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Proof. It sufficies to prove that D, DL and {£} are parallel distributions
with respect to the Levi-Civita connection on 37, that is we have

(4.2) ViPY &T(D), VxQY e I(D1) and ViieT({E),

forany X, Y eI'(T'M). The third relation in (4.2) follows from (1.9). Next, by
using (1.3), (1.7) and (1.9) we obtain

g(VyPY, )= —g(PY, V. E)=0,
8(ValY, QZ)=¢(ViPY, QZ)=g(oVxP Y. 90Z)~-g(VioPY, 90Z) =
=g(VyePY 4 h{X, gPY), 00Z) =0,

for any X, ¥, ZeD(TM). Thus V,I'Y = (D) for any X, Y<T(TA). In a
similar way, it follows VyQY e (D1 for any X, Y = L(TA).

Remarks. 1. The assertion of Theorem 6 is stil true for semi-invariant
submanifolds with % satisfying

gM(TM, D), pDL)=-0,

2. Sinee any co-Kahler manifold is locally a Ricmannian product of
a Kibler manifold and a curve, the geometry of semi-invariant submani-
folds is closcly related to the geometry of CR-submanifolds in a Kihler
manifold, (sce [1]). However, Theorem 5 is valid only for CR-submanifolds
with dim. D! >1, (sce [2] and [5]).
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FIBER BUNDLES OF FUNCTION ALGEBRAS AND ATTACHED
STRUCTURES
BY

D. RENDI! and B. RENDI

0. Intreduction. It is known that a tangent vector at a point x, of
an #-dimensional C=-manifeld Af is a mapping

th: (;;: (.W) - R,
satisfying
a) Ko+ pg) =2 Xa ([} + p Xz (8)
b) Xo(f - 8)=/(x) Xzi(g) +-£(x0) Xl f)-
In order to simplify the considerations, let M =R. We shall study

the family of mappings verifying @) and &), but we shall replajce (F:(R) with
other function algebras. An interesting example is that obtained by the use

family :
of the family Qu(xo) = {fIf SGFZ (R}, flxo)=f"(w0) =0}

To the point x, &R corresponds the vector space of all the functions
X, 1 Q%) -*IP{), Whici“l have the properties a) and b). Let T%, be this vector
space.

Theorem 1. TE is a fwo-dimensional veal veclor space.

Proof. It is obvious that T% is a rcal vector space.
Iz order to show that its dimension is two, we note that for each f, g €Q,(x,)
and any X, T2 we have X, (f. g)=0in virtue of &) because f(x,) =g(x,) =
=, .

Choosing f=Q,(x,), we can write

C{x—x)r L, (x—x)" L. {x—x0)* (x
f(f‘)—“z—!—"-f (o) + S S (on‘————“ £(%).

We have also [(x—xo)‘/él!]g(x):kl(x).h,(x) where hy(x)}==(x—x,)*, hy(x)=
= (x—x0)?. g(x)f4! Thercfore X,(h;. k)=0.
Further on

=" g+ L x g

where fi(x)=(x—=x,)? and fy(x)=(x—=x,)°. One can observe that X,,:
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Q.(ve) =R, defined through X (fi)=2! and X (f,)=0 (i.c. X, ()=f"(x4))
Is un clement of T2 N, 0 Qu(x,)—>R, defined through X,.(f;)=0 and
Xen (i) =3 (ie. X (f)=f"""(x4)) is an clement of T3, The clements of TE
are called the derivatives of the algebra Qu(x.) at the point x,. Obviously
{Xi, X, Is a base for T}

It is casy to verify that taking the derivatives of the algebra Qy(x)
at the point vo#x, one gets the tangent space of the manifolds R at y,.

The elements of the space ol all derivatives are the restrictions of the
tangent vectors (considered as real functions verifying a) and &) to the
~ubalgebra  Q,(v,) of (F;(R). Obviously one can consider the algebras

Qi(xo) =Yl S (R), flx)) =/ (xo) =. . .=/(*71) (xo)=0}
for £z 2. 1t is immediate that the derivatives at x, are generated by

(X Xaw s Nend 5 Kol )=FO(50). Xansf) =), o Ko ) =5,

Theorem 2. The real vector space of the derivatives al the point x, <R 1
kdimensional. The real veclor spaces of the derivatives at the points vy # x,
are  Onc-dimensional.

