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BOUNDARY VALUE PROBLEMS IN MiCROPOLAR
THERMOELASTICITY
BY

1. CRACIUN

1. Introduction. There are many papers and books which study the
stationary vibrations in elastic solids. This kind of problems have been
initiated by V. D. Kupradze, the results of his rescarches and
of others, especiaily from his school, or from elsewhere, up to 1976, being
published in [1].

In our previous papers [5]—[7] some problems concerning the statio-
nary vibrations of an isotropic, homogencous and centrosymmetric solid
in the linear theory of micropelar thermoclasticity [2], have been studied.
The same theory has been discussed by Agniasv ili [8].

In this paper two interior and two exterior boundary value problems
of the above mentioned theory, which have been introduced in [6], are
considered. For the study of these problems we have deduced in Sect. 3
some Green identities from which, by using the same method as in [1], [3]--
(5], [7], [8], the integral representation formulae for the regular solution
of the differential equations of the governing theory have been given. Star-
ting from the results of Sect. 3, we introduce in Sect. 4 two micropolar
thermoelastic surface potentials for which some properties are given. In
Sect. 5, we reformulate the two interior and the two cxterior boundary
value problems by means of some boundary operators introduced in Sect. 3.

In the last section these problems are reduced to singular integral
equations of Fredholm type. The study of these singular integral equations

allow to prove existence theorems for the considered problems.

2. Basic Equations. We consider an isotropic, homogeneous and
centrosymmetric micropolar thermoelastic solid occupying either a three-
dimensional domain D*, bounded by a closed Lyapunov surface S& Ly(«),
0 <e< 1, or the infinite domain D-, where D-=E,/D*u S, E, being the
three-dimensional Euclidian space.

If we consider that this solid is acting on his surface S by stresses, couple-
stresses and heat flux varying harmonicaly on time, then, in the absence
of the body force, couple-body force and heat source, the basic differential
equations which give the amplitudes u, ¢, 0 of the displacement vector,
the rotation vector and the increament of temperature in the point x2(%q,

z,, x,), respectively, are [4]
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[{e+2)A-b co?lu-f (n- m-—a) grad div

[ ] | grad div u-2z rot 5 —v grad 0=0

(2.1) _Zoc rot' Ut [(v+e)AJeo? —da ]y L (34 —¢) grad div =0 ‘
ton div u+ (A +fw/x) =0, '

where 2, u, o, B, v, ¢ are 1 i
i Lo, By, nechanical constants : v, », v are )
1e ‘ S1v, % constants depen-
-(}u:sg tc;i]e tr}éc;qtt}}g;mlal. prt)tpmnc? ofltl'.(fz body; ¢ is the density of the murel;ial
: : al 1nertia, o is the frequency of the vibrati Gt ‘
e o ; mey 1 vibrations, A==52/2224-
¢ /(,A,TI—(} /éx§ is Laplace’s operator, ¥, x,, a5 are the coordinates (/ﬂ tll-lle
pmnt']{chm the rectangular coordinate system Ox,x,x, and f=} —1
€ cquations (2.1) may be written in the matricial form

(2.2) B(alox, o)V (x)=0,

whe o P .
c:fhrars if tts the Slfﬁ,mnnal operator of the micropolar thermoclasticity
otropic, homogeneous and centrosymmetric solid in the case of

stationary vibraiions, whosc . ‘
from (2.?) andl . whose matrix of the 7x7 {ype can be cascly found

. u(x) e
(2.3) ! (x.)={q)(x) ___(r. (x)), xeD* or xeD-
0(x) 0(x)

. r” _1‘:13 dtt‘hrLOtgeb{ }gx), m(x) and hl( t) the siress vector, the couple-stress

s at rlux, respectively, all acting on a surface el )

containing the point x =F,, with the {u’n't a g on a surtace element
: , S -

D* to D~, then [2], [3}.a (5] rmal vector n,, oriented from

t(x)=2n,div u(x)+2gau(x)/an,+(y.—-a)n, X rot u(x) 4 2o, < o(x)— vO(x)m,,

(?..*1)[m(;:;)={:3n,c div o{x) + 2ydp(x}/n 4 (v~ e)m, X rot o(x),
h(x)[k==06(x)/dn,, k= const.

