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@, v))7 is the kernel of the opera
_ tors H*
of the matrix of fundamcntall) solutions (

show that K, and K, are sin
; gular kernels of class G*(2 g
§3, p. 150), and hence (6.1}, {6.2) are singular intrgr(al’ gclp.o::)it(i\(a)cxfs.“]’ e

In the same way as in the ge
that J#{d ) ¢ general case presented in [1 E
a rcg{dil:g?i)ilt]i%rf{ii rg?ﬁf(gf pcr?ltorf-of normal type, and fhcrE:fg)’r(‘:vfhgiliisI;{:)[:lg

= {1 L v — the iincar space of functi e The
Vi=(v, vy, ..., va), summed over S in the -th power théol?osrr{;agé?ﬁ the form
, n being

(6.5) uV”—.‘SJ)? [ 04 |2)N2 rZS,,}”P, P> 1.

It follows that the Fredholm th
] . ) eorems are valid for the sine i
;gé:)alﬁlotnfh(aﬁf 2‘ gx}Jd (6.2) in the space L¥(5). On the otfler (ig‘lllllalllil]‘{;gtejg;ta;
o ::(or.), Iimd that L*(4), H*(p) arc operators of ﬁormalgtv
bojobe Site (5), then any solution of (6.1) and (6.2), of (5]
elongs also to CB(S) class. 2 of class L)
Therefore, the existence of th i
e , Xis e solutions of the problems &
( 1)* is reduced to the study of the singular i%tegri?iéi&tilélg (Eﬁml()I

n ( .2). g8 } <

¢){z). Using both the expressi
‘ xpressions
I'(z, y; 0, v) [5] and (3.3), we can
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ON THE DEFORMATION OF ALMOST CYLINDRICAL BEAMS

BY
S. CHIRITA

| Introduction. The problem of deformation of a.most cylindrical
beams in the theory of clasticily was initialed by Panov [1], Ruk-
hadzec [2jand Bors 73] and it was developed in various papers (sec,
e.g. [4]—[8])-

Tn the present paper we give a method, more simple than those known,
for solving the problem of deformation of an almost cylindrical beam subjec-
ted to body forces and lateral boundary tractions which are polynomials
in the axial coordinate. The ends of the beam are subjected to appropriate
stress resultants. \We consider the case of an almost cvlindrical beam made
of an isotropic and inhomogencous elastic material. The Lamé cocfficients
are assumed to be independent of the axial coordinatc.

Our method presents a new treatment of the problem cven for inhomo-
gencous clastic bodics. Morcover, the present paper points out the contri-
bution due to the form of the beam in the solution. In fact, the method
presents the solution in terms of the solutions of two problems, €, and 2,.
The solutien of the problem &, represents the solution of the initial formu-
lated problem as though the beam would be a cylindrical beam. The solution
of the problem €, is the solution of an Almansi fype problem for a cylindrical
beam. This last solution is due to the form of the beam. Both solutions
can be determined by using the method described in [9], [10].

The proposcd method is then used in order to study the Saint-Venant's
problem for a frustrum of cone made of an isotropic and homogeneous elastic
material.

5 Statement of the preblem. Throughout this paper a rectangular
Cartesian coordinate system Ox(k=1,2,3)is uscd. We shall employ the usual
summation and differentiation conventions : Greck subscripts are understood
to range over the integers (1,2), wlereas Latin subscripts — unless otherwise
specifed — to the range (T, 2, 3} : summation over repeated subscripts
is implicd and subscripts preceded by a comma denote partial differentiation
with respect to the corresponding coordinate,

We consider a# almost cylindrical beam limited bv two planes x,=0
and x,={, and a lateral surface [7, given by

(1) Sl {1 —ex3), Ko — €35)) =0,
where ¢ is a small parameter, the square and higher powers of which can
be neglected. Let B be the ‘nterior of the beam and £ the generic ¢ross-
soction of the beam. We assume that Z is a Clsmooth domain [11]. We
denote by X, the cross-section located in the plane xg=const. The x,-axis
of our coordinate system will be directed along the line passing through
the centroids of the cross-sections of the beam.

