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ON PRODUCT OF MINIMAL DPAIRWISE HAUSDOREY
BITOPOLOGICAL SPACES
BY
M. N. MUKHERJEE

1. Introduciien. M. D. Beri {11 proved that if the non empty
product space is minimal Hausdorff, then cach component space is also
minimal Hausdorff. e left the converse of this theorem as an unsolved
one and firally Tkenaga [4] proved it. The concept of minimal pairwise
tiausdorff bitopological space was introduced by Raghavan and
Reilly [7]. In my paper {6], this concept was further studied in terms
of the noticn of pairwise almost compacinuss and pairwise H-closedness.

e purpose of this paper is to study whether the topological product
of a family of minimal pairwise Hausdorff spaces is also minimal pairwise
i12usdorff and also to study the converse problem.

2. Preliminaries. Lot {(X,. 5, <Hjx <A}, where A is an index set, be
anyv family of bitopological spaces. I X=I1X,. then two topologics on X

agA
can be consiructed in a natural way. Let <, fori=1, 2, denote the product
topology on X, gencrated by the family {{(Xa, =§):2=A}. We shall call

(X, 7, =) the product bitepological space generated by the family under

consideration and shall write == [T <} for =1,2. It is obvious that the
TEA

projection map pg: (X, 71, 75) > (Xa, 7o ) is pairwisc open and pairwise

continuous i.c., p, (X, =) = (X4, i) is open and continuous, for all a=A

and =1, 2.

In what follows we shall state a few definitions and theorems which
will be used in the sequel.

Defini‘ion 2.1. [Kelly {3]] 4 bitopological (X, =\, =) is said to be pairwise
Havsdeff if for any two distinct potnts x, vin X, there exist a T open neighbonr-
hood V. of x and a =, — open neighbourkood V, of v. so that V. .nV,={.

Definition 2.2. [Mukherice (6]] In u bitopological space (X, 7., ) @
fitter I 4s called a =, open filler {for i=1,72) if I has a base consisting of <
open scls.

Definition 2.3. [Mukherjec [6]] A bitopological space (X, 7, w) 15
said o be =, aliost compact with respect to <, for 1, j=1,2 and 1#7, if every
=, open filter has a < cluster peint. The space (X, =, 7,) will be called pairwise
alviost compact if it is ©, aliwost compact with respectto = and =, almest compact
with respect to 1.

In my paper (6], the following theorem was established.
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Theorem 2.4. In a bitopological space (X, =, 7,} the Jollowing statements
are cqusvalent :

(@) (X, t1, %) 15 pasrwise alniost compact.
(b) of € is a system of <, open sels, having finite intersection property
then
n{cise=@i# ¥, for 4,j=1,2: i#j.
() If X=UG,, where each G,(o. € A) is a v, open sel, there 1s a finite sub
€A f D ——
collection {Gy,, Guyr ..., Gap} 0f {Go i € A) such that X - gLG'”T"
=

(d) Every vy uilra open filter is convergent in (X, 1,), where i,5=1, 2
and 147,

The following definition and characterization theorem for minimal
pairwise Hausdorff spaces were given by Roghavan and Reilly [7].

Definition 2.5. A bitopological space (X, 1, =) is said lo be minimal
pairuise Hausdorff if it is pairwise Hansdorff and if (X, &,, ) is pairwise
Hausdorff with §,C «, and $,C =y, then by==, and Vs =Ty

Theorem 2.6. A pairwise Hausdorff space (X, ., ) is minimal pairwise
Hausdorff if and only if ecery =, open filterbase on X with a unique t; adhe-
rent poinl pis v, convergent lo p, wheve ¢, 5 —1,2; |+ 7.

In my paper (67, the following theerem was established

Theorem 27, If (X, =, w,) is mintmal pairwise Hausdorff, then X is

either ©, almost compact with respect to v, or 1, almost compact with respect
to 7,

3. Product of Minimal Pairwise Hausdorff Spaces. In what follows,
unless otherwise stated, {(Xo, =t %) :a=A] shall denote an arbitrary
family of bitopological spaces and by (X, ©,, =,) we shall mean the pro-
duct bitopological space.