The equations (2.3) can be also written in the form
t(%)

m(x) )=R(a/ax, nV (),
h(x)/k
where K is a matricial differential operator of 7x 7 type which in the case

% €5 may be called a boundary valuc operator of the B operator
Let us notice that -

(2.5)

T(dféx, n,)U(x)~-vO(x)n,
M(éfox, n,)p(x)
20(x)/on,

where T is a differential matrix of 3x6 ty hile A i
eg.[5)). Obvionshn X 6 type, while M is of 3x 3 type (see

(2.7) T(ofox, n)U(x)=t(x)+0(x)n,, M(d/ox, 7. p(x)=m(x).

(2.6) R(efex, n,)V(x) =(

b
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3
With the 7 and M operators introduced, X may be writien in the form
—vi,
oy -1y
T(ejéx, ns) o
2.8) R(5/8x, 1) ! 0
AM{efdxn.) 0
des i
i 0
Lo 0o 0 |afen,

where Oy,5 15 the nul matrix and 5, #,, 1, are the components of n,,

In our previous paper [4] we denoted by B(8/éx, ») the adjoint operator
in Lagrangc’s sense of the operator B(é/3x, w) and we have proved the
Green identity for the bounded domain D*.

(V(x). B(@léx, ©)V(x)--V(x) . B(3[ax, @)V (x)idx =

:2‘9} D+
. s [V(x) . R(3]ox, nx)V(2) — V() . R(8/ox, n) V' (x))d5.,

where K(8/dx, n,) is a boundary valuc oprator associated to B(d]2x, w),
obtained from R{&[éx, #s) by changing v with fey in the seventh column ;
V(x) is a vector function with scven components, similar to I"(x) from {2.3) ;
the point means the scalar product in a spacc with 7 dimensions. It is sup-
posed here that ¥ and 77 are of the C¥(D*) nCY{D¥) class, where D¥=D*U 5.

If we suppose that the body occupies the infinite domain D~, V and V
arc of class CHD")nCY{D") and satisfy the radiation conditions defined in
'6] and [7], then we have the following Green identity for the infinite domain

D{see [7])
S[V(x} B(a)ex, o) P(x) — P(x) . B(3]ox, @)V (%)]dx =
=, S (V(x) . R(0)ox, ne) P(x)— T{x) . R(@/ex, ns)V(%)1dS..

3. New Green Identities and Integral Representation. Starting from
{2.9) and (2.10), we can casily see that we also have the following two Green

identities
g V() . B(ajox, @) V(%) —V(x) . B(6]ax, ©)V(x)]dx=

-

(3.1)

(2. 10)

I+

= S [6(2]3%, 1a) V (%) L(8]55, ne) V(%) — (6o, 1) V(x). L (afdx.n.)V (x)1dS,,

5
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[Vix). B(3/ Plx) — T
S (x) - B(ofox, 0}V () —V(x) . B(3/bx, ) V{x)]dx = Considering that
s
- grz ) (3.7) Tz, y:o )=y, ;0. v),
— T\l a My /_, -:' . g ke . i , .
) (0f0x, 1)V (x).-L(8]3x,1,) ] (¥)—=H(d]ex,n,)V (x) L L3]3x,m) V(%)1dS where (&, ¥ ; @, v) is the matnix ol fundamental solutions of the operator
. t"h‘ n S B(8)dx, ), then the ideniity (3.7) can be written in the following form
where the new boundary value o
‘L perators & e i = . . -
trices of 7X 7 type, whose experessions in termsE}dTﬂgn?lrifd;iﬁncntm e UV (x)= S (F(dfey, m) T (x. 5y o, W) TL{E 2y, n) V(3)dSy
e e (3.8) .
o Eyxy | Osxa - S(.e(a/ay, nAIT(x, 3 5, )72y, m) V(9)4Sy,
2
fa-s) A = 0 ! 5
E , L= 0 which for ¥ = D+ is an integral representation formula for the regular solution
Oiya GER o 0 M 0 of (2.2) in D* The subscript T means the transpose operation.
0 ix3 To obtain an integral representation formula in D~ for the rcgular
ool 0 solution of (2.2), we take in (3.2) Viyy =TW(y, x;0,v), 1<k<7, and for
0} I 000 3/dn I{(y} a regular solution of (2.2) in D~ satisfying the radiation conditions.
' ’ This formula can be written in the vector form as