In what follows we consider the linear theory of elasticity {or inhomo-
geneous and isotropic materials. Let #, denote the components of the dis-
placement vector field. The components of the strain tensor are given by
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P4 5 e . ',:_1 i 1'2) 0 ) . E
i o " ffotroplc - ¥ £yl ]]f.l/‘l(' cross-seclion of the cviindrical beam it
A s . . " : . . . ot . ik £ e poeneric : St ) el s
lhvl_ constitutive equations for an tsotropic and inhomogeneous elastic Lot us denot h'\l,u'md'n‘t D 1ot 2 e the cross-section ¢ foca to
muedium are o

b the x| ! K
o lilnl v = consl. Obviously, (1, eoincide with X et
i ' - T : and = &1, - o e surface
i3 lii=heg 84 2uey, in B, the DT et \f L) heoa venerical point of the (],:\hln(-hul ;l;;“‘(. & et
- Lhn = LR : N = o - wdiiea : s uiv
where £, are the components of the stress tensor and 7. and u are the Lamé i easy 10 see that when (¥, v ve) describes the evlindi
moduli. We assume that =)y, x,), we=a(v, v}, in B The functions 7 b (9, the point (), Xa, ¥a) given I ‘.
and u are assumed to belong to €=, (ilUJ ol eva), veo=velb ey
.~(‘ \(" . . rags . ] = BT . N ) ) ) !
— I'he relations between £, and ¢, must In reversible, so that we can b (Y Surhice B
Without loss of gcncrah.
tion of the surface f7in the form

Tt

il

1 119 (Y eal e 'y‘g';‘x'.]:;-_
Vv, W dn L‘()n:-il(if,‘l' 4 paranu tricas repre

e 9 . (v/E).84y,1n B3, where {{{=1u32 2} () v=2i[2(0 4 u)].
The cquations of cquilibrium are

{] iy "3!{{)1)1 ‘\'g=?2(”|)- 1y (.L:. HES 02'*<-1r (hy e /-

{4 Lo +/f=0, In B, Then the surface F is given by =ef. O O.2f O
where f; are the components of body force vector. ' £y = (1 L2072, (), ve=(1 i€ 05)22{ 1), va=2 0, xR LS g

On the lateral surface of the almost cvlindrical beam we have the (12] . ltl- l'lti.m‘l* (11) and {12), we can ostablish the following formede
following condition: By using the veld : R Y
f - B . . 7] .'-_".’\',, Iy a“p‘.\ P’ g [ 1%
(3) Gang =4, on I, (13) . . ines of the outward normal veetor o tin
where w, are the direction cosines of the exterior normal to . where N, are tho direction cosimes ik

In this paper, we assume that the body forces and the tractions applied evlindrical surface 3. heses of Section 2, concerning the form ob e
on the Jateral surface are polynomials of the r-degree in the coordinate According to the hypotheses of hiem in the form
vy, namelv : 2 Leam (1), we seck the solution of our prob b. ‘ e
. r r . ' f’H) m(.“.“ Xa, _\-3]:4;‘..01(1'1, A, ,1';) i ziy (X, Xa, Xs),
) A kE(,!u.(-t.. Ap) Xyl *Lufm-.f.n, Xg)ay, \\vh(‘rt' w® and o, are unknown funlgl:\lo_llst- (2), we doduce

: . 2 . L i + relation into (&), W o

where £y and 1, are prescribed functions which are supposed to belong If we substitute the rel ( (Io; .
ta (=, (15) £y ey T2 Va1,

Let the loading applied on the end located at xy=0 be statically equi- there . W
O o Fere AR re WeTe 2o PIPSEE AP
valent to a force R(R;) 2nd a moment ML), Thus, for x,=0, we have the ¢ 2609 = 141, (17) oty '
lollowing  conditions (1) v Ty b (15), it follows

