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Theorem 1.4. A Q-symimetric Finsler space Fu(n>2) of non-zero scalar
curvature does not exist,

Proof. Suppose that a (-symmetric Finsler space of non-zero scalar
curvature exist. Contracting 7 and j in (I.1), we get

(1.6) T==—F*R,

which implies T#0 that is H#0 (Sinha, 1971). Therefore recurrent vector
Am will be independent of £, s and R(,,,=0 (Pandey, to appear). (1.6)
yields Tn)==0. Contracting the recurrence equation Qhnomy=An0% successi-
vely we have T(n,=2,7 which implics A,=0.
Theorem 1.5. A Q-bisyrumctric Fiusler space Ia(n >2) of non-zero
constant Riemannian curvature is Riemannian.
. DProof. For an isotropic Finsler space I, (n >2) of non-zero constant
Riemannian curvature R, wc have

(1.7) Qﬁkk: "“-R(S;gu-‘—&?gnl)-

Differentiating thc above equation covariantly twice and contracting it
m ¢ and % we have gum=0. Using commutation formula (Rund
(1959), (6.10), p. 126), we get

(1 9) grk Q;[m +£’n%zm+2ﬁnr Q;m e 01
which yields
(1.10) Qin= R(3§3:— 3{3).

Using (1.7) and (1.10) in (1.9), we have v,c;m — Ym&m =0, which implies
that c¢;,=0.
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ON A TYPE OF SEMI-SYMMETRIC CONNECTION ON A
RIEMANNIAN MANIFOLD
BY
M. C. CHARI and GOURI KUMAR

Introduction. The prescnt paper dcals with a type of semisymmetric
metric connection V(1] on a Riemannian manifold (M*", g) (n >3) such that
the curvature tensor K of V satisfies the relation

(1) (Vi R) (X, Y)Z=B(W)R(X, Y)Z,

where B is a 1-form and V denotes the Levi-Civita conmection. It is shown
that if (1) is satisf{icd, then the manifold (1/*, g) is conformally recurrent [2].

1. Preliminaries. Let (1" o) be an s-dimensional (1> 3) Riemannian
manifold with Levi-Civita connection V. A linear connection V on (M*, g)
is said to be semi-symmetric if its {orsion tensor T-satisfics the relation

(1.1) T(X, Y)=n(Y)X —r(X)Y

where = is a [-form. ) . '
It is known that [1] if V is a sewmi-synumetric melric connection, then

{1.2) VeV =V V| =(V)X—2(X, Y)p
where
(1.3) g(X, p)==(X}

for every vector field X. Further, it is also  known [1] that if R and X
denote the curvature tensor of V and V respectively, then

R(X,Y)Z=K(X, V)Z—a(Y, )X+ o(X, Z)Y —

1.4
(14) —g(YV, 2)AX +g(X, 2)AY
where o is a tensor field of type (0,2) defined by
= ;
(1.5) (X, ¥)=(Vam) (Y) —=(X)=(¥) + > =(p)e(X, V)

and 4 is a tensor field of type (1, 1} defined by
(1.6) g{AX, V)=u«(X,Y)
for any vector fields X, ¥, We shall use the above results in the next section.
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2. A special type of semi-symmetric connection. In this section we
consider a semi-symmetric metric connection V on (M*, g) whose curvature
tensor satisfies the condition

(2.1} (Ve R) (X, V)Z= BT\ R(X, Y}

where B is a I-form.

From (1.4) we get

(VeR) (X, Y)Z = (Ve K) (X, Y)Z— (V) (Y, Z)IX 5 [(Vy) (X, Z) ¥V —
—Y, Z) (Vi) (X)+8(X, 7Z) (Vi A) (V)

In virtue of (2.1) we can express (2.2) as follows :

(VaK) (X, Y)Z— BOIME(X, Y)Z — (Va) (Y, Z) — BIP)a{¥, Z) X L
(2.3) + (Vo) (X, Z)— BOT)a(X, Z)1Y — (Y, Z) "(Vapd) (X} — B(IF)AX] --
+e(X, Z){Twd) (Y)— BOAY = 0. '
lLet C denote \Weyl's conformal curvature tensor of (M, g). Then
(24) C(X. Y)Z=K(X, V)Z+MY, D)X —1(X, Z)Y —g(V. Z)LX —g(X, Z)LY
where

(2.2)

1
(2.5) MY, Z)=— —— S(V,2) - ——— (Y, 7
( ) n—2 ( ) 2(n l)(:z»-"Z)“( )
and L is a {1—1) tensor field such that
(2.6) gLY, ZYy=unY, 2)..