Egvs irarc;ing here the unit matrix of the third order
e operator & is obtained fro . i
vy e opers rom % by changing v with fwy in the w(x)V(x)= S(.E(i_i_-'ﬂy. )T (x, ¥ o, v))TH(E[dy, )V (y)dS,—

Let us re .
now apply Green's identity (3.1) both to the regular vecter (3.9) 2

V{v) satisfying (2.2), and =
= -2}, to the vector V{y}=TW
I W ()=T"(y, x; = o . i
:‘;Terc 'Y is the the k_‘?rder column of the matrix f‘(if func(;‘ S S(?G(d/f}l' CAMC A VY 212y )V (5)45
ons of the operator B(d/dx, @) (sce [51) amental solu- 5
It is known that [5] - o
3.4 - z wlhoere
, VX @, v) = — § . 1 iz D7,
( N ) B(dfdy, e)I'*( ) 3 8(y ~ %) § [ i D
where 3(_‘}'-—-1’) is the Dirac distri . ’ [J-(?v') L 112 if 2= S
belnthlllf Kronecker syml;:ol. istribution, and 3= (3", 3¥, .. oy, oM l 0 if xe I5+
aking into account (3.4 '
(3.5) (3-4) and When x=D", {3.9) gives an integral representation for the regular
. SV(J,) . 8§y — ) dy=I(x)z splution in D~ of (2.2).
e y=2dy=l(xju(x), x < E,, 4. Surface Potentials and their Properties. As in the classical ther-
where v, is t moclasticity [4], (3.8) and {3.9) lcad us to introduce two surface micropolar
x is the % order component of V(y) and shermoclastic potentials, namely,
1 if xe D+, _ )
Iz} = { 12 if xe S, (4.1) L{x; =?)=S(-9(3/3y. n)IT(x, y 1o, V) T2(3}4S)
0 if xe D~ 5

then from (3. 1) we get

(4.2) H(x ; 0)= \ (B(2/2y, n,)T7(x, 3 ; 0, v))(5)4Sy,

(LR )

(3.6 epte)= | 12y, m)F0(s, 0, 20103, mV33, —
. 5

where @ and ¢ are unknown vector f;mctions with seven components. We
—\ L83y, n)[™ : . shall suppose that @ and ¢ are of C%*(S) class, where 0 < B <a.
! 7. m) POy, %5 @,9) . B(2[oy, m)V(5)dS,. In the following we shall give some theorems on the potentials (4.1}

(4.2).
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Theorem 4.1. The first derivatives with respect to x; of L(x - o) belong

to the class CY*(D%) or C*B(D7) and the F-operator of L{x; o) tends to fintte
lomils as the points x tends to ihe boundary point =& S from inside or Sfrom
nutside, these linits being respectivels equal to

H(dféz, my) Lz ; @) TH= F 1f2¢(z) 4
S B(0]éz, m)(L(0]dy, m)I'T(z, 3; w, v)To(y)]dS,

5

(4.3)

where the symbol “4-% (“—") corresponds to the lirit Srom DY(D"} and the
tntegral is lo understand in the sense of Canchy's principal value.

The proof of this theorem is based on the fact that somo components
of the vector H(eféx, n,)L{x ; 2), x =D or x € D™ are single layer potentials,
the others being double layer ones, and for these types of potentials discon-
tinuity relations have been given in [31--[5].

Similarly, we may also formulate

Theorem 4.2, The first derivatives with respect to x; of H (x; ) belong
lo the cluss Co®¥(DY) or C4¥(D7) and the L-operator of H{x; ¢} tends to finite
bmils as the poinis x fends o the boundary point z€S Jrow tuside or from
oulside, these limits being respectively equal to

0310z, n)H(z ;)% = & (2 +
= S.B(?P" n,)(i(aléy, w )Pz, v, v))Td(3)dS,.

