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METRICAL ALMOST PRODUCT FINSLER STRUCTURES

BY
FRANCISC C. KLEPP

The metrical Finsler structures have been studied by R. Miron and
M. Hashiguchi [3]. The notions of almost product Finsler structure
and almost product Finsler connection, using the mecthod of R. Miron
'4], are introduced by the author of this paper [1]. The set of all almost
product Finsler connections, the group of the connection transformations
and their invariants, and the integrability conditions were established in [1].

The metrical almost product Finsler structure notion is introduced
and the set of all metrical almost product Finsler connections and the Guap
group of the connection transformations are determined in this paper.
For the Guap(N) group of the transformations of almost product Finsler
connections, having the same non-linear connection N, we determine the
invariants and establish the integrability conditions of the metrical almost
product Finsler structures by means of these invariants.

The notation and terminology of M. Matsumoto [2] are used with
slight modifications [4].

1. Preliminaries. Let A be on s-dimensional  differential manifold,
T(Af) the tangent bundle of A and N a non-linear conncction on T{M).

Let (x%, y%) be the canonic coordinates on T(AM). Then: .é% = -a-a—-; —
x x

'—A‘\'?E;; :4=1,2,..,m is a local base for the distribution defining the

non-linear connection N, and —a— 1 4=1,2,...,n# is a local base for the

évt
vertical distribution {(7A)7. The dual base is given by (dx!, 83'), where 3y'=
=dy'+Nidx* satisfies :

5 2 2 2
(1.1) dx'(g)=3§; dt‘(;;;) 0 ; 5y (?P)_'O; syf(.s.;;]=s;-.

A Finsler connection on M is a triade FI'=(V, F,C), where N
is the non-linear connection on T(M), and F, C are the - and u-connection
coefficients respectively [4] given by:
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For a Fins.er tensor fieid K of type (1.1) with components K, the
h- and wv-covariant derivatives are given by :

3K
(l 3) K‘ik &= -)—:"x-'- —“-F,,,gKm I,ka ’ Kj L= g"'{{— ?—C:nkhm CR.K:”
: y*

If FI'=(N,F,C) and FT"‘_—- (N,F,C) are two Finsler connectiond
on M, then an unique triade of Finsler tensor Ficlds (1, B, D) is determines
such that :

(1.4) Ni=N{+4}; F;k—ij—C}»‘fﬂ—f—Bh ; Che==Ch+ Dis.
Reciprocally : If the Finsler connection FI'=(N, F, C) and the triade
(_A , B, D) of Finsler tensor fields arc given, then the connection FT=(N,
F, C) given by (1.4) is a Finsler connection. The map T »FT defined by (1.
4) is called transformation of the Finsier connections. [4].

Definition 1.1. A symmelrical and non-degenerated Finsler tensor field
g%, y) of type (0,2) will be called a metrical Finsler siructure.

To such a Finsler tensor field g=(g,;) we can associate the Obata
operators [4]:

(1.5) Q= - (3‘31—&:18 s QY= (3’31 +£6:8%) -

Definition 1.2. A Finsler connection FI'=(N, F, C) is called a metrical
Finsler connection if:

(1.6) o =07 gy = 0.

2. Almost product Finsler structures. Definition 2.1. An almost product
Finsler structure on M is a Finsler tensor field P of type (1,1) having
Pi(x, y) components wich salisfy:

{2.1) Pip) =< 3.

It follows that the matrix (Pj) is non-singular. To such a Finsler
tensor field P we can associate the Obata operators [1]:

I

(2.2) Oﬂi=5(3§3f‘ PRPL): 0= 2( a3+ PiPL).

Definition 2.2, A Finsler connection FT'=(N, F, C) is an almost product
Finsler connection relative lo P, if:
(2.3) Pla=0; Pj=0

We obtain §1]:
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Theorem 2.1. Denoting by Gay(N) the sel of the almiost product Finsler
conuection transformations, heeing the saiie noilinedr connection, these form
w growp given by

(2.9) -_\; =N | I-;A FhrORYm o Clh=Ch O Y T
where X and Y are arbitrary Finsler tensor ficlds.
Notermining (he invariants of the group (m,,( ) we obt un the fo llomng

Finsler tensor fields 170 N, K. Ch. Pl .\‘3,,, B, Ch, e f“, Sie-

I¢t NV be a non-linear connection on F(A7) and F7 an almost product
Finsler structure on 1; then 72 can be lifted to T{Af) by the aid of the distri-
butions N and T(X)". The most important liftings given in [1] lead to
the 7> almost product structure on T(3), with the values of the cocfficients
given by the Table L

- 1, 2 3, 1, Nefinivion 2.3, The almost fproduct
. Py PP I Finster  structure 1Y wilh the  com poncnls
; Py, y) ds inlegrable of the (ype 111 and 111
r py |0 0 r res peclively, 1[ the .almosl product stricture
PEOPH gnd DT yespectively is inlesrable.
P pho o 0 p Thesrem 2.2, The almost prodict Fii-
) et ; .
—— sler structure 1Y ds integrable of fvpe 1,
ptilo o) ph 0 IT and TI{ respectvoely of and oniv «f the
’ Sfollowing invariants  of the group Gy (N),
Table | isted below, vanish :
Type of e - o
integrability Characterization by invariants
I ol T =i =i I
Nip=0; It =0 Cu=0 Pie=0, Nj=1t,
_r » " » .
1 .-\'}1--:0 H ”;k=0 1 (';'k =0 P;k:f) : N;k=0
1] By im0,

