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MORPHISMS O H-CONES
BY
EUGEN POPA

We introduce in this paper a notion of morphism of H-cones, and
present some of its propertics. §! contains the construction of a ,cone of
hyperharmonics® €, associated with an H-cone & Some properties of the
cone ¢ are presented, and s computed when C is the dual of an H-cone
or is an H-cone of functions. The last case justifics also the termi-
nology. §2 contains the definition of a morphism of H-cones, as an:
additive, increasing and continuous in order from below map from ¢, to G,.
We establish completely the relations with the notions of morphisms of
FI-cones, as introduced in [1] and [3]. The main interest of the notion pro-
poscd here is that we get a category (i.c. the composition of two morphisms,
if it cxists, is still a morphism). Also, some results about isomorphisms of
/{-cones arc included.

In § 3, the class of morphisms having adjoints is considered. We prove
ihat this class is stable under composition and taking adjoints and it con-
tains the most important examples of morphisms. Finally, §4 presents the
morphisms of H-cones of functions, which arc introduced by maps between
the basc spaces.

All the definitions and results about H-concs, are as in {1].

This work develops the first three parts of {4].

§1. The cone of hyperharmonics. We begin with the construction of
an ordered convex cone ¢, associated with ap H-cone C. When C is the cone
of positive superharmonic functions of a @ harmonic space [2],_then C
is the cone of positive, hyperharmonic functions. It is this cone ¢ which
will be used in the definifion of the morphisms of H-cones.

Definition 1.1. Let € be an H-cone. C° will denote the set of all maps

i C =Ry, such that theve exists an upper dirvected fanily (nier of H-integrals
on C, for which:
u{s)= su? nis), vseC.
e

It is clear that any g =C° is additive, increasing and continuous in
order from below : but net any map C - R., having these properties,
is in C°

Proposition 1.2. Witk the operations und order defined pointwise (and
the convention 0. 00-=0}, C° is a complete latlice and an ordered convex cone.
Co contains C* as a solid and dense subcone.
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Proof. We have to prove only that € is a complete lattice. Let g
. .

. =C° and define ;
;"(S) — Sup {.‘11(51)'1'!1:(3;) l S]‘i‘ 53 S_S}

:c_)rooal;gtsee;é T}:lml] p=piAp, in C° Indeed, let s =C be such that p(s) < -
r al,]d e ?:n fi(:d &H‘)\fefs acr}(l (;-,)t,]EJ be families from C*, associated witlh
a- We 1 82 € Csuch that s,+s,<sand @ us)< py(s ugls
+(2/?;:<cht, we can choose 1 €7 and j €/ such that: dIEsZ)si:f(s.l))—i{-—?/gsz'l):t—i
#}: )< vs(ss)+¢/3. Recailing the consiruction of u;\/ v, in 1] l it f Il‘
at’ u(s)< (i V v) () + . cr e
I p(s)= 4- o, then for each e>0 i
. ‘ there exists ; !
;:v;}g?;]—]— 1;;,2(3'2‘) >2e. Wecan find theni el andy E]esui]? 1Shlgttsape-(sc) f{?\(r:lz'vt)h;t .
ch shows that: (u;/ v;) (5s) > e. Hence, in both cases, ;.;(si =Slil;a(p¢ \j
it
' vy) (8} Vs @ C, which proves that i jer
. ot _ s that o It is clear now that p-—= U i
;Ei;lecrcc fgzs)aiys:lncre-z(l;;n% finélly_' (i)igs from C° we have o%)\'igtl:s\l/y#gplg g:
_E’P Bi sel, it follows that C® is a sup-complete lattice.

. 4
Having the smallest clement, C? is in fact a complete lattice

We deline now : &=(C")® . -~ o
maps: C-C" ..,,(8‘:)0_(: (CT)e. Let e: C > be the composition of the natural

Corollary 1.3. a) ( is an order

: ‘ e : red convex . e
s de:zse in order from below and solid in aab;o::{z f;:gicaar’.zo;szgz laft:c;:.(lf .
e(s+)=c(s)+eft) ; elas)=a . efs); s<i=e(s) <e(f). o e e

c} For any family (s e ef A
upper directed and bouj;zd.(e(;’?‘ilie{;w:( g’s,z)mihcbf(:sj .( Asiy=Ae(s). If (sehier 18

d) is injective iff C* separates C . -

i ¢ . €(C) is solid in ¢ iff C 1 NPy

e(C) LSI‘ f}ilense tn order from below in " iff C is dense in og’de{/:ﬁ.m:: bs Ol!”{, e C..
e greatest clement in C° is : elow in C™

(s) —{ O 10 v(s)=50.  WvieC?,
+ o if not,

Hence, the greatest element in ¢ is :

0 i —
= e
+o0 if p#0.

