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BOL LOOPS OF ORDER 12
BY
A. R. T. SOLARIN and B. L. SHARMA

1. Introduction. Recently Burn [4] has shown that there exist
exactly six non-associative Bol loops of order 8. The Object of this paper
is to prove that (up to isomorphisms) there are only two Bol loops of order
12 which are not groups and Moufang loops.

For the definition of a loop, the reader should consult Bruck [3].
Albert [1} defines a right multiplication R(a) aslL, as a permutation
of a loop fL.)

(1) R(@):x—»x.a Vxe=L.

Ve call the set I={R(a) [a=L} the right regular representation of (L,)

or briefly, the representation of L.
A Bol loop I. is a loop in which we have

(2) (xy.z)y=x(yz.y) for all x, ¥, zel.
Strictly speaking, {(2) defines a right Bol loop. (For Bol loop, see [2], [6], [7].

(8, 9]). The following theorems due to Burn [4] will be used in the investi-
gations.
Theorem 1. If IT is the representation of a loop L, then L is a Boi loop
if and only if o, B<Il implies ofu =]l

Theorem 2. If Il is a representation of a finile Bol loop and a €11, then
x is a product of disjoint cycles of equal length.

Theorem 3. The order of an element of a finite Bol loop divides the order
of the loop.

Theorem 4. If R{a) and R(b) are right multiplications of a Bol loop and
R(a)*=R(b)*=1, then R{a)R(b)=R(b)R(a) if and only if aR(b)=0bR(a).

2 In this section we show that if I is a representation of a finite Bol
loop of order 12, then IT can not contain an element of order 4.

Theorem 5. If I1 is a representation of a finite Bol loop of order 12, then
II can not contain two elements of order 4 and two element of order 3.

Proof. We assume that o, g <11, such that af=1 and B*=1. Without

loss of generality, we take
« = R(2)=(1234)(5678)(9101112),
w3 = R(3)=(13)(24) (57} (68) (911) (10 12),
@ = R(4)=(1432)(5876)(9121110), and
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8= R(5)=(159)(2xa)(3vb) (470,

where {x, y,z}={6, 7, 8},; {a, b, c}=={10, 11, 12},

{a) Let us take y==6 and b=:11. Now R{3) R{(5
But R(3) R(AYRB)=RE)=(189( ){ )( )&
equal to 11.

{b) Let us take y==6 and b==10. Now {x, z} ={7, 8} and {a, ¢}= {11, 12}
and there will be four possible forms of R(5).

(iy v=96, b==10, x=7, a=11, =8 and ¢==12. Now K(3) R(5) R(3) =1
by Theorem 1, but
R(3) R(5) R(3)==R{8)=(1812) 26 10) { ) { }&II, which is a contradiction

(i) y=6,b=10, x:=7, a=12, z=8 and ¢=11. Now R(2) R(5) R(2) «II
by Theorem L. But R(2) R(5) R(2)=R(B)=(1 8§10} (2712) ( }( )&l
which 15 a contradiction,

(iif) y=-6, b=10, x=38, a=11, z=7 and ¢=12. Now R(2) R{5) K(2} Il
by Theorem 1. But R(2) R(5) R(2)=R(3)}=(1511)( Y{ )( )=Il; a
contradiction.

(iv) y=06, b=10, y=8, u=12,z=Tandc=11. Now K(2) R(5) R{2) Il
by Theorem 1. But R(2) R(5) R2)=(151t)( Y( Yy{ Y«W; I contra-
diction.

Thus we have shown that if y==6 then 6% 10.

{c) Let us take y==6 and b==12. Now {x, 2} ={7, 8§} and {a, c}={11, 12}
and there will be four possible forms of R(5).

(1) y=6, b=12, x=7, a==10, :=8 and ¢=11. Now R(4) R(3) K(4),
R(5) R({4) R(5) =Il by Theorem I. But R(4) R(5) R(4)=R(7)=(1
() therefore R(I)=(1117)( ) ( )( ), also R(3) R{4) L(S)=R{I11)=
={(1116}{ )( ){( ), a contradiction.

(i) y=6, b==12, x=7, a=11, z==8 and c=10. Now R(3)} R(3) R(3),
R(5) R(3) R(5)<Il by Theorem 1. But R(3) R(3) R(3)=R(S)=(1 8 10}

and R(3) K(3) R(5)=R{11)=(1 118)( )Y{ ){ ) thercfore
RB)=(1811)( )( )( )} a contradiction.

