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Thgorem L. '[f a Riemanwian manifold (M, g) {(n>>3) admils a sems-
:y»;mctrrc‘ connection whose curcature tensor is a recurrent tensor with resﬁéct
olfi e 1Lf7'z-C wila conneclion having I as its associated 1-form, then the mani-
Jold (M*, g} is conformally recurvent with B as 1-forin of recurrence

If In partlcular‘, 3 is zcro, then the curvature tensor of V becomes
;.‘lc;v(a{}iné) cgnstant wrthfrcspcct tothe Levi-Civitaconnection and consequen-

M, ccomes conformally symmetric{3). Hencew ’ i
A V [3]. ¢ have thefollowing
‘ Corollary. If a Riemannian manifold (3%, g) (#>3) admits a semi-
f‘;’.irtl;lmgggxc r?cfrlct EOH?.CCHOCH whose curvature tensor is covariant constant
pect to the Levi-Civita connection, then (A" i ;
s sy , (A", g) is conformally

The case idered in . B L
From (2. 15) w::ao;z; ered in the above corollary was treated by T. Im a i [4].
g'-ig) (div C)(X, Y)Z=B(C(X, Y)2).

u

. - n—3r — N -
(div C)(X, Y)Z = 1;’:3[ (VxS) (Y, Z) — (9,5) (X, Z) —

1 — L
e m g(Y, Z)V‘Y?'—g(.}(, Z)Vl-r}]

Hence (2.19) can be written as
B(C(X, Y)Z) 21";2[{6 SIY, Z) — (%,S)(X, 2) —
. = (T, 2) — Frs)x, 2)

1 o =
sy & A= e(X, 217}

From (2.20) it follows that 7 is constant if and only if
(2.21) (VaS)(Y, Z)~(V,:S)(X, Z)= (n~2)j(n—=3)B(C(X, Y)2).
Hence we can state the following theorem :

Theorem 2. Jf « R ! J
. L Wiemannian wanifold (A" g !
Symmetric melric connects 7 oL L V) ol e
A ) reckion whouse curvalure tensor 1s a recurvenl tensor
i r‘f;;gbec to the Levi-Civita connection having B as the associaled I-form
en (M", g) is of constant scalar curvature if and only if (2.21) holds. ’
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NEW CLASSES OF QUASICONFORMAL MAPPINGS IN R (1)
BY

PETRU CARAMAN
To Professor Adolf Haimoviel on the occasion of his i0-th birthday

The most important tools in the theory of g¢ (quasiconformal mappings)
in the euclidean n-spacc R* are the conformal capacity, the module and the
extremal length. They correspond to the p-capacity, the p-module and
the p-cxtremal length for p=n. In the casc 1 <p <oo(p###), onc obtains
a subclass — the (K, p)-qc — of the class of qe {corresponding to p-—n).
Some years ago {47, we started the generalization of the theery of qein the
infinite dimensional spaces. When we investigated the possibility of extending
to such a space the concepts of conformal capacity, module and extreinal
Iength, it appeared to us, as the only natural way, to consider somcthing
like p-capacity, p-inodule and p-cxtremal length with p=-co. But, since the
corresponding classes of ge have been studied neither in the finite dimensional
case, we think it will be interesting to study them previously in I, esta-
blishing their inclesion in the class of ge and this will be the topic of the
first part (§!) of our paper.

In the sccond part (§2)., we give four cqyuivalent definitions of the
(K, p)-gc. We show that the class ($)-gc — corresponding to a fixed p##n and
all the K =[1, @) — is contained in the class of the gc and the inclusion
is strict. Next, we cstablish that, if 1 <p<p'<2, the class of (K, p)-qc is
contained in the class of (K, p’) and that there is no inclusion relation between
such classes if p, p* do not satisfy the preceding inequality. Finally, we
obtain an analogous result inthe cascof a class of (K, p)-q¢ introduced by
F. Gehring [9] by mecans of the p-capacity, i.e. we prove that his class
of (K, p)-qc is containcd in his class of (K, p')-qcif 2(n—H<p<p’ and other-
wise, there is no inclusion relation. :

&1. (K, o)-quasiconformal mappings. Let usintroduce first the concepts
of co-module, o-cxtremal length and oo-capacity.