Proposition 1.4. a) For h C '
from ©, we have s+ )si=VF:f ;‘)S.E € and any ncreasing family (s)ee;

b) If C is an H-cone of functios '
~ 4 ‘ oits and C lid 10 C*°
sep a)nd any.famzly (Se)eer from ¢ we have : szi sosrtd_ifz (§+.‘s,t)km Jor any
Proof. Since any s =¢ is finely Ls.c, it is enough to prox"e. that /s
AT

=inf s; (the regularisation being considered with respect to the fine topology)

4 _ AN
et 2,2 X be such that: (s) A (x,) < inf si(xo). If we choose p, p’ such that :
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( 81) (o) -op =5 Infse (n), then o=, where gy=g a5 Henee T

o
h

N _ .
g2 /1ty — inf . But {xe X Py ¢'Vis a finely open set | we get then

o (va)> e’ ~(Asg) {ve)

which is the desired contradiction.
Lemma 1.5. If C is dense in ovder from below 11 C™, thes CT =77
Proof. Since C™" separates C* the natural map €7 LC s injective

Let now o=C™", henee 5:C7 = Re Let 0 C =Ry be the composition

A
of » with the natural map € —C*. Now the hypothesis implies : 2 &( i
it remains to veiify that 5 = 9. Lorany seC we have: p(5) = s(9)
N -
= g(s) =ols)-

Proposition 1.6, Swupposec that C 1s dense in C*° and that (7 separaies
. Then ¢ and C* arc isomorphic, as ordered contev (ones and compiele
fatlices.

Proof. Let e Using the hypothesis, w can i profonged to (7

by : w(a)== sup fu(s)ls=C, s<af. The jemma 1.3, proves that aeC’
(onversely, composing any u < & with the natural map € —~C77, we ol
1 clement from €7 Since the above correspondences are clearly inverse
one another, we have the desired isomerphizsm,
Corollary 1.7. If C 1s dense in * then T can be wdendificd wath ¢
Proof. Since €7 scparates €7, lemma 1.5, shows that we can apply
1 6. in order to obtain the isomorphism belween & and (€Y =C-
Proposition 1.8. Let C be an H-cone of functions on X and suppese
sioreover that € 1s dense in C7. Then €15 isoniorphic, as an ordered conicd
cone and a com plete latiice, with Lhe conc of all funciions f: X —~ Ry, for whick
there exisls an tnercasing fainily (si)ier from C such that .

flv)=sup sy(x), Vy= AL
el

Proof. Let we ) hence po ¢" —R. and therc exists an increasing
familv {u)ies from € such that: p(v)=sup pi(v), v =C"
el

prop.

The hypothesis shows that we may SUDPOSC that wu,=s; with si= C.
fet then f(x) = p(e). We have i) = sup si(x), Yre X, Conversely, let
i

/X >Ry and (s))ser bean increasing family from C, with f(x) = sup s(x).
vreX, for any vel, let: plv)—sup vis;). Hence 2:C" — R+ and by
=l
the construction : s; 1 w. It is casy to prove that p is independent on the
choice of the family {s;). Ilence. the above correspondences arc inverse
one another, and give thus the desired identification.
Remark. 1f C is dense in C*° and morcover contains a strictiy positive
clement #eC, then s=¢ Il s A nueC, VneN. It follows that, if C is a
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standard H-cone, represented as an H-

C il’lCideS ith thC S(.,t It ! To { 2
dL]lSe SlleLt ()i ‘K ] ]. { \l.t,‘o I.“] 1(]:|(1‘0Cns f i (;n ""]" ,h arc fil’liiL