S

Theorem 4.3. The potentials L(x; @) and H{x ;) satisfy (2.2) for
x nonlocated on S,

Theorem 4.4. The potentials L{x; o) and H{x; ) satisfv the radiation
condstions.

The proof of this theorems result from the asymptotic estimates
of the clements of the matrix of fundamental solutions I:(x, ¥, v) given
in I77.

5. Boundary Value Problems. In a previous paper (67 we have defi-
ned thirty two boundary value problems for D+, called interior problems
and denoted by (p.q.r)°, where p, g = {1, II, 111, IV}, r= 1, 11}, and also
thirty two exterior problems for D*, denoted by (p.q.r)”. Some of these
problems, namely, (LILII)* and (II.I.I},* may be now reformulated in
terms of the operators £ and 2, respectively, as follows.

Interior Problems. I'o find the weclor function V(x)= CHD*)nCWD*),
satssfying both (2.2} and one of the following conditions

(5.1} [L(dféz, n)V ()]t = Fy(z), z S,
(3.2 [H(d[cz, n)V(}Tr=Gu(z), 2= S,

where Fy, G are prescribed vector funciions with seven components belonging
to the C°8 (S) class.

(4.4)
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when on the boundary,
Jiress vector m and the hea
or the stress vector £, the rota

inati : 0, satisfying (2.1) in D7,
These : he determination of u, ¢ and 0, ying . "
D heandary there are given cither the displacemcents, the coulpllc;
: { flux &, in the case of the problem {I.1I. 1) .
tion = and the temperature 0, when the problem

the vector function 1 (x)=C*(D ynCHD )
litions and one of the condilions

(I1.1.I* s concerned. _ .
Exterior Problems. 70 find
satisfying (2.2), the radiaiion cui
(5.3) [L{afdz, n) V()i =F.lz), = S,
(5.4} (% (&iz, n) V()17 =Gu=), 25 5,
unctions e CoB (8) class.
i ‘e G own vector functions of the Co* (5) ¢ )
e él?v%u&if A(’é?;) lis the lj)oundary condition of the problem (LILII)7,
while (3.4) is the boundary condition of the problem {ILILI)". - »
6. Reduction of the Problems to Singular Integral Egquations. Lt
.« look for the solutions of our problems as 1olllor.vTS:
for the problems (I.H'II)‘:I'I(}(;)L-j—-?vjcJ)w'
or the problems (ILLI)*, F(x)=4Lix o) .
where th{-( ;otulsntri)al densitics o and ¢ are unknown vector functions be
angi s COR(S) class. ‘
longing to the C*%( o Hi(e 1 ) and 1
. virtue of the theorems 4.3 and 4.4, F(x)=H{x v} < ()=
I (\'B'}q)‘\l'zt'lilf(;' (()2.2)];nd also satisfv, when v& D7, the radiation conditions

1). N N v condis
2y Let us now impose these functions Lo satisfv the boundary con

jons (3.1)—{5.4). ‘
o I(’)y )u:,ir(lg t)hc discontinuity theorems 4.1 and 4.2, friom (4.3),

and (5.1)—(5.4), we obtaln

(4.4)

01)  z¥9(z) —!-8-9(5133. ) (Fo(@fev, m)U Tz, ¥ o, V()45 = Lelfz).

6.2)  Fheln) -+ S % (8]ez, n){L(éféy, n)TT(z, v o HTe()dSy = Gull2),
S

where the subscript i from the right-hand side of (0.1) and (6‘.2.) corr;;{))?zllﬂ:
tu the interior problems, while ¢ corresponds to the cxttr]lofrt hpnd e

By L#=(¢) we denote the operators gencyatod by{ thf* (io:oss 8
of the cquallbns (6.1). The notations H*(p) will have an analog se.
Therefore,

(6.3)  L*(d)2)= = i—a‘a(:)"rs £(8]éz, n )(B(3[3y, n)IT (=, ¥ w,v)) T (y)dS,.
6.4)  HYG)()=TF bole)+ | B(2)ex. ne) (L(22y. )T 350 V) 2(7)dSy.
. } == L(d]c #3)

is K[ == ajez, ng

The kernel of the {irst operators I_i(q;)(z) Illb I\.,_l,.‘t,_‘.‘ ) I e
"’E(a/e:--,- w7z, v s o, v) T while Kalx, ¥)=(8]éz, ;) (L(2f3y, m)TT(z, ¥
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@, v))T is the kernel of the o

. perators H*
0}1: the matrix of fundamental solutions (
show that X, and K, are singular kernel

3 ;
§3, p. 150), and hence (6.1}, (6.2) are singular integral equations.