(i) y=06, b=12, x=8, a=10, =7 and c=11. Now R(3) R(5) R(3),
R(5) R(3) R(5)=Il by Theorem 1. But R(3) R(5) R(3)=R(8)=(1810)
d

R(3) eIl by Theorem 1.
. Hence b can not be

)
n

an
R(5) R(3) R(5)=R(11)=(1118) ( }( ) ( ) therefore K(8)={18 10)
)( }; a contradiction.

Thus we have shown that if y=6 then b%12, 11, 10. Following the
same argument we can casily show that if y={7, 8}, then b4 {10, 11, 12}.

Hence it is not possible to find R(35) which belongs to I1. This completes
the proof of the theorem.

3. In this section we show that if IT is a representation of a finite Bol
loop of order 12, then Il can not containan element of order 4 and another
distinct element of order 2. Before proving the theorem, we prove the
following lemma.

Lemma. If 1Y is a representation of a finite Bol loop of order 12, then
IT can not contain four elements of order 4.

Proof. We assume that «, B €II, such that at==1, p*=1 «?#5* Wit-
hout loss of generality, we take

BOL LOOPS OF ORG:R 1=

N(2) (1234 (30674 900 11 12),

e R(3) (133 (24 (57) (68) (9 F) (10 12},
7" Rid) (14320 (3876 {1281 10}
K R(5) (1 5xv)@rst(3aral

L
where ve (9,10, 11, 120t 111};)0«:]_:1(:_ ta ‘.'.'])]‘1(_”.
Henee it is impossible to obtam H(3) in t{l;l:- x.z.;--&ﬂ“
In the sccond case we assamy that gi=u? = AT
Y@ 15372 c4av)p{pgrch where (¥, v - l(),r ) (9 ) 12
e A 'TWe assume that v—6, and v=8, then we fis p— 2, hut 1t i umpos:
. e i he obtained.

worosodoa, eand w by b

: iv . Thus R(5) can not - . {
o m(i?‘-\ \qow we iLS:wlI)ITN‘ that v -9 and 1 _il. then we can take po b,
=8 10 and o - 12 without loss of senerality
(hus

R(S) -(1537) (29410 (010812). Al

R(2) R(5) R(2) - ROy -—(1 103 12) (28 46) (511 93.

Now R{b)—(1638) (2104 12y (S0 T} A 3
It is impossible to fix w and = In this caze we can not :)h:uln nny.
H'inl:i]w]?‘ ‘i'f 2+ =10 and v =12, then we can not oblain R0}

This completes the proof of the theorem. .

. e der 12,
1 presentation of a finte Bol leop of orae
Theorem 8. 1/ s temonts fj;mdtzc'o elements of order 2.

: ¢ conbain dwo cloments of order ¢ i 0 _ !
e “1’0::;(1)/’"0\\'0 :1;s~mnc a. el otich that 2t=1 and 3%= 1, without lo
ot ;.;(.-nvr:liity we take
1234)(5678)(9101112)

x = R(2) =(
p o= R(3) = (13) (29 (37 (68)(911)(1012)
o = R(3) = (1432)(3876)(912110) and
5 = R(3) = (15) (20 (33) (42) (pg) e,

where xef{6,7,8,9,10, 11,12},
(a) Lt us assume v==6. (hus

R(S) =(15) (26) (33) (4 2) (p ) (). News
R(2) R(5} = R(5) R(2)
. IR(2Y R(3) =2 R(5) R(2),
o1 AR(S)=T=y==1,
also IR(2) R{5)=3R(3) R(2), 4R{5)=8, 1=8.
Henee

R(S)=(13) (26) (37) (48) (9.9) (10%). But
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gEfI2, 01T N fis f g
witen /‘_ 16, Lo Thus it is mmpossible 1o obtain R(3),

Fellowing the same argumcnt, rd {7, €}
(b) If " then o

REOY=(13) 2N B34 (py) (o). But
R(2) R(3) R{2)==F(10).

R(10) can not be of order ) T

‘ ) otder 3 or 6 by Theorem 5. Alse R :

I;; f])£ n]:_;iL]: 4 })_\(‘S)l.c:mlmqa. [hus R(10) must be of order ’h(-llﬂ:: 'nm) r‘]”[] 1]:0;
y# 12, Henee R{O5)Y—=(1 5) (2 ¢ } o i )
v 12 Hene K(3)=(15) 29) (3.3) (4111) (bg) (r3). where 3 46, 7,8, 10}

R(2) R(3) Ri2y=( N
T (2) R(5) B2)=(1 10) 2 11} (Y ( )47, by Theorsm 2. Hence
(R(2) N(5) R(2)=
11ﬁ\(ﬁ‘})_ 1\7 (D)tl{:,'gf)“_’it(ll] Oll?t) (}3 = 1( ) { )]qerl, R R n——r Y
R(3)--(15)(29) (37 s of generality, we take
12y ( )1 )4*11)( ) (37) (4 11) (6 10) (8 12). Also R(5) R(2} K(3)—(1 103

I y—=8 then without loss of generali!y we 1ake

R{5)=-(15)(29)(38) (411) (6 10) (7 12). Also

R(5) R(2) R(5)=(110123) ( ) ( )e&W. Hence ys8.