?l?a?-S(; ‘.Y, let (V3)iso be a subm
: ¥ 1s a proper kernel ;

all V—&)r(cessive functions
e end by ing t
aniquels o ¥ proving that bal

Proposition 1.9. Suppose that C is dense in C**

C. Then: . and that C* separates

a) There exists @ unique bijection B
G C. and the set of all maps B :C
tnereasing, conlraciion (-BSS.S)

in order ;
Jrom below ; such that the following diagramm commutes -

c B c

i -

B
C

b} There exists a uni
4oL rere unique bijection = .
maps w: C—+ Ry which . o it between C* and the
are : addilive i : : set of all
below, and such that, ditive, increasing and continuons in order Jj";'om

Jrom C, such th Jor each s there exists an i ; .
' al s=\ s - 1 tncreasts il
commautes : Vscand is,) <+co, V, &1 ; such that thﬁj{:’llowjt"ng‘c)i;';f

C X
\ =
~ Ry
. @
Proof, a) L
defined byf: B)_(S) t‘(:t)f.i’__}?(;‘a balayage on C. F_c_\r cach seC, let fi'(s) =C b
B w)=s(B'n), YueC". Sinces— | o, with a, =C*, it follow:

that BS—' W B"m h “
. hence B is well defi : . . -

O -

B .
e di(:(j)) () =e(s) (B"is)=B"u(s) = u(Bs) = e(Bs) (u),
follows that Bg(samm commutes. Conversely, if B is given, from Bs<s i
b) Let eg)) Cz(? Vs=C. Thus B, defincs a balablfage s<s it
® and define, for each 8 o A

and clearl Y ’ ach s=C: pfs)=s(u) . p i ]
tly has the indicated properties. Since : P-(S(Sggl ‘)—‘ E}(Ls)ls(ljeu#t;lrtllid
== e

cone of functions on a set X, then C**

s ’ on 2 finely
asc of a standard H-cone of functitftl]ys

arkovian resolven: of kernels on X such

SO any s=C is -excessive -

ositive ; X .

positive and bounded £, Vof @C. Then ¢ can o identifid with s e
C ‘ : with the set of

ayage and any H-integral on € extends

i 4'—»3 between the set of balayages
; . having z_‘fwjroﬁerf:‘cs: B s additive,
tdempotent (B(Bs)=DBs) and continuous
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diagramm commutes. Finally, p being given, is obtained as the restriction

to C=c¢(C).

From now on, the extension to
C will be denoted by the same letter.

s2. Definition and first results. We are now in a position to define
the morphisms of H-cones. A different notion of morphism can be found
in {17 or in [37. The main advantage of our definition is that we get a category.
However, our morphisms arc not always maps on a H-cone : this is the case
only if one suppeses that C* scparates C.

Definition 2.1. Let Cy, C, be H-cones. We define a morphism of H-cones
from C,fo Cyas a map ¢ ¢, »C,, wilh the properties:
additive . ols+1) = ofs} Lol)
sncreasing s< = ols) < o)
continuous in order from below : for any increasing Sfamily
have o(V s)=V g(s1).

Remark. Clearly we hav
and the morphisms those defined above. Accordingly, Hom (Cu

stand for the set of all morphisms from C, to C;.
Definition 2.2. For any two morphisms of H-cones ),
we define:

C of anv balayage or H-integral on

(se)ier from C, we

¢ thus a category, the objects being the H-cones
C,) will

s € Hom (C,, C2)

(91 -+ 92} () = 21(s) +als). Vs eC,,
(xg,) (5) =api(s), Vs =C, a>»0,

and the ovder relation : 1<, by 01(s)= afs), VS E .. Thus, Hom {C,, C,)
becomes an ordered convex cone, in which 0 is the smallest element, and the

morphism defined by : g(s)=0, Vs =C, (wherc o =(, is the greatest element),
easing family

is the greatest element. One verifies casily that, for any incr
(i}ies from Hom (Cy, Ca), Vs exists and @ (Vo) {s}=veoi(s), Vs e(C,.

Definition 2.3. For any morphisii o = Hom (C;, C.) let s define the
domain of pas: D(s)={s=C: | o(e{s)) = &(C.)}. P(e) can be void, for instance
if o is the greatest element of Hom (C,, C,).