Proposition 3.1. (X, ), w) #s puirwise Hausdorff if and only if (X,,
Tar Ta) 45 pairwise Hausdorff, for each a =A. For preof see {2], 18].

Theorein 3.2. If the product space (X, =), x,) is minimal pairwise Hausdo-
rff, then each factor space-(X,, =2, 2) 15 also so, where o € A.

DProof. If possible, let (Xay, =z, %) be not minimal pairwise Hausdorff
for some o, SA.

Then there ¢xists a pair of topologies q;;o, ¢z, on X, such that e, C 1}0'
$e,C T2y (Xay -.];;0, ¢%,) is pairwise Hausdorff and either e, # 74, OT UHE
For definiteness, let ¢; C <1, Then there exists s €=, such that Ve, & Yayr
consider the product space of the family {(X,, <}, <2):xe A, a#eop U {Xa
4;3,0, L,’J:o)} and call it (X, ¢, ¢,). Since (X, 1, 72) Is pairwise Hausdorff, by
proposition 3.1, (X, 1}, t2)is so, for each « € A and also (Xag ngo,z;;,’o)is
pairwise Hausdorf{f. Hence again by proposition 3.1, it follows that (X,
$y, ¢y) is pairwise Hausdorff. It is obvious that v, C1 and ¢,C1,. Now,
V=pt (Vi) but V&g, Tor, if Ve ¢,. then Pa (V) = Pa (7 (Ve )=
= Vc". Et:J;'WhiCh is not the case. ¢,¢71.Ti=us(X,¢,,¢,) is a pairwise Hausdorff

3

bitopological space such that v,
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C = by C=p. This contradicts the mini-

ality: of the pairwi: o Hausdor{f space (X, =, %) and the 1].|c-n‘u.m 1:,.11,1.0& ed.
e ‘\\\'t no\.v l”i\'c an exawmple which will decisively catabilish that the con-
c : * : I e =AY o ‘
verae of the above theorem 1s, 1n ceneral, not nue. _ 1
| E mole 3.3. Let X, be the setof all real numbers and ¥, (l(fn(:tc the
u o ) - i i N 3 N 2 cve ¥ gl — -
¢ oof ff]l non-negative renls, Consider the bitopologie al spaces (}IE t,)
= LdO(Y( W ) where =, = denote respectively the diserete and  cofinite
an PR ITR g 5 PR

topologies on Xy ;e 15 1he usual topology on Y, and g, on 17, is given Ly
OPOIoEICS Nooove

Lo e u{Fu(y, )y eY, Ime 4,

.‘Jl . v
Raghavan and Reilly (7] proved that (X1 71 72) 18 mmmlml]patlrwllfc
o l-‘ff and Fleteher, Hovle Patty !3] showed that ( “f
}'IMFLOT ll!u\\i%c Havsdorff and pairwise compact. Then by a result o
5o d) is pairwise Hauvsdorft St P S R
F{lz;jﬁ)ﬂ\':m] and Reiliv (See Theorem 2 of 171), (Y, 1, o) 15 minimal pair
ghavan ¢ A |
Hau:‘(lldmtif.\' Y, « Y, and 5, 7, respectively be the topologies on Y iqn'cr;
i . . < 5 A R : i o -
. o .-—l , 7. We shall show that (X, o1, @) 18 neither o, d'll'n];)“n
, == = 0k , Fe £ . ) . o :
by 6')3(:{"\:;{1]1 respect 1o oy DOT 7, almost compact \n@hlrc spn.cl_ -to-'?:'}lasb-
?L:?Illhoorem 3 7 it will follow that (X, 5y, 6;) is not minimal palrwise
) -—

dorfl,

- o
¥ =, open cover of X and let be any &,
Let g,--{{a,) 1 v= X} be a 7, opun cova of \{. d et @l,f R
n cover of Y, hen g =@, 15 a gy open cover OF A | possible,
S y . At r =41 . . . '
(1)[1( 4 have a finite subfamily &', the g, closures of w hose members
;;’ Then there exists a finite subcolection.