Thus x can not be equal to 9. d

Applying the above argument it can also be shown that
xe{10, 11, 12}

This completes the '
; preof of the Theorem 6
4. Theorem 7. .| Bol loop of [ !
. order 12 which is not ‘ouf or i
loop has one of the two following reﬁresenfafr'ou;. R s

I,
i1,
;?(3) = {1 U,} (456)(789) (10 11 12), R(2) = (123)(456)(789) (101112
1.(»?3) =_({1l34-|£4 65} (769) (1012 11) R(3) =(132{465) (79%) (m: 12 1;)'
R(il} __“ ﬁ))((q f)}{(j;)((;::}-}(f I1(}2)) (911 R4y = (14) (25 (36) (710) (8 11) (9‘12
5 = (15)(2 , (8 10) (9121, RS = (153426 |
R(6) = (16)(25)(34) (7T 12)(8 11) (310},  R(6) = ((162 42:,‘3))((:;' 11:!’;;[1(:3?121}1’

gg; - g:;} (35;) (384101 (512) (6 11),  R(7T) = {(17)({29)(38) (4 10)(512) (6 11/
R - | 9) (: 3) (BO)( 1) (310)(6 12).  R(8) = (18)(27)(39) (4 11) (510} (6 12)‘
e 1()))(-7 zzu D12 1D (610),  R(9) = (19)(28) (37) (412) {2 11) (6 0,
S i: ]0; gj :i} E: é; zg; 52 8),  R{I0) = (1 10) (2 11) (3 12) {4 7) (5%) (6 9.

h= 2 2 [ 9, K1) =(111310212)(48 '
RZ) = (112)(211)(310){(419)(58){67), R = (1322103 n; ((:3‘;;2:;

Proof. 1f Il is the repres i

— - spresentation of a Bol loop of orde ] 5

"lh(,ou(.:x:\ 3,5, 6and L_cmma the clements of [I ha\-'}c ordef' ‘Ir 212.‘!: iélcn, lbz"

loop & g:ng:)agdcqiatazﬂésla;t elcment of order 12. It is well known ti]at(ja[ Bol
s y at least two elements, in this case it i ; '

one element, hence II is the representation of the cy?:liscL glﬁoﬁpgg]fmc]):é:g 1})2\
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For the rest of the proof we presume that (I is the representation of
a Bol loop {1234567891011] 12} containing no elements of order 12

and 4.
Case (b). 11 contains nine elentents of

two clements of order 3 and nine elements ¢
lity, we assume that

R(2)=(123)(456) (789) (1011 12)
R(3)=(132)(465) (189) (1012 11)
R{4)=(14) (2a) (38) (7¢) (8 d) (9 ¢), where
{a, b}=15, 6} and {c, d, ey={10, 11, 12}.
We assume that =5 and b=6, then’
R(4)=(14) (25)(36) (7¢) (8 d) (9 e).

But R(2) R(4) R(2)=(16243 5) { YT, since there is no element of order
6 in II by assumption. Hence

R(4)—(1 4) 26) (35) (T¢) (84) (9 ¢).
R(2) R(4) R(2)=R(4) =1L Hence R(2) R(4)=R(4) R(3).
Thus TR(2) R(4)=TR(4) R(3)
(3) ¢R(3)=d.
Thus from (3) we get three possible cases
c=10,d=12, e=11,

order 2. In this case Il contains
f order 2, without loss of genera-

(4) c=11, d=10, e=12,
C$12, d—]l, e—-iO

Thus there arc three possible forms of R{4).
Next we assumec that R(5)=(13) (2 u) (3w) (77) (85) (34). where
{u, w}=1{4, 6} and {r,s, f3={10, 11, 12}. # can not be equal 6, because of

R{4). Thus we have
R(S)=(15) (24) (36) (77) (85) (99
But R(2) R(5)=R(S5) R(3) or
TR(2) R(5)=TR(S} R(3)
(3) or rR(3)=s.
From (5), we obtain three possible cases
r=10, s=12, f==11,
(6) r=11, s=10, t=12,
r=12, s=11, t=10.
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Thus we get three possible forms R{5). K6} can he casily obtained
from R(4) and K(5). Next we consider