Definition 2.4. The morphism 9= Hom (C,,
finite if D(9) is increasingly dense in C.

E xamples. a) For any two H-cones C,, C, the map s—0is clearly
a semifinite morphism, denoted by 0.

b) If Cis standard H-cone, the scmifinite morphisms from Hom (C, R+)
are exactly the H-integrals.

¢) The morphisms from R to C arc cxactly the maps % — s, with
s=(. Such a morphism is semifinite iff seC.

Remark. The composition of two semifinite morphisms need not be
semifinite : let C be an H-cone, p=C* and s=C be such that u(s)=-°.
Then K - As composed with p is not semifinite.

We prove next that, when we consider standard H-cones, the semi-
finite morphisms are exactly the morphisms considered in [1] or {3].

C,) 1s said fo be semi-
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pO lt] n 2 ; f 4 = HES e ( = H il (T,
I ro S 0 wha Y (1 1 (4, bt,’ }II o arn CaASt 3
) [ 1 1‘} ¥ )
I 6”\53, conTey 31!560?16. Lb/ ?0 . C’ — Cg (2 ¢ Y] (l/){ g‘“(‘l f} f . ‘ [ .
M & TH {1479

The following :z,zo(z;ji!;e:;(:S) R
11); j:::r(::::a;ii::::z'qne n_zo.rpiu'sm @<= Hom (C,, C)ysuchthat o] C =
TN T g family (s\)ie; from C', such that Vs Eg"l ?('t!—-.:i‘j’o.
Proof. a) = b) is obvious, b) = a). Let: | M

) =Vipult) /= C, t<s), vse

2 is a well defi = =
and prop. f_f,;.ncscllur)rif? {}rﬁ:j C!_tIO Co, and = | C'==x,. Clearly s< =
family from ¢ at ofs-H)=z(s)4-¢(). Let (s)e, he ?-(S)‘_g 2(t)
. v and let s= /s, It remains to pro t.]fE[ ¢ an Increasing
Mmain: ‘ove that:

(.) { (t) l!f ' == (
i7 =L, g5l =
< } :'/ :‘/ {?(”) : Hgs, ne '}

Let feC’, t<s. For .
; P ERS cach : 3
(_: sqch Ehat S M= \ji"-zssfr{é(fh\(}]c eXlists
llty m () is Pro\'(?d. ’ -
Propaosition 2.6. I
1on 2.6. Lel C be a siand :
(C. C.) a semifinite morphism. Tﬁ’fz ((lfr:ic[g(cf)w' Cyan ll-cone and 5 =Hom

Proof. Let D=
: ={,sCyln=eN .
below subset, Le iz ol Nt N} be a countable nmee |
let s, ED(CP)' }i}(‘tsﬁcehct}};)cistnctly positive. Since ])(;') I(itlnj{: 'f: _Ortlicrd from
: alt: s, </ <5, -t ¢/ 0s MILTCARINELY dense
countable family, which wSIn S SaHnThe Lot (w0),6, b e A
hopmiabic family, which contains everys,. This family is i ean. IMETCAsIng,
cre exists «¢ >0 such that: y = g‘g_f;.:";-‘cff lfllcrlcasm.gly dense,
pOSiti\'c, HC‘HCC for ca hte ;-é'! and @ is sirlct]).
3] it follows th’at . ¢t<C2 Co there exists 1 <=7 such that ¢ <
DS 2w+ ¥ ) with K € 1 finite. Hence ?r)d Iéy
3 o(t) eC,

and (<D (). AEK

Corollary 2.7. I
g Let Cy, C, be st
a map. The following H}’g! eg“;yal{m;{lntl’ard H-cones and o, : (Ci)o=C, be
. - :
b; ?éir—: £) —_;?o(s) F 2ot} and s <7 = o,(s) £ o(f)
exists (uni i e
Stich that @ ey @ lunique) semifinite morphism o< Hom (Ci, Cy)
In accord =
H-cones, any mi?;‘flis“nllth Elhflf_lgt‘ncral (}CﬁniiiOn, we call isomorphi
(Cu. C1) such that cpon,b-_—ql, 'meg:: (C;,l(,z())lfor which there exists Eisrﬁoﬁf
150m0rphjsm iff (_ P ee=l. \iDUbI}', the i e
?xists mOrphismst};?h?(:ﬁpali -bc]_;e;c, is gljecti\-c and 3(s) t<n g(rtr))ziznl N '11'?1@2
¢t C be a standard A 1jections, but not isomorphi - 9
let C : phisms. For exampl
15 still an H-cone Tlcor-m‘ Then (C, <) endowed with the i .
-4 K ne. The identity ma e VLIS e spearfic order,
cones which is a bijection, but no{) iggl"nﬁgphis(; =) is a morphism of