. i From the relatiens {3) anc (0‘) G
e - 4 —
(7) gx,.d,-l R, B.ral'”d:.{ = geaa M, Ss3u3xa133r¢_-l:—-4113, (18) L=ty -+ &%
%, . = where S B L, i
. " T o (2 T RO T AR

where e denotes the alternating svmbol. 19) 19 = 0o 8yt 2uely (29) N o

The Iead of the beam over its end located in the piane x,-=f is distri-

i ad to the followin
The equilibrium equations {4) and the relation (18) lead 1o he iy

buted in a sueh way that (he equilibrium conditions of a rigid body are I U ations in &
fulf Med. 1. us, the loading applied on the end located in x,=/ is given by g ‘ 0 b f==0, i 4B, (22) Tpoy=0, 10 ) ,
tzty E04fi=0, & Bv using the relation
todA — — R i1 (o da : et (yr. yar ya) be a point of the lateral surface 7. By nsing
S . ' S S o (10, we obtain, by Taylor’s expansion, N )
{‘}) =i i i I I[S‘( vy Xg _\-1):»_»#(‘,‘;)(\'1(] <4 E}'s). }'2(1 =+ E.\':k): _‘-':a)'Tilf (.\ 1; REY (—"1'3 l_—r
D - e ) - . - - ' ) Va oy
S e‘,ﬂx‘lta,d‘,] R, S S Er.u.-\;f:f”. N 3 Zafi \'j['__tf.f. (23) +£},3.\.Jf‘_?3:()-“ Vo, _‘_\'3), ':!j(-‘-h Xg, -\n) : -U(}l( +E'}J\‘.)
b i » ' A eva), va) =TV Voo Ve Ve YeTine (y;,)Ja, .-\“ ‘ (3 320 59)
! T e (- gvg), V) ==L (3 My Ya) T BN plingl i Yar el
Our problem consists in the solving of equations (2), {3) and (4), with ) 102y, Ko, Xa)=ti{3a(1-F€¥e), o1 E‘\.a) ) 1)13 —mcli (23), from (18) and (3), we
the conditions (3), (7) and (8}, assuming that /; and ¢, «ie given by {6). Taking into account the relations (13) 1

3. The method of solving. Lect us denote by & the interior of the cvlin-
drical beam limited by the planes v. - 0 and v,=-/, and the lateral evlindrical

get the following boundary conditions
. @N —=f;, on F. (25)
surface &, given by (24) 1N =1

TqiNg=p« on F,
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where
(26) F b Pr=x NI Fagx (b, —0 Ny}, on F.

‘rom the iti i + dolati .
s ¢ conditions (7) and by using the relation (18}, we obtain, for
(27) Sigam. —~R, Sxai;g-‘dﬂ=asaaﬂfa, SE""”“@]{{Q‘ o

0, Q, Q,
(28) S'.s.-do_:O_ S Xa3adQ =0, Sewx,faam:n.
[s [+8 f,

. )
hgow, we mak‘e the transformation Za=2xa(l—ex,), z,=1,, into the relations
(8), so that, in the assumed approximation, we find

s(;‘?"fﬂz_ R Sf‘dc»):)_ S!id(ﬂ,

0,
(29) : - ¥
0
S s.n.zjt:gkrdQ=_M¢—-S i f1dY — S ezt do,
0
and ‘ @ 7
= ~ [(1]] o i
(30) S (wagt- 2113 _f—l‘ot;?:p)dgz"“ S (223f¢+232'pf¢.p)d°'~?-— V{zals ozt ) do,
Q, e 9_
= o 100V o, e
S eut (25Tt 23likip%o %0+ 2202 1R+ 81,2,2,40)AQ = — S i (22384 fn 1 0452, S+
o, 5
T 'Zaz’zﬂfk‘o)d%g _S € (2_;232'1.-’— SIpprafk Tzal-'j?pfk,a)dm.
F

If we substitute f; from (21) into (30) and .
: A we uvse th .
we can write the relation (30) in the follow)ing form Gl )

(31) S T Qde=— S P, s Eepl)Top = — S Enziprdw.
0, F Q, F

Let us denote by €, the problem for the cylindri i

: » cylindrical beam &, def
’Il)%l] the equations (16), (19} and (21) and by the conditions (24) and(3 E;%d
g e equilibrium conditions of a rigid body for the cylindrical beam & are
ldentically with the conditions (29). It is easy to sce that the problemn &
ll)s similar to that initially stated into Section 2, for the almost cylindricalo
deam. _The solution of the problem €, for the cvlindrical beam &, can be
u(c;]t(ermmed by 121511(1”g the method described in [Y, 10]. As it is known the

x ) Xa, . 3 5 2 : o0 r
f&nct}o;?s f}}) ::1 aé&i (:_:., ¥y, X,) are polynomials of x,, whose coefficients are