Gi— {0, (e L} (sa3) of G,
ind a finite subcollection &y of €. su-ch that @' =4, ..
Let vo= X be such that »°<-min (%1, Xau ooes Xa).

o ar = -
ihen =X, — {¥, % - X} E . ] - L
) DY - ¢, open set U, containing ¥, {¥°, »)
I e :\,1‘_' : EJ an;l(ﬂ?\}) %c p’md cTcarll{' I7 does not intersect
&I X,—{x, Xa ., W] X Uym VISAY) € Gy ARG =8 Ay allecti he o
\Azlnuflblvr zof a' l’-llcncc & cannot have a finite humoéh-lttl;nis tm()'t ;2
any 5 . - . v MO .1, 1
closures of whose members cover X. Hence, by theorem
almost compact with respect 10 6.
Again, consider any =3 Open cover :
| l : 3 =Y. Then (F, Is a g, open cover o
. : T for ve Y Then G5, R
Cform fvo- -, v+ _|nY i
of e i = 5

F, of X,, and (7, consisting of all sels

i ' over :sible, Iet
Yy, and consequently GF =GF X(Fa 15 @ 63 Oprn covel of1 Xtirg, K?blnfjtnbcl‘s
1['1'1:1\«_‘ a finite subcollection (’ such that 1}‘1(» &, (((;.’ -é,v) nember
of 7' cover X. Then there exist a finite subcollection (F (sa) 1
‘f- F3 o

s hnite subcollection

; ! ! : AY, =12 ...m; »E Y,‘ {sayv) of (F. such that
& {( PR M ’ |
FoFI X Fe

Let 1p>>2+ max (¥u e or Vo)

- slasematicd
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Then v,={ LU - .
Vy [(, v , __“o'i‘E Ny, ]Uro o) ””u (savied,.

bl

-

Now, let pe¥ P
W, aned et ¢ T any - . .
(b, vo) =G, ”/; E; : t]?‘t o I")L any T, open neighbourhood of p, the
1 1-1(: , ,.] i . but o H I does not intersect any member of F*
cover Y _m(;‘“(“il;l)({1:’”"Uf’ukﬁv‘fll‘iﬁa’ilf'li, the o, closures of whose members
-Loc onsequently A 1S not 4, almost ¢ 3 ' )
We have s el 7. almost compact with respect to s,.
paccs ntnl:u Lr{ll'\i not _shnu n t_hat_ product of minimal pairwise [}—Iau%dm-;}.
task will b: t::tf _N';En”“”’“l pamrwise Hausdor{f. In the nextstheorem our
of theorem 3 2”1‘ (‘-f‘]!gi“(? as to under what additional condition the cdm-crw
Le a 3]:‘“])(} true. For this purpose we require the foHowing .
mma 3 4. [f (X,, <L, <%) 15 ’ i
the cma o as Tas =B 15 pairuise wlmost coupact for cac =
4ild (1)\, 1 e} 18 also pairwise alniost compact pt Jorieugh « .
Yroof, Lot rzie=IFt- ’ )
filicrbase {n e (f‘{l‘ ?,j{yé)‘J T()I} it l;orv 115 some index set, be a 7, open
; - =1, 2}). For each = =, =y o e
a 7 open filterhase in (X, <L e 1(,:. iy oy (.;“ ~{pa (Fy):vell s clearly
- @ Taa Txl, S0Ce py (X, %)) = {4, 7;) is open for
(‘Y,‘;l ~2 b" a1 e
Ve (say) ;Xa- f?))r ;.u_]f;_;lm;x wise .}l]n‘osl compact, (7% has u <{ adherent point
Weo Qh:\‘- N A=1,2,1#7 Consider the point x=(r,) = X.
Let ¥ bo g - that v is a =, cluster point of (F!,
= open neighbourhood of v in (X, <, =) und let 1 == X, exeept
1 o UD

