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1. Introduction. let M be a (25 --1)-dimensional differentiable mani-
fold of class C=and g, £, %, g be a tensor field of type (1, 1}, a vector field,
a I-form and respectively a Riemannian metric on A, satisfying

(1.1) gt X = — X+ (X)%; %(&)=1, 9z=0, non==0,
(1.2) 2 X)=g(X. E).
(1.3) (e X, oY) =g(X, Y) - n(X)n(Y),

for any X, Y tangent to T7. Then M is said to have an alnost contact metric
structure (@, 5, 7, £) and it is called an almost contact melric manifold, (see

[4]). We denote by V the Levi-Civita connection with respect to the Rieman-
nian metric on M. If we have

{t.4) Vyp—0, for any vector field X tangent{o AT,

then we say that I is a co-Kéhler manifold.

By using (1.4) and the third equality in (1.1) we obtain ¢Vz5=0.
Then by means of (1.3), we have 2(VxE, Y):g(c;a\;xi, eY)=0, for any Y
tangent to A7 and satisfying g(Y, £}=0. On the other hand, since £ is a unit
vector field on 3, we have g(VxE, £)=0. Hence on any co-Kahler manifold
wc have

{1.5) VE=0, for any vector ficld X tangent to M.

We denote by {&} the 1-dimensional distribution spanned by & om
AT and by A the orthogonal complementary distribution to {£} in the tangent
bundle TM. From (1.5) follows that {£} is a parallel distribution, which
implies A is also a parallel distribution on i7. In fact, for any Y from A
and X tangent to M we have g(V.Y, E)=—g(Y, V2E)=0, Thatis V.Y
belongs to A. Hence we have

Proposition 1. Any co-Kdahler manifold M is locallv @ Riemannian
product M, x5 where M, is a Kdhler manifold and ¥ 15 a curve.
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Proof. Since both distributions {£} and A arc parallel with respect to
the Levi-Civita connection, M is locally a Riemannian product of a leaf A7,
of A and a leaf ¥ of {£}. Moreover, since X belongs to A if and only if we
have »(X)=0, from (1.1) and (1.3) it follows that o defines an alirost Hermi-

tian structure on Af,. Finally, from (1.4) we obtain that 37, is a Kahler
manifold. This completes the proof.

A co-Kihler manifold is often called a cosymplectic manifold, (see [4]).
Morcover, an almost contact metric manifold 37 is a co-Kihler manifold
if and only if M xR is a Kahler manifold, (scc [6]).

Now, Iet 3 be a Riemannian manifold isomectrically immersed in a
co-Kahler manifold #7. Then we denote by the same symbol g the Riemannian
metric on Jf and by V, V1 and % the Levi-Civita connection on 37, the
Riemannian connection induced by V on the normal bundle THL and
respectively the second fundamental form of 37. Also for each vector bundle

H we denote by TI'(H) the module of its differentiable sections. Then we
have the equations of Gauss and Weingarten given by

(1.6) V-GY:V;-Y—i-h(X, Y), and respectively
(1L.7) exNﬂ_—_A‘vx_}_V;{,N.

for any X, Y eI(TM), N eD(TML), where A, is the fundamental tensor
of Weingarten with respect to the normal section N satisfying

{1.8) g(h(X,Y), Ny=g(A3X,Y).

Suppose £ is tangent to the submanifold 3Z. Then by using notations from
Proposition 1 we have

Porposition 2. The submanifold M of a co-Kdiller manifold M is locaily
a Riemannian product M, x~, where M, is a submanifold of M, and v is
a portion of 5.

Proof. By using (1.6) and (1.5) we obtain

(1.9) Vx£=0, for any X e I(TM).

Thus the distribution {Z} on Af is paralicl with respect to the Levi-Civita
connection on M. The complementary orthogonal distribution to {&} in
TM is also parallel with respect to V and the proof follows.