Let I' be an arc family of R* and F(I') the class of admissible functions
¢z 0 Borel measurable and such that fpdH'2 1 ¥y < I' (¥ means .for every”),

Y
where H1 is linear Hausdorif measure. The co-module of T is

M.T= inf csssup p{x), where csssup g(¥)= inf [sup p(x)],
pEFII)  Re Rn E ReE
the “infimum being taken over all the null-sets (i.c. with nf—dimensional
Lebesgue measure zero).
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In the particular case in which the arcs of T are contained in a doinain
13 and 5 satisfies also the additional condition of being continuous in 1) and
bounded in &7, the corresponding class of admissible functions will be
denoted be F72(1') and the corresponding medule by

MBIy inf  sup g{x)= inf

pEF D)

sup o(x).
pefedr o
The co-extremal length in the 2 casses will be P (T)=1[M (), Al =
1ALB(IY.
In a similar way, we shall define the co-capacity, Let A be a
Jordan domain and F <A a closed sct, then the co-capacity is

cap.(d, I, 3A)= inf t'.ssRsupl Vu(x) |,

where Var is the gradient of # and the infimum is taken over the class U of
the functions # admissible for cap,, (A, F, dA), characterized by the following
properties ; u satisfies a local Lipschitz condition in A, it is continuous in
A, 0<u<], up=1 and #ica=0, where CA means the complement of
A If Ais a fixed ball B{R) centred at the origin O and with a sufficicntly
large radius R, we use the notation cap.f =cap, [B(R), F, S(R)], where
S{R)=¢B(R) (¢ means the boundary of E).

In order to justify the definition of the co-module, let us consider for the
p-module the definition proposed by I'. Gehring (8] in the case of the rings
for p=n (not Viisala's definition (11]), with the additional condition that

the admissible functions ; are supposed to be continuous and bounded in
R e

1 I p
| M I'= Inf Pdn f’——_’=[ inf Sdin)P 161
) ’ pEEFT) (SP ) .-.EF"(I‘)(SP 1

then, letting p— oo and taking into account lemma 2 of our paper [5],

P
M. D= lim M, I'= lim [ inf ({pPdm)?)?-1

= inf sup p(x),
P P pEFYT) p p( )

pEFUT) R»
if the arcs y=1I" join two scts E,, £,=&D in D.

In a similar way, if ' is a continuum of B(R), then, lemma 3 of {5)
vields =

1
cap. !t = lim cap, " = lim inf (j‘|Vu]"dm.)P_= inf ess sup [ Va(x)).
P Y Y Rn

P
Let us recall that a ring 4 = R is a domain homcomorphic to a
spherical ring {x;a<|x| <b}. CA consists of two components C,, C,,
with €, bounded. Let us denote by I'y=T{C,, C,, A) the familv of the arcs
joining Cy and C, in A. :

Proposition 1. If A={x.a< | ¥| <b} < K" and w, is the volume of the
unit ball, then
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) (nmn)f’_‘-'
M, I A po 1 s pon
S (bp=) —up-1).
— R

(lernma 4 of our paper 727). ’ N . »
Corollary. 'u ‘e hvpotheses of the preceding proposition, M, I = lim

P
-|I.'ll‘A=llll(b L!)_ , .
" Lemma 1. /f i< R" is a ring, then
|
RTZ%] P —

t!‘A(Co. C1)

Indeed, Vo1, und Vy= ', we have ‘@Sp-‘l’Hl =< S;UP sH (7).