In the samec way as in th

) : ¢ general case pres
that Z*(J) and H+(;) are o - il typt
a regularization in L®(S)
V 2(9:. Ug,

I'(z, y; o, v) [5] and (3.3)

--, ¥s), summed over S in the p-th power, the norm being

(6.5) |;V,]={SS(S; [ v |,)Pf2 dsy}”ﬁ' P> 1.

It follows that the Fredholm th i
equations (6.1) and (6.2) in the SpacgommS o the o
?fchount(fhat SEﬂLI(m), and that L*

tes Gy =CO8 (S}, th ‘ i
e =l Cg'B%S) C}?;ls;my solution of (6.1) and (6.2), of class LS)

Therefore, the existence of th i

fore, X e solutio f the
(1.511.351)i is reduced to the study of the giigultah{
and (6.2). This study can be made in the same
classical thermoelasticity [4]. L

problems (II. 1. I)* and
integral equations (6.1)
manner as in the case of the
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ON THE DEFORMATION OF ALMOST CYLINDRICAL BEAMS
BY
S. CHIRITA

| Introduction. The problem of deformation oi aumost cylindrical
beams in the theory of clasticily was initiated by Panov [1], Ruk-
hadze [2] and Bors (3] and it was developed in various papers (see,
e.g. [4]~[8])

Tn the present paper we give a method, more simple than those known,
for solving the problem of deformation of an almost cylindrical beam subjec-
ted to body forces and lateral boundarv tractions which are polynomials
in the axial coordinate. The ends of the beam arce subjected to appropriate
stress resultants. \We consider the case of an almost cvlindrical beam made
of an isotropic and inhomogencous elastic material. The Lamé cocfficients
are assumed to be independent of the axial coordinatc.

Our method presents a new treatment of the problem cven for inhomo-
gencous clastic bodies. Morcover, the present paper points out the contri-
bution due to the form of the beam in the solution. In fact, the method
presents the solution in terms of the solutions of two problems, €, and €.
The solutien of the problem €, represcnts the solution of the initial formu-
lated problem as though the beam would be a cylindrical beam. The solution
of the problem &, is the solution of an Almansi type problem for a cylindrical
beam. This last solution is due to the form of the beam. Both solutions
can be determined by using the method described in [9], [10].

The proposed method is then used in order to study the Saint-Venant's
problem for a frustrum of cone made of an isotropic and homogeneous elastic
material.

5 Statement of the problem. Throughout this paper a rectangular
Cartesian coordinate system Ox (k=1,2, 3)is uscd. We shall employ the usual
summation and differentiation conventions : Greek subscripts are understood
to range over the integers (1,2), whereas Latin subscripts — unless otherwise
specifed — to the range (1, 2, 3) ; summation over repeated subscripts
is implied and subscripts preceded by a comma denote partial differentiation
with respect to the corresponding coordinate.

\We consider a# almost ¢cylindrical beam limited by two planes x;=0
and x,—!, and a lateral surface [, given by
(1) flx {1 —ex5), {1l —exy)) =0,
where ¢ is a small parameter, the square and higher powers of which can
be neglected. Let B be the interior of the beam and £ the gencric €ross-
soction of the beam. We assume that Zis a C1smooth domain [I1]. We
denote by X, the cross-section located in the plane x;=const. The 1,-axis
of our coordinate system will be directed along the line passing through
the controids of the cross-sections of the beam.

In what follows we consider the linear theory of elasticity for inhomo-
geneous and isotropic materials. Let u, denote the components of the dis-
placement vector field. The components of the strain tensor are given by
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