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(R{10)==(1 10) (2 11) (3 12} (4) (3 B) (6 ). where the val
8 and y are given by (19). ST ¢ valwes of e

Considering the combinations of the values given by (4}, (6}, (8} :
{19), we obtained 54 representations. These rep‘?escntaiio(ns),.x(vgz:e( t)esdtl:‘g
on the computer for the conditions of Theorem 1. The details are given
below. 7

(i) If c=10, d=12, e=11, r=11, s=10, t==12, 1==12, u=10, v=12
we=11, a=7, p=8, v=9, then Il is the representation of D, ‘

(ll) If c==11, d==10, e=12, r=12, s=11, I=10, =12, v=11, w=10
@=8, (,'3:9 and y=7, then I1~D,. ' '

iii} If c=11, d=11, e=10, r=10, s=12, t=11, u=11, v=10, w==
a-—-Q,CB=7 and y=38, then [I~Ds. 0 ) G

ase (¢) Three elements of order 2. In this case Tl contzins three clement
order ?ttwo elements OIf order 3 and six elements of order 6. \\"ithcn:t 1252
generality we assume that R(4), K(7 and R(10} are of order 2, R :
R(3) are of order 3. and % e rder 2, R(2) and

R(5), R(6), K(8), R(9), R(11) and R(12) are of order 6. Thus
R(2) =(123)(456)(789) (1011 12)
R(3) = (132)(165) (798) (10 1211)
R(‘l) = (14)(25)(36)(72)(8¢q)(9/) where the values of p,g and
v are given by (15). ‘
R(17)=(17)(28) (39 (4 pu) (5q.) (6 7). where the values of $,, ¢, and

r, arc as follows:
pl=101 q:zll; Y= 121
(20} =11, 9,=12, r,=10,
o p=12, §,=10, r,=11L
=(110) (2 11) {3 12) (&) (5 B) (6 7), where the values of a
: (2 &) B : , and
arer given by (19). Considering the combinations of the values give:n by
(15} 119) and (20), we obtained twenty seven tables representations. These
representations were tested on the computer for the conditions of Theorem 1.
(i) In case p==10, g=11, f=12, p,=10, ¢,=11, =12, a=7, B=8
and y =9, then I~C,x C, (Abelian—group). :
The authors are grateful to the referee for useful and constructive suggestions for the

sm]:rovc;me(l:!t of'this paper. The authors are indebted to Mr. Charles Akinyokun, Computer
centre, for Checking, with a computer the representations satisfying the conditions of Theorem 1.
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ON THE THERMODYNAMICS OF NONLOCAL CONTINUA WITH
MICROSTRUCTURE
BY
C. 1. BORS

In the continuum mechanics various models, in local or nonlocal
description, for bodies with microstructure were claborated. Among the
papers existing in the scientific litcrature, concerning the bodies with micro-
structure in local description, we quote [1]—[8]. Some results and references
to this problem can be found in [9]—[16].

In the theory of nonlocal continua there exist many papers and
many points of view too [17]1—[30].

In the papers [27]—[3C] a now point of view, in order to derive the
equations of motion for nonlocal continua, was given.

In our description, the factors which concur to deformation are divided
into external and internal factors. Both, the external and the internal
factors can be modeled by body forces, body couples, surlace tractions,
surface couples, hcat sources, magnetic fields, cte.

Making all combinations between the passible external actions and
possible internal capacity of the body into reply against these actions, we
can derive different models in order to describe the behaviour for some real
bodies.

In this paper, we will consider that the external influences received
by the body are represented by external surface forces and external surface
couples, external body forces and external body coupics, external heat
body sources and an external surface heat flux.

As nonlocal reply, the body opposes internal body forces and internal
body couples, internal surface tractions and internal surface couples, internal
body heat sources and an internal surface heat flux.

We refer the motion of the body to fixed rectangular Cartesian axes,
the unit vectors of axes being €.

Let ¥ be the region occupicd by the body and let P’ be an arbitrary
part of T,

In addition to the above suppositions the body has a microstructure.

For a medium with microstructure we adopt the following definition.

‘There exist a tensor field [ ~Jae (T GiEe™ 0, £,#0), called micro-
inertia field and a vector field ¢=gi€x, called rotation field, defined on V,
such that the linear momentum H,, thc angular momentum Kp and the
kinetic energy Ep of the medium located in the domain P < V are given by

§ — Matematica
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-

H, Spf-f;'ﬂilid-‘f 'S.:\'d-\'. K- Sp(rxv-.'—./m..?meu)dX.