The proof is analogous to that of Theorvm |

1. The fiber bundle of the derivatives at a peint. As we have seen, the
space of derivatives for Q,(x,) at x, is two-dimensional and for Ve Ay
it is one-dimensional. In order to have the same dimension, we build up
the fiber bundle over R having the fiber Q,(xv,), L.c. to cach y,=R we attacl the
algebra Qu(y,). We can casily verify that we obtain a principal fiber bundle
(we can call it the fiber bundle of the singularities). We shall designate
by £, the total space.

Let f=(F2(R). For this £, we shall consider the section s: R -, defined
by s,{t}=f(x) =) [(x—=1)[1:1/"(1).

Let 56, be the sct of these sections. Obviously s,(f) €Q,(f) and s, is
of class C. In this way wc can construct the sheaf of germs of these sections,
denote it by §€,. $Q,(?) is an algebra. At each point =R we can consider
the derivatives of this algebra, i.e. the functions

Xl ! JQE(‘{) "’R,
venifying 1’ - renditions a) and ).
For 7, peit and 3,, Q,EJQ, we take

X (154 + 8ol = X (5,(0) + X (5,(0)
) X (s, s, (1))=0.

At cvery point {4, the set of all derivalives is two-climensional. In fact,
X, is the derivative for x=¢ on the fiber 8€,()==€,(/). Let L,({} be the
real vector space of derivatives at /. For X, s7L,(¢) there exist constanis
«, f=R such that X,=aX, + 84, where X, (s)=/"{!), Xu(s))=F""(1).
Let 2,—={(t, X\)/t=R, X, =L,(t)}.
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Theorem 3. .2, is a principal fiber bundle with base R and fiber
of tvpe R ) . r . _

Proof. L,(f) isisomorphic with R?, X,,1—(1,0) and X,,1—(0,1) being
the correspondence belween the bases. By this isomorphism, £, can be
endowed with the product topelogy. Therefore .8, becomes a trivial fiber
bundle. ' _ o

Remark. If we consider a variable ¢, then X, is not a den.vatwc on the
algebra of sections SQ, ; in fact X, (s,{))=f"(t)} £ Q(¢) (the fiber at {} and
Cals/(2) =/ (1) € u(t).

If we consider
Bi(s) () =57 (}ar - (x—1)2; Ba(s)(O)=[s"f(t)]» (x—1)?

then we get derivations on 5Q, or on 8Q,. _ '

Analogously if we consider the fiber bundle with the fibers Q,(#), we
chall denote by €, the total space of this fiber bundle. Let 8, be the sheaf
of sections built up using the functions f<(F=(R). The section s,: R -0, is
defined through s,{f) =f(x) —f(t) — [(x—£)]11f (1) = ... — [(x — 2} 1/ (k— 1) fk-1 (1),

We can also consider the derivatives at cach f€R. Let L;{¢) be the
real vector space of the derivatives at { €R.

We denote by £i={(!, X)){teR, X, =L,(l)}.

Theorem 4. .2, is a fiber bundle having base R and fiber of iype R*.

The proof is obvious.

In this casc weremark also that the clements X, € L;(¢) do not generate
derivatives on S, if { is variable. We can construct for this case the maximal
independent derivatives on S0 denoted with @0, ..., & namely

(s HE) =0 L) . (x—1)F, Byls)(E)=S*(t) . (x—tf*3, L, zals))(t)=
=f(ak 1)(;) . (x_f)zk—x.
In this way we get fiber bundles attached to R having the fiber of
type R® For &=1 we get the tangent fiber bundie.