Next, we suppose M be endowed with two orthogonal distributions
D and Dt satisfying

(1.10) TM=D@®D1® {5}, o(D;)=D, and ¢(DL)C T, M1,

for any x <M. Then we say that M is a semi-invariant submanifold of A7.
It is not difficult to sce that each hypersurface of A which is tangent to
§ is an example of semi-invariant submanifold of M. From the definiticy
we see that semi-invariant submanifolds of a co-Kihler manifold are corres-
ponding to CR-submanifolds of a Kihler manifold (sce [1]). The concept
was also considered for submanifolds in Sasakian manifolds (sce [31).
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i i Its on the geometry
i rpose of the present paper is to obtain resu tr
of scnzihi(;lggri?mt qubmarl;)ifolds in a co-Kébhler man;foldl. In 52 w}ell(__ltcrnnc;
e o : > ‘e study the mntegrabibty
amental formulas for later use. In §3 we study the integrab
:;ilsnt?iqbr?;{ilz)lns on M. Finally, in §4 we obtain characterizations for totally
umbilical and totally geodesic semi-invartant sabmanifolds.
.2 Basic formulas. Let M be a semi-lnvariant submanifold of a co-
Kahler manifold 7. Then we denote by P and ¢ the projection n}orphlsms
of TAI to D and Dt respectively. Then for any X eI'(Z M) we have

(2.1) X= DX 40X +5(X)E.
Also, for any N eI(TA7t) we put
(2.2) oN =BN +CN, where BN =T(D1) and CN e I{T M),

Lemma Y. Let M be a semi-invariant submanifold of a co-Kdéhler man i
fold M. Then we have

(2.3) PVoi ¥ — P opX—2PV,Y,
(2.4) OVzoPY ~0Agy X = BH{X, ),
(2.5) WX, oPY)+VipQY = C{X, ¥)+9QVxY,
(2.6) 7(VxY)=0 and n{dxX)=0,

for any X, YeD(TM) and NeT(TM).
Proof. By using (2.1), (2.2) and the equations of Gauss and Weingarten
in (1.4) we obtain
VeoP Y+ (X, oPY)—AgorX+ Viy?QY =P VyY +
27) +o0VeY+Bh(X, Y)+Ch(X, Y),

i : d TMLin (2.7)

e T(TM). Taking the components of D, Dt and M .
&)r ilr;fai}rf' 1(2.3),((2.4)) and respectively (2.5). The first equality 1nD(12.6) 13
v:;]id for Y—£ taking account of (1.9). Now, we take Y e (D@ D1) an

obtain

7(VxY)=g(VxY 8) =-g(¥, Vx%)=0.
From (1.5) taking account of (1.6), it follows
(2.8) kX, £)=0, for any X e (T M).

Hence by means of (1.2), (1.8) and (2.8) we have
W ApX)= glAxX, &) =gk, &), Ny=0.
Thus the proof is complete. ‘ ) ]
’ Lemnll)a 2 Let M be a semi-invariant submanifold of a co-Kdhier mani-
old M. Then we have
(2.9) PVXB.'\‘I —"PA C.’\'TX + ?I)ANA :D,
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(2.10) OV BN —(Q.doxX — BYLN =0,
(2.11) X, BN)+VACN 4204 X —CVLN =0,

for any X<eI(T) and N=T{TH ).
Proof. By using (1.4), {1.6), (1.7) and (2.2) we obtain

VBN X, BNy —A XN \;'lxci\-' w el o X — 20y X
4 BVLN - CViN

(2.12)

Thus the asseriion of the | ; e P
and TJM! in (2.12). 1¢ icmma follows by taking the components of D, Dt

Lemma 3. Let A7 be a semi-incariant sul ]
Lem . L -iHe submanifold of a co-Kdahler mani-
fold M. Then we have / o

(2.13) A-;Q.I'QY=—4=Q}'QX,
Jor any X, Y e (TM)