; : ‘
henee sup g2 1/HY(y), but, since this inequality hod s vve[',, taking

A a [ - Y [ -
the infimum for all such v, we obtain sup p2 1/ inf 71 (v = 1[d ({C,, C,),
4

ki
where, if k,, F,c D, then d (£, E,) mcans the relative distance bf\f}vcnn the
wts I, and F,, i.e. the infimum of the iength qf the ans = 1K, F,, D)
and, since thiy in equality holds Vg =/[°4(T" ), it follows that

3) YA == dnf sup g2 1A (C,, C)).
' P EFONI )

On the other side, the function g, such that 2, )= Ud 4(Co, Ci) and ;¢ %)
0, belongs to F94(T,), and then
(4) M:AD == inl sup e I/d {Co 7).
cEFTHT,) A
sut, (3) and (4) yield (2), as desired. i N
, (Let us define now the subclasses of K-qc by means ol M., hoand (_\1\5 H
A homeomerphism f: DZD™ is sail to be Kege (18K <?Cf- i
for cvery Jordan domain A<D and every closed set Fad, the following
double tnequality
(3) V KM Vrs KM,

Lholds for all familiecs p=I(F, 0, A, Ad),f.v.'_h{-rc J['}}\Tf(l‘,,-). By taking 7.
instead of M., we obtain an cquivalent definition of A q-. .

) A homcomorphism f: D=D" is called K-qv it VA<D and YFcA
(lrom aliove), the following double incquality

£pu(fade. B) geapa (F, ¢A", N K capo (I, @A, A)
K
Lolds for all Ty 1 )
| Arguing z:s in theorems 2 and 4 of eur paper 37, we obtain the
folowing two lemmas:
Lemma 2. If De B(R) = R"E, E,céDand V=I(E,, E,, D) then
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{6) M T=3:PT.
Lemma 3. If F is a closed subset of a Jordan domain Ac R® then
MT(F, I, A)= cap.(F, 84, A).

Corollary. , . o .
- mn?:ofl{a)r.} The three preceding definilions of K-qc are equivalent (with

A homeomorphism f: D;_(D' )is said to be K-g¢ according fo Gelring's
(%, r

melric definition i = lim = «d in L
efinition if §,(x) lr]-rf})l(x n is bounded in D and §,(v) <K a.c.

(almost cverywhere) in Dii.c. c’xcept a null-set), where L{x
AP I~/ 1(x )= int Ty )
= x||=r
Theorem 1. A qeaccordingtoone of the first three definitions is ;
heo! A geaccor : ge¢ accordin
jc;ng‘:::ﬁ;?g $ melric definttion and then also according lo the other :’IsSf
On account of the equivalence of the first three definitions. it i
r A 2C C : LAt s
ctlofgo.ngdcr only a mapping f: Ds D™ qc for instance according to Siﬁgofli]:i]:
cfinition. We remind that a qc is a K-qc with non-specified K. For th
necessity of the proof, we shall fix such a constant as being K. Let us show(i
that §,(x) is bounded in D. Let x <D, B(x, #)< D be an n?dimcr;qion"ll ball
ccntregi' at‘x and with the radius 7, L=17(x, r), I=L{x, ) A';{r‘(ED%-
l<[a"—2"[ < L} a spherical ring of D, A=f (1) and 21 a poin-t where
the surfaces f1[S{(x", 1)] and S(x, ») are tangent. Let us denote by E the
Intersection of 4 and the line through the points x, 21 and by FYE thL
two linc segments contained in I and such that Z| is outside S(x r‘)hana hag
an en_dlqomt at x!, while E,=FE —F,. Clearly, ddF, E)zr. On‘ the other
side, it is easy to see that d » (E}, E3) S nl, where E} —-f(E;S (=1, 2). Taki
into account all this, the K-qc of f and lemma 1, we deduce that g

1 1 i
S = M.SKM.T=— %K
ni(x, 7) d . (E7, -2) . dq (F,, E,) Ty
implying /(x, 7)/r 2 1/K= >0 and taking the infericr limit for » -0, we obtain
U A(x)= M [ f(x")—f(x} | ¥ —a| = lim I(x, »)/r 2 1/K= >0.
5—x =0 '

But, from the symmetry of the first ¢ intti i
is K-qc too, so thaty ¥ irst three definitions, the inverse f

oo o Mt
3 5" —x
1 o
lim M A x)

vor |2 —x]