RM={t ) (29} (3q) ($1) (5v) (6w}, wherefp, gl =18, 9 and {u, ¢, w}
= {10, 11, 12}. If p-=8 and ¢ =9 in R(7), then we obtain
R@)R(N RQ2)=(192738)( &I Thus

RM=(17)(28) (39 (41) (52) (6}, Now R(2) R(T)~ R(7) R(3) or 4R(2)
R(7)=4R(T)R(3)

(7

© L 4R =
From (7). we obtain three possible cases
=10 v==12, w=11,
{5} =11, v=10, w=12,

=12, v=141, w=10,

Thus there are three possible forms of R(7).

R(8) and R(9) can be casily obtained {except in few cases).

In the last we consider
R{10)=={1 10} (2 $) (3 g) (4 1) (Sm) (6 n), where [p, q)- {1}, 12} and {1, m,
%}=1{7,89}. If p=11 and ¢=12, then
R(2ZYy R(10) (R2)=(1 122103 11) { )&II. Thus
R{10)=(1 10) (2 12) (3 11) {4 1) {53 m) (6 ).

But R(2) R{10)=R(10) R{3) or 4R(2} K{10) —4R{10) R{})

{9) S R(3)=m.
From (9), we obtain three possible cases

=7, m=9, n=8§,
(10) 1=8, m==7, n=9,
1=9, m=8, n—=17.

Thus there are three possible forms of R(10). R(I1) and R(12} can
be easily obtain (except in few cases). Considering the combination of
the values given by (4), (6), (8) and (10) {except in few cases where R(8),
and R(11) can not be obtained)we obtained fifty onc representations. These
representations were tested on the computer for the conditior = of Theorem
! and twenty seven were found to be of Bol loops. The deteils are given
below.,

(i) If e=10, d=12, e=1l), r=11, s:=10, t=12,
w=11, I=7, m=9 and #=8§, then IT is II,.

(ii) Hec=10,d=12, =11, r=11,5-10, t==12,

=10, v=x12,

=10, p==12, @=11,
1=8, m=7 and n=9, then I is isomorphic to 1I, under conjugation by
(110) (212) (311)(49) (58) (6 7).
(ili) He=10,d=12, e==11, =11, s=10, {= 12, u=10, v =12, w=11,

, m1==8 and #=7, then JI is isomorphic to 11, under conjugation by (110)

9
12) (3 11) (4 8) (537) (6 9).