for the indic - e 5
05 2y oa, o, o, €A, Then Vo= po, (1) 15 a2 = neighbourhood of

g, in {. -1 .
tr;ru} t(;f} ae Tan) fOr k=12, 4474 j=1,2.1f F'e @ be arbi-
Ty, en po (Y ¥y, # ©, for k=1, 2,: ..., n, since x,, is a 3 ad
point of (7% and Fi i e Yay 1S & Tg adherent
P of T anc Pa, (FY) = Ifa'k (sax) =(Fi,. Then clearly VN Ff #@. This
— ‘each( m(l‘d(]h *.—i”c)pen l:cxg}1b011r11ood of x has non-null intersection
proving that 1\13)91 *of gzt Consequently ‘F* has x as a 7, cluster point
'Ié"'h (N, 71, =) is pairwise alimost compact. ‘ P '
and mz’;z;?ff;n;bi:rs-;ng ?Icgl?,,f;gg; P ‘}f"’ (Xa, ‘{i. ';E) is pairwise almost compact
e ma wise ¢ , Where o =A, then the product s, X
T) 1S mdndimal paire - e e
Tomma 5.4) parrwise Hausdorff (and also pairwise almost compact by
p he o i
peint x:?f{;-")l('g}?;labg ‘013—., open filter base having a unique r,-adherent
D hereny S <X) nd &, be a 7, open filterbase having the same unique
Then by H]I;(:imz 2\2 eifhal'lushfow that B, is = convergent to &° for i:? 2
Hoon gk . will follow that (X, =), 7,) is minimal pairwise
. -F(;pzid}il?c‘;%dld Q;(_i,{pa'f{"')“” B, for i=1, 2. Then clearly Bs
L T ter base In ({X,, <, v3). Since B, has <; adherent a9, it i
rﬁbv.mis tthat xQ is a =g-adherent p(‘;intu}of B, {0?‘1' ;; 1.12&5"]1;-;“'1lt o
adhe:en% E‘gj;)te i}rb&}tiraltxly ‘fi.\je(-l. We shall show that xf 1]5 the unique
T sucl?th tO‘ 4 S)t #7547 = 1 2). In order tu show this, suppf)se
8 at ag # a3 Let now, X' = Xy [IXu, then X' is patrwise

hOl’n IllOI‘phi . £ - -3 ]
- \ ar ] = .-— 1S
0 { (8] 1 P dlre H Wy ) The
t ‘ l)‘ t II:. H 1 T Vi or ! I 2. L th 3

= X3 xY. For an arbitrarv v =Y, consider the point v={(xy, I} of X. As
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x# x° (since xg # xd), 7 is nota T adherent point of B, where i#7}
;. = I, 2. Thus there vxists some 7; Open neightiourhood 1, (%) =V (xg) X
% [7(y) of x where Fy(as}isa =§-neighbourhood of xg and U(v)is a ¢; open
neighbourhood of v, and some F,e @; such that

:I'y(xB) X U(J)—mFY = {75,

As y runs over Y, we have Y=y U{y).

yEY
Now, Y leing a product of pairwisc almost compact spaces, is also
pairwise almost compact, by Lemma 3.4 and hence by theorem 2.4 there

" B —a——
cxists a finite number of points 3 Ve o y,in Y such that ¥ = UiU(m%}.
k=1

Since [Vy,(xa) x U(Y:) 0 Fp= @, for k— 1,2, ..., n it follows
chat [V, (xa)} ¥ M NF,=92

for £=1,2, ..., n. Now Vixg)= N Vi lxg) € "'f;
b

and et Fie@; be such that Fron Fy,.
k=1
Then ® = U [Valxe) % TG4 O FFD U {V(xs) x Uln) W nE =
Rl =
L (7 () % V) UF = Vza) O3l = B

But V(xg) is a < neighbourhood of xg. Hence x3 is not 1} adherent point
of B4 for i, j=1,2,i#7. In other words, B4 has a unique =} cluster point
xj, for 4,5 =12 and 1#4. (X3, =3 T8) being minimal pairwise Hausdorff
it follows by theorem 2.6 that B} is th convergent to xy, for i=1, 2.