Droof. By using (1.3), (1.4), (1.8 ' i anil Wei
garten we obtain 8 ). (1.4), (1.8) and the ‘equations of Gauss and Wein-

8(1oaxQY, Z)=g(h(QY, Z), 50X) =g(V2QY, 50X} = —g(sV:0Y. 0X) =
=g(AgerZ, QX)=g(A4er@X, Z),
for any X, Y, Z = I(TM}). Thus we have the assertion of the lemma.
3. Integrability of distributions on M. Let 3 be a semi-invariant
submanifold of a co-Kahler manifold M. Then we have alr i
nif _ F . e already sec
(1:’iro.1:051t10n Zt‘fhat DE%DLI is a parallel distribution with respect toythg (Inexl'i'}
ivita connection on M. ln this paragraph tudy the integrabili .
Civita connection on M. s paragraph we study the integrability of all
First we have
Iheorem 1. Let M be a semi-invariant sibmanifold of a co-Kdhler mani-
Sold A, Thei the distribuiion DL is involulive.
Proof. By using (1.9) we have

S([QX. QY |, £) =g(VoxQY — VorQX, 3)=g(QX, Vork) —g(QY, Vori)=0,
for any X, YV e [(TAf). Next, by using (1.3), (1.4) and Lemma 3 we obtain
d[QX, QY. PZ)=g(3([0X. QY )), 2P Z)=2(390xQY —2VerQX, oF'Z) =
=¢(Vox9Q¥ —Ver30X, oPZ)=g(—lo0rQX + V§z9QY +
+.4qrQY —VireQX, PZ) =0,

for any X, ¥, Z=I'(TM). Thus the distribution D‘l is involutive,

.Theo‘rfm 2. Let M be a semi-invariant submanifold of a co-Kdhler
manifold M. Then the distribution DA@{E} is involutive.
Proof. By Theorem 1 it suffices to prove [QX, &)l el {c}) f
. C X, ¢ = or
any X e I(TA). By using (1.1), (1.3), (1.4), {1.7) and (2.8) wc( ha\'e{ )
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g(QX, E ., PY) e p(VoxE—Vi0X, PY)= —g(VeDX, PY) == (V:0X, 2*PY) =
g5 V0X, 9P Y) - —g(U520X, 9PY) =gl axd, 9PY) =
glh(ePY, 3), 20QX)==0,
for any X, Y & (T V). Thus we have the assertion of the theorem.
Theorem 3. Lot M be a semi-invariant submantfold of a co-Kdhler

mansfold 1. Then the distribution D@{E} 1s involutive if and only if the
second frundamental form of M safisfies

(3.1) BX, oY) =h(Y, 2X),

for any X, Y elU(D).
Proof. We take X, Y €I(D) in (2.5) and obtain

(3.2) X, 2Y)=Ch(Y, X}-50VeY.
Since & is a symmetric bilinear form, from (3.2) it follows
{3.3) MX, 2Y)—h(Y, 20X} = 2Q(TX, Y ).

Thus (X, Y] e (D@{£}) if and only if (3.1} is satisfied. On the other hand
we have
i3.4) o([PX. 57, QY)=0, for any X, Y & (TN M).

In fact, wi have
WP X, 3], QY) =gl Ve P X, OY)=g(P X, VeQY),

and (3.4) follows by using the proof given for Theorem 2.
Now, taking account that D@Dt is parallel, from Theorem 3 follows
Theorem 4. Let M be o sewmi-invariant submanifold of a co-Kéahler
wanifold IT. Then the distribution D is involutive if and only if (3.1) 1s satisfied.
4. Totally umbilical and totally geodesic semi-invariant submanifolds.
Let M be a scmi-invariant submanifold of a co-Kahler manifold .1/, Then
we say that M is fotally wmbilical if we have

(4.1) WX, ¥)=g(X. Y)H,

for anv X, Y e [(TAf), where I is the mean curvature vector of M. If the
cecond fundamental form of A/ vanishes identically on M, then we say
that M is a totally geodesic submanifold.

