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for any X,YeD(DoD@{Z}) and Ne<TL(obl). ‘
In (4.42) we take X=bY and taking account of (4,37) we find

(4.43) 2014 BV }%—é Y]V = 0

for all Y = I‘(D@D@{a}) and N e (@DY). Thus, from (4.43) il resulis k< —3
and the proof is complete.
From Thcorem 4.5 we have - .
Corollary 4.1, Let M be a (D@D, Dt)-geodesic almost semi-invariant

submanifold in a Sasakian space Sform M(k), k> —3. If fhe distribulion
DEBEEB{E,} is integrable and the subbundle oDl 1s D@D@ {E}-;bamlle?,
then we have cither M is an anfi-invariant submanifold of M(k), or M 1s
an almost invariant submanifold of M(k).

From (3.6) and Theorem 4.5 we also hLave

Corollary 4.2. Suppose M satisfies the conditions of Theorem 4.5. If

the leaves of distribuiion D®D@{E} are tolally geodesic tmmersed in M then
we have h=-—3.
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SUBMANIFOLDS AND A PINCHING PROBLEM ON THE SECON D
FUNDAMENTAL TENSORS
BY

TH. HASANIS

1. Introduction. M. Okumura in (5] has proved the following :
Let M be an n-dimensional (n=3), complele, connected submanifold of an
(3 p)-dimensional Riemannian wanifold of positive constant curvalure ¢,
whose mean curvature vector field s parallcl with respect to the induced con-
wection of the normal bundle. If Al 1s fwmersed without minimal point and
Jor a real 8, 0 <8 <c, the sccond fundamenial tensors Aa(a=1, ..., ) satisfy

? »
V) trace A <ifn—1 Y (trace dg)*+28,
dee ] a:=]

thew M is wmbitical with respect io the corvature sorn:al dirveclion.

For codimension [ (p 1), the present author in [3]1 has proved a
stronger rosult. The purpose of the present paper is to gencralize in some
sense the above result of M. Okumura.

2. Preliminarits. Let M be an z-dimensional submanifold of an (7 4-$)-
dimensional Ricimannian manifold 37 of constant curvature . The Rieman-
nian conncetions of 27 and 47 are  denoted by v and ¢ respectively, whereas
the connection of the normal bundle of 1f in A7 is denoted by D, Let g, ..., &,
be mutually orthiogoral unit normal vectors at a point g of 3/ and extend
them to local fields in a neighborhood of ¢, Thus we have the following
cquations of Gauss and Weigarten :

. £
{2.1) VoY =9,V + ¥ Zg(ieX, Y)ea,
a=1
(22; —\7_‘—013 = *.’1&X+Dxen,

where X, YV are tangent vector fields in a neighborhood of M at ¢, g the
Riemannian metric of M induced from that of ) and . the second funda-
mental tensor with respect to es, whereas' Dyea is the normal part of Vyea

to M. The ambicnt manifold 37 being of constant curvature ¢, the curvature
tensor K and the scalar curvature R of A are respectively given by
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K(X, Y)Z=cig(Y, Z)X —g(X, 2)Y} - ﬁ {8(AY, Z)AuX -

(2.3
SAX, Z)ALY L,
2 .
(2.4) R=n{n—1)-+ Y {trace A.)® ¥ trace A2
am] el

‘The mean curvature vector H is defined by

b = 1 &
(2.5) H= -~ Z {trace ."fa)-:.’a
Haal
and it 15 well known that f{ is independent on the choice of mutually ortho-
gonal unit normal vectors e« to M. Also, we denote by S the square of the

length of the second fundamental tensor of M in M, that is

»
(2.6) S= ¥ trace A%

aal
If S vanishes identically, then 1 is called fotally geodesic submanifold of M.
A normal vector ficld & on M is said to be parallel in the normal bundle,
or simply parallel, if we have Dy§=0, for every tangent vector X of M.
It is obvious that a normal vector field £ on 3/ which is parallel has constant
Iength. So, if the mean curvature vector field i1s parallel then

»
Y (trace Au)? =constant.

@ml

Now, let 4/ be an s#-dimensional submanifold of a Riemannian manifold

M and £ a unit normal vector field of M. Let Ag be the second fundamental
tensor with respect to€. Since, A, atevery point ¢ €M 1s a linear symmetric
transformation we have at 7.

{2.8) trace A3 2 ’% (trace dg)?

If equality in (2.8) holds everywhere on M, then M is said to be umbilical
with respect to the directionk. _

Now, we assumec that the mean curvature X of M in M is parallel and
non-zero. Then the length of H is a positive constant. We choosc an ortho-
normal frame ¢, ..., &, of normal vectors such that ¢, is the unit vector in
the direction of /. Thus trace 4.=0, fora=2, ..., p and trace A, = constant >
>0. Now, we put

(2.9) LX=A,X—1/n (trace 4,)X.