Proposition 2.8, 7
. . 6. Let
is an isomorphism. C be a standard H-cone, The natural map C - C**

. o [ 5
an ncr Ld.‘.lnb a””l\ af,- FEJ “ am
( tr’\ ) . I’\ — th( n ‘()])\ (01 ‘5) 11:1-
$ t ) i 1, aon 1 1 ll]Cq
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Remark. An If-cone could be isomorphic with a standard f{-conc,

without being itself a standard H-conc. Indeed, R is an H-cone, 1s0-
morphic with the tandard H-conc RY ; hut R®™ is not standard, since it
has no strictly positive clement. However !

Proposition 2.9. Lef C be an H-cone, C, a standard Il-cone and suppose
that € and C, are 1somorphic. Then C 1s a standard H-cone iff C 1s dense
in € and C conlains a strictly posstive eles

Proof. Denote ue C a strictly posi
(C,), be arbitrary. There exists
hat t is r-continuous. But:

s=—alt)—=a(V {f Anu))=V (s Ane()

shows that there exists @ =0 such that s<xp(). It {ollows that (<ot hence
{eC, since C is also solid in C. Now let {f))ies be an increasing family {rom
C, such that ¢ = Vi Since § = o) = V7{li), we deduce that for any >0,
there exists ¢ eI such that s< o(t) -+ ep(n). it results that f={;+ .

Let C,C', C,, Ci be H-concs and g & Hom (C, Cy), &= Hom (C’, Cy)-
We say that ¢ and ¢ are isomorphic if there cxists isomorphisms C==C’

and C,~ C; such that the following diagramm is commutative :

nent.

{ive element and 61— C: an
isomorphism. Let s & t =C such that o(f)=s.
It suffices to prove t

s T
Ch

| B

. ¢ .

c -G

(C,, Cy) finite i D{¢)=C,. The bala-

yages are examples of finite morphisms. It is clear that the composition

°f two finite morphisms is again finite. Morcover, if 3 is finite and ¢ is semi-

finite, then god (provided it is defined), is again semifinite. However, if
is semifinite and ¥ is finite, poy¥ could be not semifinite, as the remark

after def. 2.4. shows.

With thesc definitions, one verifies easily that any semifinite morphism
of standard F-cones is isomorphic with a finite one. Indeed, if C and C,
arc standard H-concs, then 9 € Hom (C, Cy} is semifinite iff there exists a
strictly positive ne C, such that of#) sCT". If 9 is semifinite, there exists
{cf. [3))ots >0 such that :
where {s,|#= N} 1s a dense part of C,.

Let us call a morphism ¢ € Hom

‘;. taP(Sa) € Cy. We can

n=]
take then # = g: a,5,. Conversely, if o(u) € C, it follows that, taking C

L
as the subcone of u-bounded clements from C, and C; = C}",
isomorphic with C; Cy s isomorphic with C, and 9]¢ C'-Cy

finite,
§3. Adjoint morphisms. All the H-cones considered here have the
properties ; C is dense in C** and C" separates Cy.

then C’ is
is clearly
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Definition 3.1. 11 sq
S o say thal o= Ho
cack w=Cq we have C'{n) =C;, f(!/;(ire: PG