3. Metrical almost product Finsler structures. Definition 3.1. A mefrical
almost product Finsler structure on M is a pairc of Fiusley lensor fields (I, g),
where P is an alwmost product Finsler siviclive and g {s a melvical Finsler
structure, so that :

(3.1} Enr = guf’:".Pf}-
Using the Obata operators (2.2} it follows:
(3.2) Onk&’t; =

Proposition 3.1. If on the a'fjferenlmb!c manifold M there exists an

almost product Finsler structure I’ and a melrical Finsler structure b; then on
Al there exists
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a Finsler siructure given by the symmelric tensor g,=0Me,. and an almost
product Finsler structure satisfving relalion (3.2). '

At a metrical almost product Iinsler structure we can associate a
metrical Finsler structure given by : aq,=PPg,;, called the induced metrical
Finsler structure.

Definition 3.2. A [fiusler connection FI'=(N, I', €} is called a meirical
almost product Finsler connection, if:

(3.3) P§|L~=03 Plie=0. gyn=0; gi=0.

Theorem 3.1, If on a differcntiadle manifold M having a metrical almost

product Finsler structure (I ,g) theve exists a Finsler connection IF I'= (."(’, E, 0),
k L

then the following Finsley connection FU=(N, I, C} is a wmelrical almost

product Finsler connection

A o * - 1
N}=N}: Fh=Fhd = (PPP o™ gmite+a ™ 0 mips),
(3.4) 4 '

k .

1 . . .
Ch=Ch+ ; (P}"Pﬁ.lz+ & mili+ @™ an )

To a metrical almost product Finsler structure (I, g} we associate the
Opata operators Q¥ ; Q! of ¢ given by (1.5) and the Obata operators 0 ;
0" of P given by (2.2). Using the R. Miron method [4] we obtain :

Theorem 3.2, The sct of all melrical almosi product Finsler connections
on a differentiable manifold having a metrical almost product structure (P, g)
and a fixed Finsler connection F f‘:(l\:’, FC YV 15 given by :

k & 1
(3.5) N}=N}—X}; Fh=Fh+Ch XP+ORQNYE,
k
Cle=Clr+ OF Qun Z7%,

k L I
where FI'—(N, F, C) is the metrical almost product Finsler conncction
given by (3.4) and X, Y, Z arc arbitrary Finsler tensor fields.
It results the following Theorems :
Theorem 3.3. The set of transformations FT(N} ~FI(N) of the all metrical

qlmo:s‘t product Finsler connections, having the same non-linear connection N,
£s given by

(3.6) ﬁ_’?'—N" ; -}k P?k—I—OL'.?Q’;? N C?t--@k‘f‘on"ﬁﬂpm:yfk
where X and Y are arbitrary Finsler tensor fields.

Theorem 3.4. The Cuay(N) sel of lransformations of the melrical almost
product Finsler connections having the same non-linear connection N, form
an  Abelian group relative lo the product of lransformations.

The Gmap(N) group is a subgroup of the group G,.,(N). Consequently,

the invariants Ni, iy, Cl, Dl Rie Vb Cho Pl S, Thh of
Vike A, 5 : » N, Ch, P, Sfy, Tje of the group
Gap(NV) [1] are invariant also for Guap(NV). *

T
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For the study of the integrability conditions of the metrical almost
product Finsler structure we consider metrical almost product structures
on the tangent bundle T(M) of M. Let P be an almost product structure
on T(M) given by the Table I, and let G be a metrical structure on T'(M)
given by the Table 2: R

The (I°, () structures are metrical
almost product structures on T(a) for

] 2 3 4
G 843 &, | & gy | any P!, PIPHT and G!, G, G111 respec-
tively, cxcept the cases (P!, G'f) and
6! la, |0 0 g | (P, G,
Definition 3.3. The melrical almost
G' ey |0 0 ~8&y | product structure (I’,G) on T(M) is inte-
grable of type I, II and IIT rvespectively,
G oo &is &is 0 if the almost product structures PI1, P and
PUI yespectively are integrable.

Table 2 It results the following Theorems:
Theorem 3.5. The wmetrical almost

product Finsler structure (P, g) s integrable of type 1 if and only if the
following invariant Finsler tensor fields vanish:

(3.7 Ni,=0; Rj=0; Ch=0; I'}=0; Njp=0.

Theorem 3.6. The metrical almost product Finsler slructure (P.g) is
integrable of type II, if and only if the following invariant Finsler tensor
fields vanish: . . .

(3.8) Nt=0; BL=0; C,=0; PLp=0; Np=0.

Theorem 3.7. The metrical almost product Finsler structure (P,g)is
integrable of the type 111, if and only if the following invariant Finsler tensor
fields vanish : . .

(3.9) Si=0; Ti=0.

The results of this paper have been inserted in the authors Doctoral
Thesis. The author express his gratitude to Prof. Dr. doc. Gheorghe Gheor-
ghiev and Prof. Dr. doc. Radu Miron, for their exigent and continuing help
during the thesis elaboration.
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