’
— im | %' — x| »

= || Ay —fla) || T

which, together with (7), yiclds 8,(x) S A,(x)/A(x) 2%, as desired.
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Let us remind that an arc family [ is said fo minorize a family T,
if Yy, eI, there exists a v = I such that ve vy then we write I' <1y,

Lemma 4. If T'=1'y, then . I, s T

Indeed, V' <T', implies F(I'}<F(T')), hence

M.T,= inf ess sup p{x} S inf css sup p(x)=M_T.
pEFIT) R4 pEFT

Lemma 5. If the ring A separates the boundary components of the ring
A, then M, T, sM,T,

This lemma is a direct consequence of the preceding one, since clearly,
FA <FA1'

Theorem 2. .1 K-gc f: D D™ according lo one of the first three definitions
is K3-qc according to Gehring's metric definition.

From the preceding  theorem, we deduce that f is gc according to
Gehring's metric definition (and then also according to the other equivalent
{o it). But this implics the differentiability of f with J(x)#0 a.c. in D. Let
v* be such a point and lct us consider the spherical ring 4 bounded by S(a®, r)
and S(x, 2r). For simplicity sake and without loss of generality, we may
choose the coordinate axcs in K corresponding to D and to D* such that
2 —f{x)=0 and that f be in a neighbourhood of the form

(®) J(z)= ):, mxe+e(0, 42 7]

where e, is the unit vector of the axis xy and {0, x) -0 as x -0,
But then, the affine transforination

0) [i(5.0) =[OV 4f(0) 5 = 3, aumies

k=1

will map $(r) into an ellipsoid E, centred at O and with the semiaxes a,(r) >
=... aur)=0.

Gif'c)n e>0, for r sufficiently small, if x=S(r), y=5(27), then (8}
implies | f()~fi{x, O} <el| x| =er. |f(¥) —fily, Oy t<e]y| = 2¢r. Let
us suppose that e has been chosen svificiently small in order that a,—
—4e=0. Then, the ring A" — having as boundary components the elipsoids
E', E7 homothetical to £, and with the semi-axes equal to (a,—e)r and
2(aa—+€) 7. respectively - will have its boundary components separated
by the ring A" =f(A4).

Next, from tie definition of f and on account of the preceding lemma,
we deduce that

K M, 2 Mol 2 Mol =t
4 de{Cy, €YY ACTCY)  (aat3eyr

where by Cy', 7', we denoted the connected components of CA" and from
this sequence of incqualities, it follows that a,-+3e> 1/K, hence, letting
¢ +0, we obtain a4, 1k, hence, on account of theorem 14 of our paper [1],

4 — Cd. 204 — Matematica
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s as I A
and then
(11) ho(x9) 2 L
f( )-"=K.

for ahmost cverv v in 2. But from the gymm i

f icen . tiie sy etry of the first - initions
;gof:])ik;\;.zl t{f)mth zlfo the 111\"0r50f‘1 is K-qyc according to the fitzz.? fh(ligf*":;(f;ﬁ?:
mct;-fc dg}“i r?t(‘mal.]ntofthg pru(_:odmg tl_morcm, 15 e accordine tn Géhrin y
Boge de r;; 1‘01.1, ience, /1 will be differentiable with ff'x);() a.c. in I%'S
e . }cfnc;n _II, chap. 1, part. 11, p. 93 of our ﬁ}bnograpiT 35, we
< e )mfm -d:-l-(])f Jarc measurable, allowing us to conclude that -'lhzno:i
.y ;m(ll_/‘ ] .sr:: ‘ ?V-l]} _h:z\-c thf: property that v and A= flx) arc 4: oinZs
the form (I(i') e{r.]gl)t((ltll"-‘,oT).\u-t E\fltql: giqsuc‘ltl 1‘a I)IOin_f, en. — rcléititl;ns N
that 2, (2" =a, 2 1 /K, which i.nI‘.);;i('sn {he nVerse mapping /4, we obtain