Je=
(2
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=1

I - v=10, w=12
s :|_=12,(’=1I_7’ 11,3 ]U,t- iZ,H !],ul ,' s
y=T7 (1;))'13(16;: m]—(‘i' ihcn 11 is isomorphic to IT; under conjugation Ly (1 7}
==/, Bl= M -T( 5 N
(2 @0 i c) (fleiol? =11, r=1il, s=10, f=12, n=11I, v=_10,
(\')8 lfn iﬂ_’? l;‘i)rldlnr—‘): then I is isomorphic te I, under conjugation
(24) (35) (710) (8 11) (9 12). I
A e==10, d=12, e==11, r=11, x-—!l’), fm=12, 1= ,‘t,_r ), o
12,1 \91) m-g and n=7, then Ilis isomorphic to IT, under conjugation by
Pl T (fz “1)2(9-12)1'1 s 11, 510, t=12, =12, v=11, w=
10 Z(Y';'l) 1*1;5—59='11(1)1d‘n_-—.-:8 t}:cn 1'[ is iS(')morphic to II, under conjugation
Bl @9 i e e 1 10, t=12, w=12, v=11
— — 11, ra=ll, s=10. t=12, =12, =11,
10 (]\'111‘2 }Jf—c:fualr?d ;"i=91ii1ei1 Il is isomorphic to TI, under conjugation
b (16) (24) (33) (710) (8 11) (9 12). R
' ix 0 de12, e=11, s=10, t=12, u=12, v=11, w=10,
=9 w-E?S) alnfd Cnﬁi'?’ t;mn f is isomorphic to IT, under conjugation by (1 3)
oy @mEe 5 y—12, s=11,1=10, u=10, v=12,
= = = l s ¥= LS = , =1t - . )
11,4 (XT) frfz —CQ_aL](i n(£=81()tilcf1 T is isomorphic to Tf, under conjugation
W= , =1, == ¥
by (14) (26)(353)(712) (811) (910). ; e
. - =10, e=12, r=12, s=11, =1, #= "0 =12,
1 1{323 :n{——f"f_alnlci -nd=9 then TI is isomorphic to the reprcschtatr%rL %l\;lh?
T:;Exj “ander conjugation by (110) (212) (31.111) (4 9) (5 8) (07).
representation given by (x)~I1,. Hence TI~1,. e
i = =10, e=12, r=12, s=11, {=10, =19, €=
t (t)il()) Ifnc=8}'i;1ddn=7, then II is isomorphic to the ;egr?ge%t?glgil
vi\_(’n b; ix) under conjugation by (1 IOI)I(21112) (3 11) (4 8)
But representation given by (x)~1T,. Hence I~ “1. R
111 = =10) g=12, ?’=12, §u= % = y = ] ol
12 (}{1111" Ifn c—-alzltﬁdd91=8 then IT is isomorph)t((zsté)) Eilcl Zr)e%:'els:e)n(tgtllg;]
W0 == - =, . d A -
iven : tion by (17)(29
iven by (x) under conjugd 3 :
lc%ut reprﬁsentation given by (x}~T. Hence 11 l;l; R
iv = =10, e==12, r=12, s=11, i=1V, #="" 1,
10 (?2)8 Ifncz_';' la:ﬂddn:Q, then II is isomorphic to thg lrle)pz';:s]e;)ta%c:;:
g’iven jbv_ (xi) under conjugation by (16) (2 4)11(33) (7 10) { .
the representation given by (xi)~Il,. Hence l.l. R —
’ = =10, e=12, r=12, s=I11, =710, %= " . 10,
12 Sx‘z) IafniS I'Ir'ldd-n:? then II is isomorph)list;)) :_}flel llie?g‘elsze)n(t;tllg)n
w= =9, m=3_8 : , th .
iven i : by (16)(24
«en by (xi) under conjugation )
%1:1: the ¥epresentation given by (xi)~Th. Hence M~H;. P
0 If e=12, d=11, ¢=10, r=10, s=12, tiﬁll’du—on"u‘ratioﬁ
11 (;VE); m=7 and 7==9, then II is isomorphic to I, under conjug
w— y B0, - [
by (192738)(4 105116 12).

—

w=12,
by (16

—

]



76 A, R. T, SOLARIN and B. L. SHARMA 8

(xvil) If e=12, d=11, e= 10, v =10, s=12, t=11, n=10, n=12,
w=11 7==9, »m=8 and n=7, then II is isomorphic to the representation
given by (xvi) under conjugation by (110) (2 12) (311} (4 7) (3 9) (6 ]).
But the representation given hy (xvi)~IT,. Hence 1T~IT,.

(xviii) If c==12, d—11, 2--10, » 10, s=12, {=11, u=11, 2=10,
=12 =7 m=9andn-8, then I is isomorphic to the representation given
by {xvi) under conjugation by (16)(24)(35)(710)(811}{912).  But
the representation given by (xvi)~T1,. Hence 1M~11,.

(xix) If e=12, d=11, e-10, r==10, s=12, t=11, w=11, p=10,
w=12, =8, m=7 and =9, then Il is isomorphic to the representation
given by (xvi} under conjugation by {1 7)(29) (38) (4 12) (5 11) (6 10).
But the representation given by (xvi})~IT,. Hence IT~I1,.

(xx) f ¢=12, d=11, ¢=10, r=10, s=12, t=11, nu=11, v=10,
w=12, =9, m=8 and #="7, then Il is isomorphic to the reprosentation
given by (xvi) under conjugation by (16) (24) (3 3) (710) (8 1) (212)
But the representation given by (xvi)~IT,. Hence II-11,.

(xxi) If =12, d=11, e=10, r-10, s=12, t==11, u=12 v=11,
w=10, /=7, wt—9 and n#==8, then H is isomorphic to the representation
given by (xvi) under conjugation by (16) (24)(35) (710018 L1)(9 12).
But the ropresentation given by (xvi}~I1,. Hence TT~]I-

(xxii) If ¢=12, d=11, e==10, 7= 10, s=12, t=11, u=12, v=11,
w=10,l=8, m=7 and n=9, tecen I{ is isomorphic to the representation given
by (xvi) under conjugation by (17) (29)(38)(411)(510)(612). But
the representation given by (xvi)~IT,. Hence 11~H,.

(xxiii) If ¢==12, d=11, ¢=10, » 10, s=12, f=11, =12, p==11,
w=10, {=9, m=8 and #=7 is isomorphic to the representation given by
(xvi) under conjugation by (1 4) (25)(36) (710)(811)(912). Bul the
representation given by (xvi)~Il,. Hence I1~II,.