We next show that B, is =, convergent to 29, fori=1,2. Let W{x"}=
= [V (a%) be a T 0pen neighbourhood of x°, where V(x2)isa v open neigh-

aEA
vourhood of x2 for a=ay, %2 .- O and V(xg) X, for z # oy, % . %m. For
cach a,{f=1, 2,..., ) there cxists £, @i, such that Fa, C V(x%), since @:‘l

= 1,2, Hence p7! !’(xg)jjb;"(]*'a__)jF' =8,

is =4, convergent to x8,. for 1
Let £ e (B, be such that FC M F*
Ael

where ;‘),I(F‘)-—-F,,, for ¢t = 1,2, .., m.
Since TV(a®) = IV (a8) = N p7HY (] ] :’)ﬂ{“' DFe3,,
o pof ' P

it follows that @, is 7, convergent 10 x® for f==1,2 and then it follows that
{x, 7y, 7,) Is minimal pairwise Hausdorff.

This completes the proof.

Kemark 3.6, By virtue of theorem
pairwisc Hausdorff space (X, 1, ) is cither
to 1, or =, almost compact with respect to . ‘Thus the condition assumed in
the above theorem along with the minimal pairwise Hausdorffness of the
component spaces, is not very strong. Also, it is shown in [6] that minimal
pairwise Hausdorff property may not imply that the space is pairwise almost
compact. Hence the condition js not altogether superfluous.

2.7 we notice that every minimal
-, almost compact with respect
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BOL LOOPS OF ORDER 12

BY

A. R. T. SOLARIN and B. L. SHARMA

{. Introduction. Recently Burn [4] has shown that there exist
exactly six non-associative Bol loops of order 8. The Object of this paper
is to prove that (up to isomorphisms) there are only two Bol loops of order
12 which are not groups and Moufang loops.

For the definition of a loop, the reader should consult Bruck [3].
Albert [I] defines a right multiplication R(a) a=L, as a permutation
of a loop {L.)

(1 R(@):x—»x.a Vxe=L.

Ve call the set IT=={R(a) [a=L} the right regular representation of (L,)
or briefly, the representation of L.
A Bol loop 7. is a loop in which we have

(2) (xy.z)y=x(yz.y) for all x, 3, REIE
Strictly speaking, {(2) defines a right Bol loop. (For Bol loop, see [2], [6], [71,

[8, 9]). The following theorems due to Burn [4] will be used in the investi-
gations.
Theorem 1. If IT is the representation of a loop L, then L is a Bol loop
if and only if o, B<Il implies o«fu =]l

Theorem 2. If Il is a representation of a finite Bol loop and a €11, then
« is a product of disjoint cycles of equal lenglh.

Theorem 3. The order of an element of a finite Bol loop divides the order
of the loop.

Theorem 4. If R{a) and R(b) are right multiplications of a Bol loop and
R{a)t=R(b)*=1, then R{a)R(b)=R(b)R(a) if and only if aR(b)=bR{a).

2 In this section we show that if II is a representation of a finite Bol
loop of order 12, then II can not contain an element of order 4.

Theorem 5. If 11 is a representation of a finite Bol loop of order 12, then
TI can not contain two elements of order 4 and two element of order 3.

DProof. We assume that «, g eI, such that af=1 and B*=1. Without

loss of generality, we take
« = R(2)=(1234)(5678)(9101112),
w3 = R(3)=(13)(24)(57)(68)(911) (10 12),
@ = R(4)=(1432)(5876)(9121110), and