Theorem 5. Any totally umbilical semi-tnvariant submanifold of a co-
Kdhier manifold is « totally geodesic submunifold.

Proof. We take - ‘=% in (2.8) and obtain A(Z, £)=0. Since 'F, is a unit
vector ficld, from (4.1) follows H=0, that is M is totally geodesic.

Theorem 6. Let M be a iotally geodesic semi-tnvariant  submanifold
of a co-Kdhler manifold ST. Then M is locally the Riemannian product M, %
¢ My~ where M, 1s aleafof ), M, is a leafof DLand y 1s 4 crurvature tan-
sont to T
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Proof. 1t sufficies to prove that D), D1 and {€} arc parallel distributions
with respect to the Levi-Civita connection on 37, that is we have

(4.2) ViPY €T(D), VxQY e I(D1) and Vi eT({E),

forany X, Y e I'(TM). The third relation in (4.2) follows from (1.9). Next, by
using (1.3), (1.7) and (1.9) we obtain

g(VA'PY, E,) — —g(PY, VX\E)==.O,
8(Vxl’Y, QZ)=g(V,PY, QZ)=g(aV Y, oQZ)=-g(VioPY, ¢QZ)=
-g(Vs@PY +h(X, oY), 90Z) =0,

for any X, ¥, ZeD(TM). Thus V,I'Y = (D) for any X, YsI(TM). In a
similar way, it follows VxQY = (D1) for any X, Y e L(TA).

Remarks. 1. The assertion of Theorem 6 is stil true for semi-invariant
submanifolds with % satisfying

g(MTM, D), pD1) =0,

2. Since any co-Kahler manifold is locally a Ricmannian product of
a Kibler manifold and a curve, the geometry of semi-invariant submani-
folds is closcly related to the geometry of CR-submanifolds in a Kihler
manifold, (sce [1]). However, Theorem 5 is valid only for CR-submanifolds
with dim. D! =1, (sce [2] and [5]).
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FIBER BUNDLES OF FUNCTION ALGEBRAS AND ATTACHED
STRUCTURES
BY

D. RENDI and B. RENDI

0. Intreduction. It is known that a tangent vector at a point x, of
an #-dimensional C~-manifold A is a mapping

X,.: F=(M) >R,

satisfying
a) X (W 4 1) = ML (f) + 1 X2 (8),
b) Ko (f - 8) =S (o) Xo(8) +8(x0) Xe ().

In order to simplify the considerations, let M=R. We shall stu_dy
the family of mappings verifying ) and b), but we shall replz?cc (F;(R) with
other function algebras. An interesting example is that obtained by the use

ily :
of the family Qu(xo) = {fIf e(?:.(R),f(xo) =/"(%o)=0}.

To the point x,&R corresponds the vector space of all the functions
Ay, 1 £5(x,) ~R, which have the properties @) and b). Let T3, be this vector
space.

Theorem 1. TZ is a iwo-dimensional real vector space.

DProof. It is obvious that 7%, is a rcal vector space.
In order to show that its dimension is two, we note that for each f, g €Qy(x,)
and any X, T2 we have X, (f. g)=01n virtue of d) because f{x,) =g(x,) =
=0, )

Choosing fe=Q,(x,), we can write
X — xp)*

_ 0)2 v ( e (x'_xi)4
Sy = CZ ) 4 B g 4 B2

We have also [(x—xo)‘/‘i!]g;(x):h,(x) . hy(x) where hy(x)=(x—x,)% hy(x}=
—(x—xo)%. g(x)/4! Thercfore X, (h;. hs)=0.
Further on

g(x).

xan="2 x g+ L8 x

where fi(x)=(x—x,)? and fy(x)=(x—x,)°. One can observe that X,,:
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