(xxiv) If ¢==12, d=11, =210, r—11, §=10, =12, u=10, v=12,

w=111=7, m=9 and =38, then I is isomorphic to IT, under conjugation
by (14)(26)(35) (7 I1) (8 10) (9 12).

(xxv) If =12, d=11, e=10, r=11, s=10, {=12, =10, =12,
w=11, I=8, m=7 and #=9, then IT is isomorphic to the representation
given by (xxiv) under conjugation by (110} (212) (311) (49) (538) (6 7).
But the representation given by (xxiv)~II,. Hence I ~11,.

(xxvi) If ¢=12, d=11, ¢=10, r=11, §s=10, {==12, #=10, v=12
w=11, =9, m=8 and n=7, then I is isomorphic to the representation
given by (xxiv) under conjugation by (110){212) (311)(48)(57) (69),
But the representation given by (xxiv)~II,. Hence [1~T1,.

{(xxvii) If ¢=12, d=11, =10, r=11, $=10, =12, u=11, »=10,
w=12, I=7, m=9 and n=8§, then II is isomorphic to the representaticn
given by (xxiv) under conjugation by (1 7) (29) (4 12) (5 11) (6 10).

Now we consider the exceptional cases not covered by the above
cases. In case of ¢=10, d=12, ¢=11, r=12, s=11, =210, u=10. =12,
w=11, I=7, m=8 and #=9, we have
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RE) = (14)(26) (39 (710) (8 12) (9 1H)
R(3) = (15) (24) (36) (712) (815 (910)
R(T) ~ (17)(29)(38) (410) (312) (6 1)
R(10) — (1 10) (212) (311} (47) (59) (6 8):

i s of generality we
It is not possible te obtain R(8)yand R(11). W ithout loss of generalits

assume

R(8)=(1 8} (27 (39 (4 s) (518) (6w). But R(2) R(8) = R(8) K(3)
(10) or 4R(2) R(8)=4K(8) R(3) or sR(3)=L.
From (10), we obtain two possible cases
s—11, =10, w=12,
th §=12, t=11, w==10.
o o o 15y (312) (411 (3 (6 7). Dt
R{2) R{11y==R{11) R(3)
or 4R{2) R(¥1)==R(11) R(3)
or uR(3)=v
), we obtain two possible cases {13)
n="_8, v=1,p=9,
(13) w=9, v==8, p=7.

inati ’ . given by (11} and (12),

ation of the values given by :
o, These represcntations were tested o
corem 1 and the following one was

(12)

IFrom (12

Considering the variou o
we obtained four representa io] e
the computer for the conditions o

found to Le of Bol loop.

I, (Moufang loop)
R(7) = (1D {29 {(38) {110} (31D) {6 ;(;).
R(2) =(123}(456)(789) (1011 123, RS) = (1827 BN 111)\(fS 12)).
E(3) = (132 (165 (798) (1012 113}, R(9) — (19}(28) (37 (3 1) (3 :?;( 68)‘
1‘-(;) = (14} (26) (3 3) (7 10) (8 32} (9 11}, R{10) = {1 10) {2 12) 3 1) (37 {5},-) (6 7)‘
R(5) = (15)(24) (36} (712)(811)(510). R = (1 1) (2 10) ({ 12) (4 ? (5 7) ((6 9).
}.'(6) = (16)(25)(34)(7 11) {8 10} (9 12). R(12) = (1 12) (2 11) (3 10) (18) (37) )

i 1 . The repre-
[1, satisfics disassociative prO}r)e]rt}i. chcec Il al 113 ::ii[?élfir;g 11305/):10, s:.fl-]]z'
ati i hein [51. In case cx=11, d=10, e=12,
?i]tﬁh?fn—rh ISviulc() 1L(')wc=]l2, l-—_—‘S, m=7 and 2==9, we have

R(d) = (14) (26) (33) (711) (810) {9 12)
R(5) = (15) (24) (36)(710) (812) 9 11]
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R(N) = (17)(29) (38) (411) (510) (6 12)
R{10) = (1 10} (212) (3 11} (4 8) (57) (6 9).
By using the same analysis as above, we found that if
R(8) = (18) (27)(39) (410) (512) (6 11) and
R = (1113 (210) (312) (47) (5 9) (6 8)

then the representation IT satisfies the conditions of Theorem 1. But 1]
is isomorphic Ui I1, under conjugation by (17} (29) (38) (412) (5 1) (6 10},

In the last case c=12, d=11, =10, r=11, §=10, =12, 4=12, v==11,
w=10, 7=9, u=8 and #-7, we have

R{4) = (14) (26) (35)(712) (8 11) (9 10)

R(5) = (15)(24) (36) (711)(810){912)

R(7) = (17)(29)(38)(412) (511) (6 10)

R(10) = (1 10) (212) (311} (4 9) (5 8) (6 7).
By using the same analysis as above, we found that if

K{8) = (18)(39)(411)(510)(612) and

R(IT) = (1 11) (2 10) (312) (4 8) (57) (6 9),

then the representation il satisfies the conditions of Theorer 1. But I is
isomorphic to Tly under conjugation by (14)(29) (38} (411)(510) (6 12).