By cusy computations we find the following relations :
(2.10) trace L=0,

(2.11) trace A} =trace L*41fn (trace 4,)?,

e R — R T —_ e -

e

L=
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(2.12)  trace A}=trace L*+3/n (trace A,) tracc L2+ I/u® (trace A

Obviously trace L220 and equality holds everywhere iff M is umbilical
with respect to ¢, (i.c. to the mean curvature vector).

3. Main results. At first we state two letnmas which are easy conse-
quences of result by Chen-Okumura ([1], p. 53).

Lemma 1. Let M be an n-dimensional of an (n + p)-dimensional Riemannian

manifold M of constant curcature c. If
4 [
Y trace A< 1/(n—1) Y (trace da)?+2c,
a=1 a=1

then the sectional curvature of M are nonnegalive.

Lemma 2. Let M be a complele n-dimensional mintmal submanifold of
an (n+p)-dimensional Riemannian manifold M of constant sectional curvature
c. Assume that sup S<uc|[2—1/pl—e, with ¢ a positive number. Then the
sectional curvature of M are bounded below by c— ne[[2(2—1[p) | +-¢f2.

Now, we prove a theorem which in the compact case has been proved
by J. Simons in [7].

Theorem 3. Let M be a complete n-dimensional minimal submantfold
of an (n4p)-dimensional Riemannian manifold M of constant positive sectio.
nal curvature c. Then sup Snc/[2-—1[p) or M is a totally geodesic submani.
fold of M. ‘ )

Proof. We tepeat the same calculations as in [2] and we obtain

E p

(3.1) 12 AS2S[2—1/p] — . —s] + 3 Ve, VAd),
Jq2—1/p] a=l

where A is the Laplacian for the metric of /. It is sufficient to prove the
following. If sup S <nc/[2 — 1/p], then M must be totaily geodesic. In
fact, if sup S<nc/{2—1/p] then there exists a positive number ¢ such that
S<nef[2—1fp] —e, everywhere M and thus the sectional curvature of M
are bounded |’ below (see Lemma 2). Also, n¢/[2— 1/p] — Sz e and (3.1)
gives :
{3.2) 1/2A5 z S¢e

Since S is bounded above and the scctional curvatures of M are bounded
below, we claim that S=0, evervwhere on M. In fact, if for some point ¢,
we had S{g,)=5>0, then from (3.2} we should have 1/2 AS(g,) > be= const >
=0, and thus for all points ¢ of 7 such that S(g) > S{g,) ought have (1/2)AS
(¢) 2 be= const. >0, which contradicts Omori’s theorem A’ in [6]. So,
5=0, everywhere on M and the proof is finished.

With respect to Okumura’s result we have the following theorem.

Theorem 4. Let M be an n-dimensional (22 3) complete connected sub-
manifold of an (n-+p)-dimensional Riemannian manifold J7 of positive constant
curvature ¢, whose mean curvature vector field is parallel with respect lo the
induced connection of the normal bundle. If M is immersed without minimal
point and the second fundamental tensors Aq (a=1, ..., p) satisfy

2 — Cd, 204 — Matematicd
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» ¢
(3.3) 3 trace A (1/(n— 1)) ¥ (trace la)?4- 2,
a:=1 a=1
then M is ubilical with respect to the mean curvature normal divection.

Remark. 1t is obvious that theorem 4 is stronger than Okumura’s
result.

I'roof. Since the mean curvature veetor field # is parallel we conclude
that its length is a positive constant (because M is immersed without
minimal point). Now, we choosc an orthonormal {frame e, ..., ¢, of nornal
veetors such that ¢, fs the unit vectlor in the direction of H. Thus trace a0
for a—=2, ..., p and trace +,=const. =0. So, from (2.11) we conclude that
the Laplacian Afe of the function f2=trace L? satisfics

(3.4} Afe == Altrace A3%).
On the other hand, B. Smyth in [8] proved the following formula for

a submanifold of parallel nom-zero mean curvature vector in a Riemannian
manifold of constant curvature ¢

(1/2) Afi= (1{2)A(trace %) =wne trace A4}~ cfirace .1,)*+
(3.5)

+ z {trace Aa . trace (A3A4a) — (trace A da)2}+2(Vily, V.14)

a—1
or because trace A,=0, for a=2, .., p

(1/2)Af2=nc trace A}—e(trace 4,)*+trace 4, . trace 43—
(3.6} »
{trace ADtLg(Vel,, VA )= Y, (trace 4,46)%

dw]

Now, substituting equations (2.10), (2.11) and (2.12) into (3.5) and re-
peating the same calculations as M. Okumura in [4] we get