) () =p(e(s)). Vs=C
It is obvious the ate” : C; »Crisi tan b
if 15 oovious .ljcn,1t}}¢t ¢ 1 Gy »(Tisinfact a morphism of H-cones.
pml;;) ?t- 5 1.;1[(111()1_\‘ defined by ¢, and will be called lhem:il I'orteo‘tfcr'
sttion 3.2, [3]). Let C,, C, b iy R
L 3. . L e e Sland -
ﬁcl,,c.-)‘be a semifinite morphism. Then @ has c:? (mf o Gones and o= Hom
i vadjomnt | moreover, ©* is also
I'roof. Using. cor. 2
exists and is scngﬁnit(; 7 for amy SRR AL
Remark. Usin  adjoi
N - Jsing the adjoint, we ¢ ive
suffices to observe that, for any morna}:;sﬁ?;

has an adjoint if, for

-
1+ hence @'

a simpler proof {o cor. 2.7. It
in the sense of [3] we have -

ey _ . .
" ( us)'(S) (V Ba) (2(5)) = sup i(a(s))= sup o* () (S} ={V 9(1s) (s)
where (u,) is an increasing family from D(2") and that o' = |

her i phis [
I cl:xltsgs morpht;.ms which are not semifinite, but havz-z an adjoi
gl hang t,herg :ilprtphmm A=2s, from R to C, where sEC?\(C OJOHLL
20 adiemc: suffi;cz stomtorll_)hlsms (nccessarily not semifinite) \vilfchnht .
ae) ake any morphism from C to R, which is ?1:;(:
Proposition 3.3, 7/ o »
.y : ! a
) [ @ has an ad
Proof. i ov i
f. It suffices to prove that ¢ is the adjoint of o, which follows

Joinl, then o also has an ad joint and

from:

, %(s) (.u)=#(@(3))=@'(u(5))=5(?'(u))=f-°"(8) (1)
roposition 3.4. Suppose that T oin
e ]?:Oq’l has an adjoint and : (f?[z:o?'»:){l(:efp'{:ij-omls and 0,09, is defined.
(q:.o?,)'(uji{é)g s(t(sz:ces to show tllat cp:o;; isl thi: adjoint of wo,0%,. But -
g 1) =p((2109:)(5)) and: (91058} (W5 =w4(o3(i) (o) = w3 (i (o
N 912)(?!(3)))- i) () = o] (#){zi(s)) =
roposition 3.5. /. p L
2% equsenlont Let C,, C, be standard H-cones. Then the Jollowine
a) ¢ 7s an isomorphism b ..
RS wsomorphism between C, and
p) rpfas)a Jinite 1somor phism bc/:er:'ln C;t ag:i C
Yoof. ay=>Dh). Let weCt - it snff; 3
Let /. i ' v =01t suffices to prov to'(u) i ifini
g S:EIS xégohc‘g?ni)élsts an increasing {family (tlj) .E‘,Cmt }(]:::vs?lc(h“)t}:zsatsg(r;;ﬁmt:.
. % 1s an isomorphi T i Vi
and S; V’t)r- Hence () (uy) is fi;?tlclzl.sm' e have o), with <€y
. P)=a) 9" : C3 ~C} extend ’ i i N
=(C;);t and 'C,—(é‘z'){ 1 s clearly to an isomorphism  between C, -
15 a ¥ ifv 1
P also ha A0 verily that, if o, & Hom (C,, C,) have adjoints, the
which shows that t? }?mt_ and 1 (p+4)"=5"+4" Morcover O]<'~P¢>' ‘el
{o the adjoint :< - /:c@ft_t;@/ rqperati?r{s are preserved undér't?m pz?ss;:fe
an extreme ray iff o° lies or} 1Jan (2%1&2:1: q;'a:"‘b e R
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Hence, we have another category, in which the morphisms arc those
which have an adjoint. Taking only standard f-cones as objects, we have a
(contravariant) functor from this category into itself, defined by 1(C)= C*;
F(p)=¢". This functor is fully faithfuli and prop. 2.8. show that it establishes
in fact an equivalence between the category just considered and its dual.

§4. H-maps. \We consider finally the morphisms between f-cones of
functions. Since, for each H-cone of functions 5, 5 and S arce isomorphic,

we can suppose that all the F-concs of functions contain the positive con-

stants. Morcover, we suppose that all the H-cones of functions have the
property : S is increasingly dense in 577, We recall that, for each H-cone of

functions S, §° scparates S.

Definition 4.1. Let S, S' be H-cones of functions on z} X' A map
91 X' -» X is called an H-map if for any s=5 we have sop &5".

Proposition 4.2. Let ¢ be an H-map. Then s »sop isa morphism (denoted
also by @) from S to S', which satisfies:

o(l)=1; s\ )=2(s) o), Vs t=S.