P P P

. [ o
Lf' 'Z'S p(vz = jmn'?m‘?n)dx.

yed

whure g(a} s the density of the medium, v{x) is the velocity ficld, r is the
position vector of the point x with respect to the coordinate origin and
o1 -dp/dl. Here and in the following X and dY are clements of volume.

We use the summation convention over repeated indices.

The influence of the mass contained in the domain 1'--1' on the mass
contained in the domain P’ can be described by an internal body forces
ficld, an internal body couples ficdd and an internal body heat sources
field acting at the points of 2>. On the boundary &7 of I' 'we consider the
surface tractions, the surface couples and a heat surface flux.

The model which we intend to develop obeis to the following prin-
ciples :
1. Principle of conservation of mass

d

{1 7

S;(.x.-)dX (),

P

I1. Principle of internal body actions. a) There exists a vector function
g(x, y) defined on V3V, called internal bedy forces density, such that,
the contribution gp(x) of the mass contained in a region P C V to the total
internal body forces in the point x =1 is given by

(2) &(¥) 8o (%) Sp(y)gu.y)dy xelV, yep.
We will denote }
(3) ¢ (%)8(x) = p(%) gy () = § e(3)g(x, v)dY
¥

and that mcans g(x) is the total internal body forces density per unit mass
in the point xeV.

b) There exists a vector function m{v, v} defined on I V, called
internzl body couples density, such that, the internal body couples mp(x)
in the peint x €V caused by the mass confained in P is given by

(4) p(¥)me(x) = e(rim(x. y)ay
and ’
(5) e(x)m(x) = clxymy(x) = { p(s)m(x, 3)dV"

W
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Thus m(x) is the total internal body couples density per unit mass
in the point x €. . .
“ l(;],ITlm functions §(x, v) and M(x, y) have the following properties
(6) {{ otz axar - [ plrlgatx)ax =0,
PP F
ﬁ[r < et ey [0+ {§ elypmr, yyaxay -

PP

4
|

=S it x o (x)gp(x)1dX 4 S o(x)mp(x)dX = 0.
)

The above formulae mean that the resultant and]the resultant moment
of internal body forees and internal body couples of I are zero.

d) There cxists a scalar function w@(x, v) defined on -"I;X"V’ called
internal body hcat sources density, such that, the contn }llmotn w_,,(xg
of the mass contained in a region P.C V to the 3nternal body heat source
at the point x €1 can be obtained in the following manner

(8) o(x)wp(x) = g o(y)(2,9)4Y.
We will denote
(9 o(x)w(x) = p(x)wy (%) = g o(y)w(x, y)dY

and w(x) is the total internal body heat sources density per unit mass in
the point xe?. . B

¢} The internal body forces g{x, ¥} the internal body couph}s m(x, y)
and the internal heat sources w(x, ) appear as response to deformation
and they satisfy.

fax{e(nretx. nv(x) - mix ) +ulx NY =
(10) nor
= { () [82(x)¥(x) + mplx) 93) +2(1) )X = 0.
. d
The condition (10) has an evident n}caning. Because gp, mp an
w, are ::onsidered a&g r)esp()nse to deformation only, this rclation 1112'12};)15
that we cannot create or destroy energy by a symple deformation. e
first member of (10) do not vanish if for example, the internal forces are
of the Newtonian type.
IFrom (10) we have
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(11 s p(x) [g(x)v(2) -+ m(x) ¢(x) +-uw(x)}dX=0.
v
As a particular case we may consider the media for which
{£2) g{x)v{x) + mi{x) $(x) - wix) =0 xeV.

II. Principle of linear msme T ivati
‘ _ smentum. The derivative of the linear mo-
mentum of P with respect to the time is equal to the resultant of external
(to I’) forces: ' . :

d .
(13) 2?5 p(2)¥(x)dX = S e()f(x)d X+ S tdo + SdXS S(3)g(*, ¥)dY,
_ P arP P VP

;‘;’:1‘;31'1‘3) f(g i;snitthc e:*cternal body fprces per upit mass, the surface tractions
o V—I;’, arca as contact effects of the actions of the medium located
IV. Principle of an ‘he derivati
igular momentum. The derivative of the angular
0mfo1"nctn’mn} of tI}e mass located in I’ is equal to the resultant momegtum
external (to ) applied actions. Thus we have

d
‘S T p{V{x) + Jnn Pri€p 14X = S p(X)[r x £(x) ++ M(x)1dX +

7
(1‘1) D P
(e xtrete + S[r x (s (v y)dY]dX-ﬁLi X S 2(yym(x, )dY,
aP r V-r I; V—Fp

whe )1 ' ex 1
couuf\M(-"-) s the external body couples per unit mass and ¢ is the surface
P L“s vector stress per unit area across the surface . (
deﬁnCd.oPn;czple‘ of energy. There cxists a specific cnergy e per unit mass
n V, such that, the balance of enecrgy can be stated as

