follows from (4.20}. ‘
Definition. Let M be an almost semi-invarviant submantfold in a Sasakian

manifold M. We say the distribution D is D-parailel if we have

(4.21) V.Y eT(D) for all XeT(D) and y e (D).
Theorem 4.2. Let M be a (D, I-)'@Dl)—geodesfc almost semi-invariant
submanifold in a Sasakian space form M{E), k#—3. If the distribulton D@ {&}
is integrable and the distribulion D z's-D—pczmllel.then we have etther M 4s an
almost anti-tnvariant submanifold of M(k), or M is a semi-tnvariant submani-
fold of M(k). If M is a proper semi-invariant submanifold ihat is, D+# {0}
and Ijl;é{O}, then we have h<—23.
Proof. From (4.5), (4.13) and (4.21) we obtain

(422) A4,X=0 and V,bY=08V,Y for all X<I(D) and ¥ «l'(D)
and

(423} A_,X=—b7,Z and V bZ=0 for all X e (D) and Z € T(D4).

Then (4.17) becomes

{4.24) k—;‘-—z’-||X|]2]|cY|[==0 for any X eT(D) and Yy =1'(D)

and respectively

(4.25) 204 X|"+ ’flzté IX|[* cZ||*=0 for all X & F(D) and Z = I(D¥).
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Since & =£- 3, from (4.24) itfollows either [[X|l:==0 for cach X =7 (D), that
is, M is an almost anti-invariant submanifold of _-i'[(k), or )i ¢Yij=0 lor all
Y e (D), that is, M is a semi-invariant submanifold of AT(k). Also, if Al
is a proper semi-invariant submanifold of J7(k), then (4.25) implies k<3
and the proof is complete.

Theorem 4.3. Let M be a (D, D@ DV)-geodesic almesi semi-incariani
submanifold in a Sasakian space form AT(R), k> —3. If the disiribution D
ss nonzero and D@ {5} is integrable then M is an alniost invariant subnranifold
of AT (k).

Proof. Under the hvpothesis, the equation (4.17) holds. If the distri-
bution DY#{0}, we take a nonzero vector field Z = P(1), Then 770 and
¢Z=9Z and (4.17) implics

(4.26) A, X 169 21 S22 Xz =0

for all X eI'(!)). From (4.26). it follows k< —3. This is a contradiction and
the proof is complete.

Theorem 4.4. Let M be a (D, D@ D1)-geodesic proper alnost semi-inua-
riant submanifold in R¥+1(—3). If the distribution D @ {i} is integrable
and its leaves are tolally geodesic immersed in A and the condition

(4.27) LA X+LKX,Z)=0 for all Xel(D+Dt) and Z<=1(D1)

holds, then M = M, x M, where M, is an almost in cariant swhmanifold of
R+ 3) and M, is an anti-invariant submanifold of R*"1(-— 3) such (hat
the structure vector field £ is normal {0 M,

Proof. First, from (3.2) and (4.5), it follows

(4.28) A, X=0 for all X «I(D) and Z =T(D@DL).
Then (4.13) implies
(4.29) V bZ=t7,Z for any X eT(D) and ZeT(DeDt).

Since 7(V,Z)=0 for all XeT(D) and Z= T(De DL}, from (2.16) and (4.29)
follows

(4.30) v, Zel(DY) for any X & (D @®{E}) and Z (D1
On the other hand, from (2.9), (2.10), (2.12) and (4.27) wc obtain
(4.31) WoZ=—LA4,X—LINX, £}=0

for all X e '(D@DL) and Z =T(DY). Then, from (2.15) —(2.17) and (4.31)
we get

(4.32) v, Z €MDY, for all X e T(D@DL) and Z = I(D4)
Thus, from (4.30) and (4.32) we have
(4.33) v ,Z = T(D1) for all X e(TM) and Z=T(DY),

that is, the distribution D! is parallel. From (4.33) we also have

—————

o —

—m'v-"—-
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4.34) T, ,Yel(De D@E}) for any X I(FM)and YeT(Da D {£))
that is, the distribution Deab@{i} 15 parallel too.
Now, from (4.34) and (2.14) we obtain

(4.35) WX, BY) + FLeYe= oLV Y+ fR(X, Y) = D(eD@ v)
for all X € I(TA/) and Y = T(D®D®(E}). Then, the assertion of Theorem
4.4 follows from Theorem 3.5.

Remark. By R#+1(—3) we mean the Sasakian space form with constant
p-sectional curvature A= —3 with standard Sasakian structure in the Eu
clidean space R*H(cf. [3], p. 99).