5 and y being the Ricci tensor and the scalar curvature of (17, g) respectively.
From (2.4) we get

gy (PO VIZ=(Fuk)(X, Y)Z 4 [(Tu2) (V. 21X [TPm2)(X, 2033+
&Y, Z) (VL) (X)—g(X, Z) (VieL) (V)

Since Vg=-0 we have (V.g) (LY, Z)=0, from which we get in virtue

of (2.6)

(2.8) (Var) (Y, Z)=g[(V2L)(¥).Z)
Again, since (V,g) (AY, Z)=0 from this we get by using (1.6)
(2.9 (Veo)(¥. 2)=¢[(Vad) (¥). 2]
Now, from (2.1} we get
(2.10) (VeS)Y, Z) = B(W)S'(Y, Z)
and
(2.11) Vwr' = B(W)r'

where 5’ and 7' are the Ricci tensor and the scalar curvature of V respectively
Again, from (1.4) it follows that
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{2.12) SUY, Z)=S(Y, Z)—(n—2){Y, Z) —ag(Y, Z)

and

(2.13) rer—2(n— la

where @ 1s the tracc uf_ 4,
From (2.12) we obtain

(2.14) Ty SWY, Z) = (T S) (Y, Z) — (n—2)(Vwa) (Y, £) — (Viea)g(Y.2)
Again, from (2.13) we have
Ty = Vie — 2(1 —1)Va
which gives in virtue of (2.11) and (2.13)

[Vier — B(1¥)r].

i Vya — B{W)a=
(2.15) wit (W) 21— 1)

Using (2.10) we can cxpress (2.14) as
B(W)S"(Y, Z) = (VS) (¥, Z)—(n—2) (Vna) (¥, Z)— (Vna)g(Y, Z)
which gives in virtue of (2.12) and (2.15) B
(n—2) [(Fw) (¥, Z) = B(W)a(Y, 2)]=[(VaS) (¥, Z)
gy S DY = BOO7,
Now using (2.5) we obtain from this
{2.16) (Vwa)(¥Y,Z)— B(W)alY,Z)= V(Y. Z)+BW )Y, Z).
In virtuc of (2.9), (2.16), (2.8) and (2.6) we obtain
gle(Y, Z2) (T AN X), Ul=g[—2(Y. Z)(VwL)(X)+8(Y. ) BOV)LX +
+g(¥, Z)B(V)AX, U]
from which it follows that
¢(Y. 2)(Tp A)(X) — g(Y, ) BIV)AX = —¢(Y, Z)(Vwl) (X)+
+ gV, Z)B(W)LX.
Using (2.16) and (2.17) we can express (2.3} as follows :
(TuR) (X, Y)Z+[(Tad)(Y, Z)] X — [Tl (X, 2)]Y +¢(¥, 2)(VwL}X)—
—g(X, 2) (Ve L)(Y)=B(W)[K(X, Y)Z+7(Y, )X —MX, )Y+
+gr, Z)LX — g(X, Z)LY]
which gives in virtue of (2.7) and (2.4)
(2.18) (VwC)(X. Y)Z= B(W)C(X,Y)Z.

From {2.18) we can state the following theorem :

B(W)S(Y, Z)] —

(2.17)
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Th(_:orem L If a Riemanwian manifold (M”, g) (n>3) admils a semi-
symmctrfc‘ comection whose curvature tensor 1s a recurrent tensor with respect
to the Lfm-C wetla connection having B as iis associated 1-forn:, then the mani-
Sold (37, g) is conformally recurrent with B as 1-forin of recurrence.

'If, in parhcu]ar‘, 3 is zero, then the curvature ‘tensor of V becomes
glov(a{}int) cgnstant withrespect tothe Levi-Civita connection and consequen-
¥ 447, g) becomes conformally symmetric[3). He i i

. Hencewe hav
i) 3, [3] ¢ thefollowing
. Corollary. If a Riexpannian manifold (M*", g) (n>3) admits a semi-
i}}.’irtl;lmctnc r?o;crlctgomicctlocn whose curvature tensor is covariant constant

respect to the Levi-Civita connection, then (A" i

; < A 4 5 15 < Y
o sy (A", 2) conformally

The case considered in the aboy Twas tr 1 [4]
From (2.18) wo pot cabove corollary was treated by T. I m ai[4].