& O
dt”e-' o (VT #m ) }“’-" —S(f"+ Mo-r)dX + S (tv4-c o —h)da+-
(13) - g a*
+ SdXS (1) (8%, v (x) +mlx, ) 5(x) + w(x, y)]dY,
P ovip

wherce 7 is the external h '
cat sources per unif mass an i |
LA ss and 7 i a
flux p\a:l unit area across the surface ¢F. . * the suface heat
e sfl.df’rt:gc::pl? of entropy. There cxisis a specific entropy S per unit
€, at, for any procesess of deformation we have

(16) %S p(2)S(x)dX — {S."_(;)(’% dX—S %a"o‘l >0

>0

where T >0 is the absolute temperature®).

*} Here the principle of y e .o )
formulation given ipn [291')1.e of entropy was steted as in [30] which is different from  ihe

ON THE THERMODYNAMICS OF NONLOCAL CONTINUA 85

Using these principles we can derive the equations of motion for our

continuum medium.
Let us first observe that according to (6), {7) and {10), we have

(ax{etgtr v {2 {e0008(x, )Y = el)g(ax.

P V—. F I ¥ P

4 §elirto) xgle, )mlx 1Y
P V—P

{4X { o) (9 < gl )+ m, )Y {e(n)irxgl) + mix)iex
and )
{ 4§ e(3)g(x. 91¥(x) + me, 5)207) + 2ol 30

F v

= { e g3+ m() () + i) aX.
f)
Now, let us examine the consequences resulting from the principle

of linear momentum.
Taking into account the above results and making use of divergence

theorem and of cquation of continuity

(17) g§+pdivv_. 0,

derived from first principle, we casily get

(18) . {itue+ ol +8) —¢aldX =0,

P
where 2 is the acceleration field and the index ¢ after comima indicates

partial differentiation with respect to .
Since the integrand is supposed to be continuous and (18) must hold

for an arbitrary P, it results that
(19) tio+ elf -+ 8) = pa.

In a rectangular Cartesian sistem of coordinates x,, Xz, X, W€ obtain
the well-known equations of motion

(20) tye, s + p{fe + 81} = pac
where #;, are the stress tensor components
t=tie, =tpn e =tn, f=/&, E=g¢e, 3=t

Analogously we have
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C=Ge, = cangey ==y, M= Me, m = me,

and, from the postulate of angular momentum, at last, we get
(21 Sttt + p(M+m)=p], ¢,

“here C{j arc th(. COU[)]E' Stl‘eSS t(f O ( ()l“p‘)”e I‘i S a
. .
' nsor N1 and Cui— 1! the .’il tern] n

From the postulate of energy, by known procedure, we obtain

S ple-+ v +Jyup)dX "‘_*'SP(fi +gJvi + (M - m) @47 - wldX o ‘
(22) P P
-+ S (f'fi..fv! F bt b e ey — q;_f)dX,
P

where g; arc the components of the heat flux.

Making use of (20), (21) and rememberi
. , ering th itrary
P we obtain the equation of energy in theI f?)%m S

(23) P e~y —Cpu eyt eunb et gra—p(r+u) =0,
In the same way from (16) we get
(24) pTS — pr+gui—2dt 5 0.

T

With the Helmholtz specific fre d
the inequality (24) becomo ¥=e=5T the cquation (23) and

(25)
(26)

P(¢+ST+ST)—_‘J’UL'4'J—Cjtq‘;i-}'f‘ Sunfuf{;t“i-q’-c‘—P("-.‘-w)-- 0,
—p(d +ST) +t1lvhj+cji"?hj’_ 84,‘115”@;2 0,
If the equation (12) are valid then (25) and (26) arc replaced by

plb + ST+ ST) —t) w0s— €194,y + Goo— p7 + pg¥c + (pmy + ey ty)e; = 0.