Let us denote by €, the problem for cylindri i
_ viindrical beam &, defined b

the equations (17), (20) and (22) and by the conditions (25) and (28;1.cIt i);
worthy to remark that the equilibrium conditions of a rigid body for the cylin.
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drical beam & are satisfied on the basis of the relations (31), In view of the fo-
regoing discussions concerning the problem €, and by taking into account the
notation (26), it follows that the problem £, is an Almansi type problem.
Iherefore, the solution of the problem €, can be determined by using a
method similar to that described in (9, 10 &

4. Saint-Venant's protlem for a frustrum of cone. In this section, we
will use our method in order to study the Saint-Venant problem for a
frustrum of cone made of an isotropic and homogencous elastic ma-
terial.

Throughout this scction B denotes the interior of a frustrum of theright
circular cone, bounded by plane ends perpendicular to the cone axis. The
axis Ox, of the coordinate system is taken along the axis of the cone. The
plane ends, which arc circles of radii r,, #,(r, =7,) arc.in the planes x,==0
and x,= !, respectively. If 0 is the angle between the axis of the cone and
the gencrators, then the cquation of the lateral surface I' of the beam is

{32) At ad=r}(1 —a,tg 0/ry)?, O xy<l.

Tt is clear that if the angle 0 is a small parameter, then one can take e=—
—(tg0)[r,= —(r 1) /(). It is casy to verify that the cquation (32) may
be written in the form

(33) (x(1 ~ ex)) 2+ (% (1 —exa})2=1}, O<a,<L.

‘The cylindrical surface & is given by af-+aj=rj, 0<x,</.

In what follows we supposc that the almost cvlindrical beamis made
of an isotropic and homogencous material, so that the elastic coefficients A
and p are constants. Further, we assume that the body forces and the lateral
boundary tractions arc absent. Therefore, we have

Silxy, %, Za)=1{%y, %y, %;)=0.

Let the loading applied on x,=0 be statically equivalent to a force R(R)
and a moment M({1f,). In this case, the problem 4, is the Saint-Venant
problem for the circular cylindrical beam & given by (33).

The solution of the problem &, is

1 !
{34) 19 = — ;—ﬂ.lxg— 6— biad—a xx,— 5 v(al—'p_?glx,) (xf—-— xg) —

—v{@y+Ds %) X1 Xy — ViEaAy,
= — -;— A xi— —;— byxdta % Xy — v{a,+ by X)Xy — -;-v(a,—;'-b,xa)
(A=A — vaaxa, , .
u® = (a;x,4ay¥y+a) ¥+ —;—(b,x,-i-b,x,) [x§+ (v -+ -'Z-J ri— -;— (x2+ \’2)] .
where
4 i 2 4

Esaa My, dy== — = Ry, g — —— My, by=—
nE afte. T AT % Ap - il

R,.

dy=

Further, we have
(33) t3=0, tf.,'%’=E[a,xl—i-a,x,-{-a.-4—_(b,x1—;-b,x,)x.],



102 S. CHIRTTA

sl s -] o Y]

o, [—-b —L-l— L . ‘_}_;_3 4 2 N 1 o
n r’-l s[”u 3 EERY I bz{ 7 “‘l‘) (ri-—a3)+ (E '_'q .1';‘]-'—:!,.1‘,}.

From the relations (26) and (35), we obtain

1
Pa=urn [(V+ 'i') (—b13'2+bz-‘7|)“:‘ﬂa] Eazaly,

ps=Er(a,x,-Fagxy+a.) -~ p(3v-+T7(2) 7 (0,2, +-byay) x,.
Since p, are polynomials of x, it follows that the problem 8, is an

Almanst type problem. The solution of th i
. The s ble I - ust
the method described in [9, 10]. Thus, f-.'cl')r;e)t(m S lnediigssng

(36) = — V20,05 — 1/6d, 23— 1/24¢, 28— 1 [2dgx a0 3 — 1 2v(c, - Ly xa--

-+ (12)e, 28} (23— aF) —v(Ca+dany+ (1]2) ex8) x 2y — vdyx 2,4 V (3, 1),
o= (1/2}e3xd — (1 /6)dyad—(1/24) g2} (1f2)d s 22— w{c, -d a5+

+(H2)er a3} x,— (1/2) v(cs+daxy - (1/2) e523) (35— a8} —vdoxyx, -+ a2y, 1,),

T T e | !
!;---(Clll“I‘C:x.)A-;"]' i—(d.x,-}—d,x,-—l—dz),q—g_:..(_..(6‘_1.'_}_‘:'2.2)}(2_{‘

where + W(xy, )24 Va(ve 1)

I’V(xl, x;)'_(blx;-i—b,x,) [2(1% !,xg)_{_ ‘E;:E'fg
2{1—¢) !