Definition. Let M be an almost semi-tniariant submanifold tn a
Sasakian manifold M. We say that the subbundle D! of TM?: is
D@ D @ {E}-parallel if we huve

(4.36) TN eD(pDY) for any X =T(D®D@®{E}) and N <T{oDy).

Lemma 4.3. Let M be a (D@Ij, I\)-geodesic almost semi-invariant
submanifold in a Sasakian manifold M. If the distribution D@DP{E} s
fntegrable and the subbundly 2DL is D@ D@ {Z}-parallel then we have

(4.37) A DX b4 _\X=O for any X e l(TAM) and Ne&[(oDi).

Droof. First, from (4.3}, it follows

(4.38) VieY s(cD@v) for all X, Y=T(D@D@E}).

Then, from (4.38) and (3.5} wc obtain

{4.39) g(h(X, bY), Ny=g(M{¥, bX), N}

for all X, Yel(TM) and N eTl{(pDt), Thus, (4.37) follows from (4.39)
by means of (2.8).

Theorem 4.5. Let M be a (D@D, Di)-geodcsic proper almost semi-
invarian! submanifold wn a Sasakian space form M(k). [f the distribuiion
I)@ﬁ@{i} is integrable and the subbundle @ Db is D@ D@ {Z)-paraliel then
we hawe k=3

DProof. By a straightforward computation, using (2.6) and (2.7), we
obtain

(4.40) V, oN=—bd X +5VLN for al YeU(D@D@{E})and N =T (pD1)
Then by using (2.21), (2.15)—(2.18) and (4.40) we gel
(4.41)  (DNY, Z)— (D)X, Z)=2g(X, bY)N —h(X, A Y)4-h(Y, b, X)
for all X, YeI(D@D®{E)) and Z=9N e (DY), N &T(pD1). Substituting
{1.41) in (2.20), we obtain

k-1

(4.42 SN, bY)N = 2g(X, bY)N — B(X, bA Y} + A(Y, b4 X)
) g ) 8 N .
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for any Y, YeP(D@D@{z)) and N<I(eht). ~
In (4.42) wo take X=0bY and taking account of (4,37} we find

E+3 .
(4.43) 244 Y|+ —j—umvux\'ue 0

for all ¥ & l’(D@D@{E,}) and N e (D). Thus, from (4.43) il resulis ks —3
and the proof is complete.

From Thcorem 4.5 we have ‘ .

Corollary 4.1. Let M be a (D(—BI.);Dl) veodesic almost semi-invariant
submanifold 1n a Sasakian space form M(k), k=-=3. If _tlre distribslion
D@ﬁ@{i} is integrable and the subbundle oDt is DGBD@ {E,}—;bamllea_?,
then we have cither M is an anfi-inveriant submanifold of M (k}, or M 1s
an almost inwvariant submanifold of M(k).

From (3.6) and Theorem 4.3 we also have

Corollary 4.2. Suppose M satisfies the conditions of Theorem 4.5. If

the leaves of distribution D& D@ {E} are tolally geodcsic tmmersed in M then
we have h=-—3.
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SUBMANIFOLDS AND A PINCHING PROBLEM ON THE SECOND
FUNDAMENTAL TENSORS
BY

TH. HASANIS

1. Introduction. M, Okumura in [5] has proved the following :
Let M be an n-dimensional (n=3), complete, connected submanifold of an
(1 -+ p)-dimensional Ricmannian wmanifold of positive constant curvalure c,
whose mean curcature vector ficld is parallel with respect to the induced con-
wection of the normal bundle. If M 1s immersed without minimal point and
Jor a real 8, 0 <8 <c, the second fundamenial tensors Aa(a==1, ..., ) satisfy
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thew M is wmbitical with respect {o the curvature noryial dirvection.

For codimension I (#--!), the present author in [37 has proved a
stronger rosult. The purpose of the present paper is to gencralize in some
sense the above result of M. Okumura.

2. Preliminariss. Let M be an n-dimensional submanifold of an (7 4-p)-
dimensional Ricinannian manifold 37 of constant curvature ¢. The Rieman-
nian conncctions of 37 and 47 are  denoted by ¢ and ¢ respectively, whereas
the connection of the nermal bundle of f in 37 is denoted by D. Let ¢, ..., &,
be mutually orthiogonal unit normal vectors at a point g of 3/ and extend
them to local ficlds in a necighborhood of ¢, Thus we have the following
cquations of Gauss and Weigarten :
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where X, V are tangent vector fields in a neighborhood of M at ¢, g the
Riemannian metric of M induced from that of M and Aa the second funda-
mental tensor with respect to es, whereas' Dyea is the normal part of Vyea

to M. The ambicnt manifold 37 being of constant curvature ¢, the curvature
tensor K and the scalar curvature R of M are respectively given by