Case (¢) Five element of order 2. In this case Il contains four clements
of order 6, two clements of order 3 and five elements of order 2. Without

loss of gencrality we assume
R(2)=(123)(456) (789) (10 11 12)
R(3) - (132)(465)(798) (1012 11).

Next we assume withont loss of generality

that R(4) is of order 2, R(5) and
K(6) arc of order 6. Thus as in case (b)

(14) R(2) R(4) =R(4) R(2) or TR(2) R(4)=TR(4) R(2) or pR(2)—¢

From (14), we obtain three possible cases

p=10, ¢g=11, f=12,
(15) p=11, ¢=12, f=10,
p=12,9=10, f=11.

Further we assume without loss of generality that R(7), R(8) and R(9) are
of order 2. Thus

R(T)=(17) (28) (39) (+x){57) (6 w), where the values of u, v and w are
given by (8). Further
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R®)=(18 2937 { /) (57) (6 k). But .
(16) R(8) R(2) = R(2) R(8) or 4N(8) R{Z'}--R(Z?_R[S) or iR(2)=}.
From (10}, we get three possible cases
=00, y=11, f==12,

f=11, j==12, #=10,
(17) P=12, =10, k=11

i '(12) are of
Further we asstune that R(10) is of order 2, K(11) and R{12)
order 6. As in case {a), we have

R(10)=(110) (2 11) (3 12} (4 a) (58) (6y). But R(10) R(2)=R{(2)
(1%) R(10) or 4X(10) R{2)=4R(2} R(10} or 2 l{2)=3.
l‘rom {18), we obtain three possible cases
2=7, B=8, v=9,
(19) 28, B9, y=1

. N (15 19)
. . \ e ErIRTEe b}- (h)' (ID), (17) ﬂ.nd( B

o aderine the combinations of the values given by o wwted on the

(cn]:ml(’l'nn‘?ltl%: (::pr:_-:-'.(‘nt:lliims- These representations W _L.‘rre\ i%;t!;,(? o o

o ()}ilttdl:"f‘:)r the conditions of Theorem 1 and only three were

ompute i o e

;5?')1 }lmps. The details are given below, 11 i1, =10, 12,

(iy I p=10,y =12, =10, v==12, w==11,2=11% )

7,88 and =9, then 1L is 1. w=-12, i=12, j=11, k=10,

] : '(“') It poil, g 12, /=10, r{.—.::ll, p=10, w= _1,1 r:t"ion‘ by (17) 2 0)

g B 7 +=$, then Il is isomorphic to Il under conjugd 3

5 p =l Y=

[18) (4 12) (5 11) (6 10). - R

&) (4 %f(p.—r ?2 g 10, f-11, 1==12, w=1 b oa=10, 3:_“](?1'1 1b\' (17)(29)

8 {r;“)l) +o-7 then 11 is isomorphic to Il under conjuga =
U= rl': "'“" '

+

5 10% . ! . ‘0 ¢ :nt
3 8) (g ”)((?) ”1'}5-'(-2:1 Qémmh of order 2 In this casc there are two cleme
ase ) oed X

T ‘ithout
: seven elements of order 2. Wit
‘ . - clements of order 3 and seven e : e ki)
o ”r:lt( (r((;ntr‘:lcl’ti (\_\-uhassumc that R(2), (3} arc Ofvor?h;??fzf)((agc o‘f( c?rdcr ):
LOE;JL J:(S) R(u) and K(10) are of order 2, R(11) anc
I'hus
R(2) = (123} (236} (7 89) (10 11 12}
R(3) = (132)(463) (798) (1012 11) S
Ri4y= (1 4) (26) (3 5) (7¢) (8d) (e). where the values ,
are UIVe 5 ) ' . d t
o ;’!:5311 :)l\ 5§4()2 4) (36) (77} (85) (94, where the values of 7, s an
\ 3 X -

v kY v ‘ - ‘ f i ;
- gll\"("lfl) —h)(l (7()])(2 8) (39) (1) (5¢) (6 w), where the values of ¥
v
and w are given by (8).