= (b4 ST) 4 tyvas - coipuny — et ~ (pts -+ Sonlp)pi— q‘—;—‘ 2 0.

Now i . . . .

v T e
i:‘(l:lllllnall;: Stot éh?i i?-;cf;l, clt;}zlssi(faleg;;eg zpilqggg?:gp::guégge c\?'ttar(c)gg ;;elglﬁilisgiliﬁ:
tcchnisc:j rrn:lltf;v::lopedkby %r?zgig t[gg)l]‘:e[z(é%:l%gzlncsﬁ [lzd‘lilf‘éirstfén‘;gdcl?lggﬁz?[Zté"ﬁ
2;%52‘2221-gﬁﬁﬁ‘;‘;1i${.°f‘02§id?‘2‘120{:‘1ﬁ‘3 balance Taws. Hore. the loeal
of the body: Al of these new-entifivs have  proces meatioy st in ree:
quence by this procedure the nonlocal probIenllz)rfefiff?):nme:trilgrllggiltf i;nclcz?ﬁf;‘.
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— 1t seems that cven  when the body is acted by mechanical
external means only, the internal reply of the body is purely mechapical
only in very special cases. Usually, (he internal reply ol the body is accompa-
nied by an internal heat ficld, cven in the statical casc.

The modet which cheis to the equations (20), (21) is sumilar with
the micropolar models (free rotations), but the presented model has o diffe-
rent behaviour and we call it model with natural retations. [nformations
aboutl micropolar models can be found in (117, T12L

It scems that the presented model and the models of micropolar
type describe two different phases for the same process of deformation
The conncetion between them, scems to e similar with the connection
between clasticity and plasticity in the classical theory. When the internal
body couples are absent the pre cented madel becomes a model of micropolar
type [see 1290).

If the couple .clasticity-plasticity™ describrs the deformation fer
ihe materials which can flow on the cirrge, the couple ~model with natural
rotation —model with free rotations” scems to deseribe the deformation of
the bodics which arrive to be distroied by dislocations.

When, in the response of the body, the surface couple stress are
absent, then o= 0 and the equation (21) hecome

ginbom ’Pm

If, in addition, the external body couples and the interral body couples
ate absent, then

I T eqp( My + )

b Sil.ﬁ'?]"ﬂlém
If the microstructure of the medium is absent and the above sup

positions are still valid, then the stress tensor 1s symmcfriral :

t(_. o :IJi

f” — t“.
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BOUNDARY VALUE PROBLEMS IN MiCROPOLAR
THERMOELASTICITY
BY

1. CRACIUN

1. Introduction. There are many papers and books which study the
stationary vibrations in clastic solids. This kind of problems have been
initiated by V. D. Kupradze, the results of his rescarches and
of others, especially from his school, or from elsewhere, up to 1976, being
published in [1].

In our previous papers [5]—[7] some problems concerning the statio-
nary vibrations of an isotropic, homogencous and centrosymmetric solid
in fthe linear theory of micropolar thermoclasticity [2], have been studied.
The same theory has been discussed by Agniasv iti [8).

In this paper two interior and two exterior boundary value problems
of the above mentioned theory, which have been introduced in [6], are
considered. For the study of these problems we have deduced in Sect. 3
some Green identities from which, by using the same method as in (1], [3]1—
f5), [7], [8], the intcgral representation formulae for the regular solution
of the differential equations of the governing theory have been given. Star-
ting from the results of Sect. 3, we introduce in Sect. 4 two micropolar
thermoelastic surface potentials for which some properties are given. In
Sect. 5, we reformulate the two interior and the two exterior boundary
value problems by means of some boundary operators introduced in Sect. 3.

In the last section these problems are reduced to singular integral
equations of Fredholm type. The study of these singular integral equations
allow to prove existence theorems for the considered problems.

2. Basic Equations. We consider an isotropic, homogeneous and
centrosymmetric micropolar thermoelastic solid occupying either a three-
dimensional domain D, bounded by a closed Lyapunov surface S& Ly(),
0 <a< 1, or the infinite domain D-, where D-=E,/D+*u S, E, being the
three-dimensional Euclidian space.

If we consider that this solid is acting on his surface S by stresses, couple-
stresses and heat flux varying harmonicaly on time, then, in the absence
of the body force, couple-body force and heat source, the basic differential
equations which give the amplitudes u, ¢, 0 of the displacement vector,
the rotation vector and the increament of temperature in the point x(xy,
z,, %), respectively, are [4]