Ay )= 'm'-.____._f(lx)‘f‘x“” — fm ¥
P 1-_1,0' ¥ %oy gty f_l:-xw Y ST TINCH ‘ =
hi2) | l | )=
—1f — - == =
tim G| T 5 S =N
o, | *'—x" |
which, together with (11}, yields
L(xs .
. — L{x%7 . 7) iim Lz
8:(x%) = bun 2t i <= L
70 (x ,7) r=0 l(ft » ?’) lim l(x", ?')
f Pt 6
T, L0 /() |
or fx—2) A9

lim LGN ™ 5 ey SE-
et l x-.-—.xﬂ I
Since the ]"I"CCCdin j Jeis
ce the p g Incqualities hold for almost all the noints i
S . 2 Jdthe points of D
that {::s A;l"’-qc in D according to Gebring's nietric dI:'f’J-Ft}olij QUSHAIEE
orollary. A4 conformal mapping acc o e .
. ; ording lo the first thre Cs15ie
15 conformal also according to Gehm’n;'s melrie gcfz’izr'z'f’c.;{r,m Hhree definitions

This is a direct conse i
Aus quence of the preceding P15 -
mapping is 1-qc, and ther Kool hencf also”}é’zimm i sinee a conformal

Theorem 3. If f is conf 3

Lo . formal in DD according io one of the firs

{(i:jut:’:tzons and x° <D, then the principal part fl(.x,?r") fsjft i f’- L"f ﬁ:::bt f;#ft’;‘
n the functional sense) beiween u rolation and translation. u produe
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Indced, by a convenicnt rotation and translation, fi{x, %) may be
written under the form (9), where, on ascount of (10), a,21; but, on the
other side, on account of (12) and of theorem 14 of our paper [1], a,=

- sup |6f (0)/és[=A,(0)< ], hence, since @, 2. .. Zdx, it follows thata,=

5

. —a,—1 and then fi(x, O)= x, ic. fi(x, 0) is the identity mapping.

Theorem 4. The class of qc according to the first three definitions is
contained in the class of ye according to Gehring's melric dcfinition (and then
also in all the classes obtained by an cquivalen! definition) and the tnclusion
ts sirict,

The first part of the theorem is a direct consequence of the preceding
theorem.

In order to establish the second part, we shall construct a counterexamp-
le. Let D be the ring {x; 0< | x| <R} (R<I1) and f the inversion with
respeet to the unit sphere centred at O (whichisa conformal mapping accor-
ding to Gehring's metric definition). Next, let us consider the ring 4={x;
r<|x| <2r<R} and let us calculate the co-module for A and for its
image A*=f(A). Clearly,

1 1 1
_11- m}' —_— _— ﬂ’ = 1 .-_—q.-.-—=2 .
! A== ol a T : r
r 2r

Hence, letting 7 0, Moo T, —00, while M_I,+—0, so that there is no con-
stant K <oo for which incquality (5) be verified.

Remark. The cxample from above shows that there exist not only
ge, but cven conformal mappings (according to Gehring's metric definition
and to all the other cquivalent to it), which are not qc according to the
first 3 dcfinitions.

REFERENCES

. Caraman, Petru —Quelques propriétés des représentations quasiconfermes de E,. 1. Rev.
Roumaine Math. Pures Appl. 10 {1965), 171—-2C9

2. — Quasicon formality and extremal lengtl T'roc. Romanian-Finnish Seminar on Teichmiiller
spaces and quasiconformal mappings. Brasov 26—30 August 1969, Edit. Acad.
Bucuresti 1971, 111—145

3. — n-dimensional guasiconformal mappings (QCI). Edit. Acad. Ducuresti (Romania) and
Abasus Press Tanbridge Wells, Kent {England) 1974, 533 p.