v
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(R{10)==(1 10) {2 11) (3 12) (4 &) (5 B) (6 v}, wherc the val
] andcy arc given by {19). L ¢ vales of e
onsidering the combinations of the values given by (4), (6), (8) and
(19), we obtained 54 representations. These rept;rsent:l{io(nsz’ \(\'e);e( t)esltl:*d
on the computer for the conditions of Theorem 1. The details are given
below. - ;
(i) If c= 10, d=12, e=11, r=11, s=10, {=12, 1t =12, u—10, v=12
we=11, a=7, B=8, y==9, then Il is the representation of D,. ' '
(11) If c==11, d==10, e=12, v =12, s=11, {=10, 11=12, v =1], w=10
=8, B==9 and y=7, then [T~ D,. ' '
(iii) If c=11, d=11, e=10, r=10, s=12, i=11, u=11, v =10 w=
=9, B=7 and y=3_8, then [1~D,. ' o=t
Case (¢) Three elements of order 2. In this case I contains three clements
order ﬁ:ttwo elements 011' order 3 and six elements of order 6. Without loss
generality we assume that R(4), R(7) and R(10) are of ord :
R{3) are of order 3. and ot (10) re of order 2, K(2) and
R(5), R(6), R(8), R(9), R(11) and R(12} are of order 6. Thus
R(2) = (123)(456)(789) (1011 12)
R(3) = (132)(465)(798) (1012 11)
R(4) = (14) (25) (36) (72)(8¢) (9), where the values of p¢ and
r are given by {15). ’
R(17)=(17) (2 8) (39) (4 £1) (5q.) (6 7,), where the values of $,, ¢, and
ry arc as follows:

}bl—IO, y1=ll, r=12,
(20) h=11, ¢,=12, r,=10,
=12, ¢=10, r,=11,

R{10)=(1 10) (2 11) (3 12) (n«) (5 8) (6 v), where the values of «, B and
y are given by (19). Considering the combinations of the values given by
{15) /19) and (20}, we obtained twenty seven tables representations. These
representations were tested on the computer for the conditions of Theorem 1.

(i) In case p=10, g=11, f=212, p,=10, ¢,=11, r,=12, a=7, B=38
and ¥h=9,utlhen II~-Cyx C, (Abelian—group). : ’

e authors are grateful to the n g i i
improvement of this pgper. Theoaut;oresfez:;: ifgfle‘;:zilult: nht;r:: ?l?;;?ei‘l;iif:;'goiiﬁmar? ruttl::'
centre, for Checking, with a computer the representations satisfying the conditions of.l‘heorfm L
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ON THE THERMODYNAMICS OF NONLOCAL CONTINUA WITH
MICROSTRUCTURE
BY
C. 1. BORS

In the continunm mechanics various models, in local or nonlocal
description, for bodies with microstructure were claborated. Among the
papers existing in the scientific literature, concerning the bodies with micro-
structure in local description, we quote [1]—[8]. Some results and references
to this problem can be found in [9]-[16].

In the theory of nonlocal continua there exist many papers and
many points of view too [17]—[30].

In the papers [27]—{30] a new point of view, in order to derive the
cquations of motion for nonlocal continua, was given.

In our description, the factors which concur to deformation are divided
into external and internal factors, Both, the external and the internal
factors can be modeled by body forces, body couples, surface tractions,
surface couples, heat sources, magnetic fields, cte.

Making all combinations between the possible external actions and
possible internal capacity of the body into reply against these actions, we
can derive dilferent models in order fo describe the behaviour for some real
bodices.

In this paper, we will consider that the external influences received
by the body are represented by external surface forces and external surface
couples, external body forces and cxternal body couples, external heat
body sources and an external surface heat flux.

As nonlocal reply, the body opposes internal body forces and internal
body couples, internal surface tractions and internal surface couples, internal
body heat sources and an internal surface heat flux.

We refer the motion of the body to fixed rectangular Cartesian axes,
the unit vectors of axes being e;.

Tet ¥ be the region occupied by the body and let > be an arbitrary
part of T/,

In addition to the above suppositions the body has a microstructure.

For a medium with microstructure we adopt the following definition.

There exist a tensor field Ju=Ji (o E&:>0, Ex#0), called micro-
inertia field and a vector ficld o=o;¢;, called rotation ficld, defined on V,
such that the linear momentum H,, the angular momentum K, and the

kinctic energy E p of the medium located in the domain P < V are given by

§ — Matoematicd