V(%1 x9) = (412, -Fas25) (234 25~r}) +as(xF+23),
1
Valz,, x3)= -2- A CagaXp {23+ X5) + D, 0, U+ e50p % Esyely ol

_ 139 (Tc—6){3c—2) _
ey DY APV, Te-4-3

—

x! o4y
24(1—c) i+73) 12(1—¢)?
c=pf(A4-2u), a=—-8b,, do=—1a,, dy=—2a,, d,=-—4a,, c;=
23c?--36c4-23
3(1—¢) (3—4c)
Therefore, the solution of Saint-Venant’s
_ efors, B s problem for the frustrum of
cone is w=u{ -+ ev;, where «{® are given by (34) and v, are given by (36).

5. Further comments on the solution. W ' i
: ! . We return now to a discussi
on the solution (14}, We introduce the new variables z,, so that TR

(37)

=fl a

xcx:"'"za“ + 53:)- X3=23-
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The lateral surface & becomes the cvlindrical surface F, given by flzy, 22) == 0.
Let & Le the generic cross-section of the cvlindrical beam B, bounded by I,
It is easy to establish the following formulace

, ¢ i ¢ { ¢ £ ~. ~
(38) - — el e b 3y lzg — —2, — |}, #a- N, ny=—z,N,,
P, 6T iy V61 dz,

where N, are the direction cosines of the vector normal to the cvlindrica
surface .

In view of the hypotheses made in Section 2, if we retain only the
ivrms of order €, by using (37), we can write the solution (14) in the form
F . 2601 - . . B = 1) 1
(39) (X5, X2, Xa) = (z,, 5, 7a) - €{0e{20, 224 75) 2757y, 22 za) .

In the ahove relation and in the remaining of this paper, the indices after
comma denote partial differentiation with respect to the variables :,.
Similarly, if we use the relation (37), we get

Fulxa, xe 2y =fiulzy, 720 2ap b fop (20 an 2a)

(40) |
1{x0 e, X)) = L{za 2e 5a) 2701071 7as %a)s

and
(41 Ay, 1) =xzn 90 T - B A 22}, w(xy, Xe)= wlzn ER JRUL TN TR ).
Taking into account the relations (38) and (39), we find

. cHy —— B o)
142) T - el e (100 -
%,

A substitution of the relations (41) and (42) into the relations (2) and (3)
gves

(13) ti{ X0 oo X} =z, 2, 2y +efty(z 5 3:)‘!‘532'9’&];:(21: Ty, Ta) )

The equilibrium equations (4) and the relations (38), (40}, and (43)
lead to the following equations

(44) £+ filz1, 25 2a) =0, 0D B,
("‘!:\) Tﬂ.1=0, in I;.

In view of the relations (38),, {40). and (43), from the conditions on
(he lateral surface F, we obtain the following boundary conditions

(46) {ON, ~tlz, 52, 22), on F
("l-f') '.G,.'-V.,——-:jlf(:'l, Ze, 2‘3). on I;‘-

From the conditions (7), we obtain, for ry=0,

(48) g {Qda=—KR,, \ i ®da = eyan M. S tsaaialsgda=— M,

i

. £, £,
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(49) \ Tﬁfdc =0 5:1‘.'_.31230‘ 0. g a.:gﬁf;’u’ggdc -=(),
£, ;

=

) Z,

It is casy to sce that the problem defined by the relations (44), (46)
and {48} is the problem &, for the cylindrical heam B. The pioblem defined
by (43)(6 (47) and (49) is the problem &, for the cyviindrical beam B. There-
fore, i "7, Ts. 75) 1s the solution of the problem €,, while ve(z1, Za, 74) 1S the
solution of the problem €,. '

The above discussion on the determination of the solution of the pro-
blem allows to compare our results with those known. It may be of interest to
mention that the transformation (37) was used in earlier papers on the subject.
Hmvevg*, the form of our solution (14) or (39) leads to the results that are
more simple than thos: known (lo compare with [1]—8j).