(1/2)Af22 felen (1 fn)(trace A,)2—(n—2) ¥ n{n—T)(trace A,)f —

(3.7) p
—f1+g(VA,, VA )Y, (trace 4,4a4)%

[ ]

Morcover, since trace d.=0, for a=2, ... p we get casily that:

# » » ’
Y (trace 4,A4a)2= Y, (trace LAY g triace /2 Y trace 152, Y trace A2
W= =12 @a=1 a=2

Thus(3.7) gives
»
(1/2):3_{”2]"lcn-l—(l/n)(traceA )E— ¥ trace A§ —
(3.8) - o
(N—Z)/V;_:(n—-l': (trace . ,)_f—f”] +e(Vd,, Vi)

e =

T T e ————ita

pm———— S

w——""h""‘tﬁ- E=r:
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Also, from relations (3.3) and (2.11) we get

»
(3.9) fr< 1 n(n—1)] (trace 4,)*+2c— 3 trace 43,

1 per

Now, since ¢=0, nx 3 and trace 4 ,—const, = 0 wc have

(trace A ,)? Cor trace /1, ((trace A4,)* +26)m] <

0 <gg=const = (n—2) [

r{n—1) Van—1)\ n(n—1)
(trace A ,)® trace 4, ((trace A,)3 2 A )”2]
2|+ e F2e— Y 2 5
<(n [ ni{n—1) ‘ Vam—1) 4 nin—1) N a2 trace 43

Obviously, we have now

(trace A,)? | P ]“2 (n—2)
0gf= e — PR, 2 A ey o} A
S [ YR ,);'2 trace A} Witi=D race 4,+

(n—2)2 (trace 4 )t 2 . )uz
trace A,)*+-cn - . trace A3 —e,| ,
+(4n(n_1)( ) - Z‘z 2

and thus

frd(n—2) Y n(r—1)(trace 4,)f+ ¥, trace A§+e,—cn—(trace 4,)*“€ 0.
a=2
or
P ——
(3.10) en+(trace A,)3n— ¥ trace di—n—2[fn{n—1)(trace 4 M —f*2 o
a=1

So, by using (3.10) the inequality (3.8) gives
(3.11) (L2)Af5> fren+-g(VA,, VA3 e

Now, since f? is bounded above and the sectional curvature of M are bounded
below (see Lemma 1), proceeding as in the proof of Theorem 3 we conclude
that f¢—0, everywhere on M, i.c. A is umbilical with respect to the mean
curvature vector normal direction.

Remark. If we omit the assumption ,, A7 is immersed without minimal
point* we have the following theorem.

Theorem 5. Let M be an n-dimensional (n>4) complete, connected
submanifold of an (n--p)-dimensional Riemannian manifold of positive
constant curvature ¢, whose mean curvatuve vector field is parallel with respect
to the induced comnection of the normal bundle. If the second Sundamental
tensors Aa{a==1, ..., p) satisfy (3.3) then M is wmbilical or is totally geodesic.

Proof. It is an easy consequence of Theorems 3 and 4.
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METRICAL ALMOST PRODUCT FINSLER STRUCTURES

BY
FRANCISC C. KLEPP

The metrical Finsler structures have been studied by R. Miron and
M. Hashiguchi [3]. The notions of almost product Finsler structure
and almost product Finsler connection, using the method of R. Miron
'4], are introduced by the author of this paper [1]. The set of all almost
product Finsler connections, the group of the connection transformations
and their invariants, and the integrability conditions were established in [1].

The metrical almost product Finsler structure notion is introduced
and the set of all metrical almost product Finsler connections and the Guap
group of the connection transformations are determined in this paper.
For the Gmap(N) group of the transformations of almost preduct Finsler
connections, having the same non-linear connection N, we determine the
invariants and establish the integrability conditions of the metrical almost
product Finsler structures by means of these invariants.

The notation and terminology of M. Matsumoto [2] are used with
slight modifications [4].

1. Preliminaries. Let M be on  n-dimensional  differential manifold,
T{(M) the tangent bundle of Al and N a non-linear conncction on 7T{d).

Let (x%, ') be the canonic coordinates on T(M). Then: % = 5—; =
% x

—N?E_)—i; 14=1,2,..,n is a local basc for the distribution defining the

non-linear connection N, and —a—‘ 1 4=1,2,..,n is a local base for the

oy
vertical distribution (TA)”. The dual base is given by (d+', 8y'), where 8=
=dy'+Nidx* satisfies :

5 2 2 2
(1.1) dx‘[g;-j)=8§; dx‘[g;;)=0; 5yt (.5;)=0; syf(.s.;;]=sg-.

A Finsler connection on M is a triade FI'=(V, F, C), where N
is the non-linear connection on T(M), and F, C are the k- and wu-connection
coefficients respectively [4] given by :