gﬁi 9) (div C)(X, Y)Z=B(C(X, Y)2).
. . n—3 -
(div C)(X, ¥)Z = ;‘3[ (VxS) (Y, Z) — (V45) (X, Z) —
A
2{n—1)

Hence (2.19) can be written as

oV, Z)Fer—g(X, Z)v_u-r}-}

BIC(X, ¥)2) = 222 ()Y, 2) ~ (FrS)(X, 2) -
(2.20) P
1 ka3 =
sy V. D Tar—g(X, Z)Vl-r}]
From (2.20) it follows that 7 is constant if and only if
(2.21) (VxS)(Y, 2}~ (V. S)(X, Z)= (n-~2)/(n—3)B(C(X, Y)2).
Hence we can state the following theorem :

. . .

= Tihgorem 2. Ifa Riemannian sianifold (M", g) {(n>3) admils a semi-
¥ ;me ric melvic connection whouse curvature tensor is a recurrent tensor

;:;:M r‘:zsgbect to the Levi-Civita connection having B as the associated I-form
en (", g} is of constant scalay curvature if and only if (2.21) holds.

REFERENCES

. Yana K.—On semi-symmetyic melyic consniecti Rev, R
oy (19707, 1979 1581 recticn. Rev. Roum. Math., Pures et Appl. 15
: ati T. and T. Miyazawa — Os e i
o \;m—wmw, Tonten, N6, 10, No,1 3{:“9;’(:;;:.(::52;213;;4’10(5 with recurront confern al
. aki M C, and Gupta B. -0 symmctyic space i
e 5 (1963), 113 [122 n coiformally symmetvic spaces, Indian Journ, Math,
«Imai T.— Riemannian manifold satisfsi dad raty it
vol. 34 (1980, 50__{52( atisfying a certain curvature condition, Tensor N, S.
Recei V.
eceived 17.1V.1982 27 Sashi Bhusan de Street
Caleutia — 700012
India

ANALELE STIINTIFICE ALE UNIVERSITATII ,AL. I. CUZA™ DIN IASI
Tomul XXIX, s. [ a Matematicd, f. 2, 1953

NEW CLASSES OF QUASICONFORMAL MAPPINGS IN R* (1)
BY

PETRU CARAMAN
To Professor Adolf Halmoviel on the occasion of his 70-th birthday

The most important tools in the theory of g¢ (quasiconformal mappings)
in the euclidean n-space R* are the conformal capacity, the module and the
extremal length. They correspond to the p-capacity, the p-module and
the p-cxtremal length for p=wn. In the case | <p <oo(p#n), one obtains
a subclass — the (K, p)-qc — of the class of qc {corresponding to p--u).
Some years ago [4], we started the generalization of the theery of qcin the
infinite dimensional spaces. When we investigated the possibility of extending
to such a space the concepts of conformal capacity, module and extreinal
length, it appeared to us, as the only natural way, to consider somcthing
like p-capacity, p-inodule and p-cxiremal length with p=-co. But, since the
corresponding classes of ge have been studied neither in the finite dimensional
case, we think it will be interesting to study them previously in K*, esta-
blishing their inclesion in the class of ge and this will be the topic of the
{irst part (§1) of our paper.

In the sccond part (§2)., we give four cquivalent definitions of the
(K, p)-gc. We show that the class ()-qc — corresponding to a fixed p#n and
all the K =[1, @) — is contained in the class of the gc and the inclusion
is strict. Next, we establish that, if 1 <psp'<2, the class of (K, p)-qc is
contained in the class of (K, p’) and that there is no inclusion relation between
such classes if p, p' do not satisfy the preceding inequality. Finally, we
obtain an analogous result inthe cascof a class of (K, p)-q¢ introduced by
F. Gehring [9] by means of the p-capacity, i.c. we prove that his class
of (K, p)-qc is containcd in his class of (K, p')-qcif 2(n—L)<p<p’ and other-
wise, there is no inclusion relation. :

&1. (K, o)-quasiconformal mappings. Let usintroduce first the concepts
of co-module, oo-cxtremal length and co-capacity.

Let T be an arc family of R* and F(T') the class of admissible functions
¢ 0 Borel measurable and such that {pdH'2 1 Vy = I' (¥ means .for every®),

Y .
where H1 is linear Hausdorif measure. The co-moduie of T is

M.T= inf csssup p{x), where csssup g(x)= inf [sup o(x)],
pEF() R Ra E Re--E

the “infimum being taken over all the null-sets (i.c. with s{-dimensional
Lebesgue measure zero).