I'he advantage of the method described in Section 3 lies in the following

_a) itis proved in a simple manner the way of the determination of the
solution |

b) the solution is presented in a natural form @ this fact leads to an
elegant treatment of the problem ;

c) there is advoided the transformation (37); the treatment of the
problem is madc in the initial system of Cartesian coordinates.
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RECENZII

D. E. SARASON, N. A. FRIEDMAN (Editors): F. R. Halmos, Selecta, Research Con-
iributions, Springer-Verlag, New York, Heidelberg, Berlin, 1983, XXVIII+458 p., UsS §36.40

Volumul congine 37 dintre lucrdrile lui P, R. Halmnos. Lucrarile selectate se reieri la
woria probabilitijilor §i tesria msurii (aceste lucrdri au fost publicate pind in jurul anului
1950) i lucriri care se ocupd de tcoria operatorilor {publicate dupd 1950). De astmenea,
volumul congine doua expuneri ale lui P, R. Halmos {zece probleme din reoria spagiilor Hilbert
s zece ani de studiu al spagiilor Hilbert) si doud articole intreductive ; unul referitor la stu-
dile lui P. R. Halmos din teoria ergodici (datorat Iui N. A. Friedman) si altul referitor la
activitatea lui P. R. Halmos in domeniul teoriei operatorilor (datorat lui D. E. Sarason}.
lucririle lui P. R. Halmos selectate pentru prezentul volum sint presentate in ordine cro-

polegica.
7. Popescn

D. E. SARASON, L. GILLMAN (Editors) : P. R. Halmos, Selecta, Expository Writing,
Springer-Verlag, New York, Heidelberg Berlin, 1983, XX +3C4 p., Us § 2330

Volumul congine 27 dintre ucrdrile lui P. R. Halmos 3 un articol despre activitatea sa
(datorar lui D. ]. Albers). Cele 27 expuneri sint grupate in patru capitole ; Cap. I contine
probleme tchnice (transformiri masurabile, entropic in toria ergodica progrese recente din
tworia ergodicd, ce spune teorema spectrald, o idee despre spatii Hilbert, spagii Hilbert finit
dimensionale), Cap. I contine nouil articole ce au apdrut in American Mathematical Monthly,
Cap. 111 conpine opt articole cu sfaturi §i observaiii privind studiul matematcilor, jar Cap. IV
congine patru articole ,populare® (despre N. Bourbaki, matematica — 0 arti creativi, legenda

lui John von Neumann, despre matematici aplicate).
V. Popescu

C. REID: Neyman-from life, Springer-Verlag, New York, Heidelberg, Berlin, 1982,
V4298 p., US $ 19.60

Cartea a fost scrisi la sugestia profesorului E. L. Lehmann de la Facultatea de Srauis-
vici a Universitayii Berkeley din California. Profesorul J. Neyman a fost distins cu Medalia
Nationals de Stiingi. A fost profesor la FacuMatea de Startistcd a Universitagii Berkeley din
California s director al Laboratorului de Statisticd. Profesorul J. Neyman a adus contributii
deoschite si in alte domenii cum ar fi: agriculturd, bacteriologie, biologie, cosmologie. Volumul
contine o descriere a vietii i operei profesorului J. Neyman ; s-a niscut la 16 aprilic 1894 la
Bender — ,poarta Basarabici®, a ficut Faculiatea de Stiinge la Harkov, s-a cisitorit in 1920
cu Olga Solodovnikova, dupi o pericadd de sedere in Polonia, Frania, si Anglia, s-a stabilit

in Statele Unite ale Americii, a murit la 5 august 1981 (in California}.
V. Popescu

H. RADEMACHER : Higher Mathematics from an Elementary Point of View. Edited
bv D. Goldfeld, Notes by G. Crane. Birkhduscr, Boston, Basel, Stuirgart, 1982, III+138 p.,
<Fr, 38

Cartea contine o versiune elaborati a lectiilor predate de catre I, Rademacher le Uni-
virsitatea Stanford in 1947. In primul rind sint incluse rezuliate asupra unor subiecte din