" 2. Connections between the fiber bundles £,(R). At cach R we can
consider the fibers of £,(R) £,(R) ; let thev be L,(¢} and L, (f) respectively.
They are generated by

d* J%+1 dqd¥%-1 am Adm+1 dm-1
} and { } .

dxt daEn dx-1 dx™  dx™h dx2m-1

The two spaccs have nonempty intersection, namely the subspace
generated by {dMfdat, | drfda*T, where {41, hdrt={k, ..., 2k—
1}ofm,..., 2m—1}.
We can define the mappings i, ¢ Li(t) = La(f). <t by orn(X)=
tm® PTL, (1)L 1) (XD
Onc verifies immediately that o4,mopmm=3i4, lor cvery Ag<m<h.
We have also @in=1d ). _ -
Let L{t)y= \J Li(#) (disjoint union). For X, Y eL{f), XeL.(f) and
kEN L
Y eL(f), with k&m, weshall say that X is equivalent to ¥ if pua(X)=Y.

We denote this equivalence with 8. The quotient space L{f)/0 will be denoted
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by L(#) ; it is the total space of derivatives at £. \WWe have the canonical inclu-

sions ¢, : L.{f) = L{2). e
The vector space L(t) can be defined also using the maps u,,.,;." L w{t) =

=Ly(t), k<m defined by {p.(X)=1 o pre_nnin (X) J Y

Remarks. In the definition of ,(x,) the condltmn J{o) =0"1s not es-
sential. Only the conditions f'(x,) —...=f(¥"!(x,) =0 (k>2) arc mgnlﬁcant and
this since on every function algobra A<(F=(R), every dcrl\r 1tive X:A-R
has the property:fed and f{x)= const. =X(f)=0.

3. Function algebras attached te a vectorfield. Let M bc;adlffLrentlable
manifold and X (M) a vector field on it, such that 2 %0 for any
peM. -

Let Qe(p)={fIf sF; (M), f(p)=X,(f)=0}. Obviously Qx(2) is an
algebra and the derivatives on this algebra form. a rcal‘ vector -Space.
Moreover it follows that: T I

Theorem 5. T'he space Lx(p) of the derwatwos is 2u dmwﬂsw,zal' where
n= dim M, and there exisls a coordinate nefgizbowizood on M: such tizat ‘the
space of derivalives has the base T A (T

{0]6x2, ..., 30w, 3*a(x")1, &2)ax'ax, ..., 8[ox10nn, $é(x)0).;

Proof. There is a coordinate ncighbourhoed (U, ), p = U such that
X=g/ox'. Using the same computing techniques- as in the case M-—R it
follows the assertion of the theorcm.

Analogously with the case M =R, c01151dcr1ng Qx { p f)/j EQx(jJ)}
onc obtains.

Theorem 6. The triplet (Qp, =, M), where = is the first projeciton, is
a principal fiber bundle.

Further, for each feGFz (M), we consider the sections s,-:M -Qy
defined by s,(p) =£(g) ~/() — X,(f). Obviously s,(p) =Que(p). "~ . 1

Let us consider the sheaf of germs of this sections ; et JQ,_- be {he
total space. The derivatives on the fibers $Qx(p)=Qr(p) are 2n-dimensional
vectors in virtue of theorem 5. For the point p let us denote it by Ly (p).
Denote Lo (X)={(p, D;), p €1, D, € Loa(p)}}-

Theorem 7. The triplet (Loa(X), =, M), where = is the first projection
defined on £, (X), 1s a principal fiber bundle with lhe fiber type R*,

Proof. We choose the coordinate neighbourhoods in which the vector
field X can be written X=:2/2x%. In there coordinate neighbourhoods
£L:a(X) has the base

dfaxt, ..., dfax", 3*a(x):, &3faxiox?, .., *foxrgxn, &fe(xl)

hence L,.(p) is isomorphic to R*. If (U, ) and (V, &) are the coordinate
neighbourhoods with the local coordinates {27, ..., x®} resp. (3, ..., ¥®) such
that X=23/9x* and X=9/@y! in these coordinate neighbourhoods for cach
g €UnV, the induced coordinate transformation for L,,(p) has the matrix
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FICII "

— e 0 0 0 0
gad pat ax°
P T 1 ]
2. ... .2 00 00
ix® ¢t ax3

a 55 [T}
ot P 0o 0 o
az" gxt ot

o0 .. .. .. .0 10 0 0
Fyt o o
arles? eaxlax® T Tanlpat pat 0a% 040
#p o o a
axtex® axtax T T T axlpa® gat 9t ot

0 0 PR | 0 0...0 1
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