4. — Qitasicon formal mappings in real normed spaces. Rev. Reumaine Math. Pures Appl. 24
(1979) 33--78

5. — Modwlz and p-module in an abstract Wiener space. Rev. Roumaine Math. Pures Appl, 27
(1082) 551—599

G. — About the equality between the p-module and the p-cagacity in R*. Institutul Natienal pentru
Creatie Stiinfificd si Tchnick. Institutul de Matematici. LS.S.N. 0250—3638.
Preprint Series in Math. Nr. 166{1981, 1—58. Proc. Confcrence on Analitic Functi-
ons. Blazejewko 19—27. VIIT, 1982, Lecture Notes in Math. Springer-Verlag
Berlin-Heidelberg— New York 1983, 3283



52
PETRU CARAMAN

8

7. Fugled c],‘“Belet1 — LExtremal len
—219
8 Gehring, Frederi
' erick — Rings and quasic i ]
Lo Vo So.?, ]03(19(:'2) 353_1393 conformal mappings in space. Trans. Amer.
. 11'1§,1 Frc(lcn.ck. — Lipsehitz mappings and tre je ]
iJ(ya:lcos in thr_' theory of Riemann surfac;‘-q ]A;{;‘wml
niv. Press, Princeton New Jersey 1971, 175” 103

0- La » ¥ ¥ I 4 4 [ M e
£Zuyen \ an Contribn la te ¥ehrecon rilor Tasicon nie [of] Ienit
1 m N » £ rejir L 0¥l P sentd &

fﬂ N ra f? 1a i

th Z ]
gt and fnctional completion. Acla Math, 98 {1957)

of rimgs in n-space.
of Aath. 66, Drinceton

T ern Tk . . DBaeuresti WG, 104
i si, — On quasicon ) fifiang ’ "
L : {,\?Mf,m_ 208 (e ljsr(:rm mapfings in sface, Ann. Acad. Sci. Fenn Ser.
f er, tlliam, — Extres j ] ]
PR stremal lenglth and g-cafacity. Michigan Mail. J. 16 (1869)

Received 19.X1.1981
Facugy_ of Mathomatics
niversity of Ias
6600 Iasi, R. 5. J!r?cmc;:u'a

ANALFLE STIINTIFICE ALE UNIVERSITATII ,AL. I. CUZA® DIN T1ASI
Tomul XXIX, s. I a Matemaucd, f. 2, 1983

MORPHISMS OF H-CONES
BY
EUGEN POPA

We introduce in this paper a notion of morphism of H-cones, and
present some of its propertics. §1 contains the construction of a .cone of
hvperharmonics® ¢, ascociated with an H-cone ¢&. Some properties of the
cone ¢ are presented, and s computed when C is the dual of an H-cone
or is an H-conc of functions. The last case justifies also the termi-
nology. §2 contains the definition of a morphism of H-concs, as an:
additive, increasing and coniinuous in order from below map from €, to G-
We establish completely the relations with the notions of morphisms of
H-cones, as introduced in [1] and [3]. The main interest of the notion pro-
posed here is that we get a category (i.c. the composition of two morphisms,
if it exists, is still a morphism}. Also, some results about isomorphisms of
H-cones arc included.

In § 3, the class of morphisms having adjoints is considered. We prove
{hat this class is stable under composition and {aking adjoints and it con-
tains the most important examples of morphisms. Finally, §4 presents the
morphisms of H-cones of functions, which arc introduced by maps between
the base spacces.

Al the definitions and results about H-concs, are as in [1].

This work develops the first three parts of [4]).

§1. The cone of hyperharmonics. We begin with the construction of
an ordered convex cone (¢, associaled with an H-cone C. When C is the cone
of positive superharmonic functions of a ? harmonic space (2], then ¢
is the cone of positive, h}'pcrlmrltlf)ni(: functions. It is this cone ¢ which
will be used in the definifion of the morphisms of H-concs.

Definition 1.1. Let C be an H-cone. C° will denofe the set of all maps

i C =Ry, such that theve exists an upper directed family (wicer of H-integrals
on C, for which:
nis) = sup wils), VseC.
1€

It is clear that any g =C® is additive, incrcasing and continuous in
order frem below ; but not any map C - R4, having these properties,
is in €

Proposition 1.2. With the operations und order defined pointwise (and
the convention 0. 0==0), C7 is d cort plete lattice and an ordered convex cone,
Co contains C* as a solid and dense subcone.