The map ¢ : X' =X is fine-to-fine continuons and the worphism o is seniifinite.

There exists morphisms (even finite isomorphisms) which are not
induced by an H-map. If & is an H-conc of functions on Xandf: X~ (0,+
+00) is not =1, then § and /. S arc isomorphic, but there is no H-map
which induces this isomorphism.

Clearly, the morphisms induced by H-maps are closed under compo-
sitiom,
Proposition 4.3. Let o be an H-map which is finely open. Then, if S'=
=S8"" ¢ snduces a finite morphism.

Droof. For any s=S5 the set A=[x=X|s(x) <o} is {inely dense.
Hence ¢~i{A) is also finely dense. But (so9)(x) < o for any x' & ¢~1(4)
hence sop 1s finite on a fincly dense set. Using prop. 1.8. and [3], it Tollows

¢

that sopeS"™ =5"

Propositicn 4.4. Let S, 5 be standard H-
an H-map. Then ¢ is naturally measurabie. If p'= S” s an H-measure,
w'(1) < oo, then o"(w') ts also an H-measure.

Proof. For any s€8S,, sog is a finite, naturally ls.c. function on X.
Hence ¢ is naturally measurable. It is clear that o*{p) €S’ is then represen-
table by the mcasure s, defined on the naturally Borel sets by : m(A)=
—m'(e~}A)), where m' is the representing measure for p'.

Definition 4.5. Let S, S' be two standard H-cones of functions on X, X
Let us call quasi-H-map any map o XNA' =X, where A'c X" 15 a semr-
polar set, such that, for each s<S, there cxisls an element from 5, denoted
o(s), such that g(s)=sop on X'\ A"

Proposition 4.6. Any guasi-IH-map defines a sitorphism belween S and

S', which has the properties:

e(l)=1, 2lsnf)=2(s)A2()

cones of fusnctions and o be
and

vs, teS, Yp' (S o'(u) is a H-measure.
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— 1l)

Proof. ois well defined, si
B f. 2 : . since from s=¢ on X"
n(t), YusSg (cf. [1]), hence s=¢. The other statem

Remark. If A' i LAk
sally bounded w'. ts polar, then 2 {u'} is an H-

N, it follows p(s) =
ents are obvious.
measure for any univer-
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ON PRODUCT OF MINIMAL PAIRWISE HAUSDOREY
BITOPOLOGICAL SPACES
BY
M. N. MUKHER JEE

1. Introductien. 3. P. Beri {17 proved that if the non empty
product space is minimal Iausdor{f, then cach component space is also
minimal Hausdorff. He left the converse of this theorem as an unsolved
onc and finally Tkenaga [4] proved it. The concept of minimal pairwise
Hausdorff bitopological space was introduced by Raghavan and
Reilly [7]. In my paper {6], this concept was further studied in terms
of the notion of pairwisc almost compactness and pairwise H-closedness.

‘I'ic purpose of this paper is to study whether the topological product
of a family of minimal pairwise Hausdorff spaces is also minimal pairwise
Fansdorff and also to study the converse problem.

2. Preliminaries. Lot (X, ., i)/« =A}, where A is an index set, be
anv family of bitopological spaces. If X =T1X,. then two topologics on X

IEA
can be censtructed in a natural way. Let <, for i=1, 2, denote the product
topology on .Y, generated by the family {(X., =5 :2=A}. We shall call
(X, 7, =) the product bitopological space generated by the family under
consideration and shall write == [T <} for 1=1,2. It is obvious that the
TEA

projection map pg: (X, 71, 72) >(Xa, Ta <) is pairwisc open and pairwise
contintous i.c., f,: (X, =) = (Xq %) is open and continuous, for all x=A
and =1, 2.

In what follows we shall state a few definitions and theorems which
will be used in the sequel.

Definition 2.1. [Kclly [5]] A bitopological (X, =1, =) 1s said to be pairwise
Hawusdeff if for any two distinct points x, vin X, there exist a =, open neighbour-
hood V, of x and a =, — open neighbonrhood V, of v. so that V.n¥V,=d.

Definition 2.2. [Mukherjee [6]] In a bitopological space (X, <, ™) a
fitter I is called a = open filter (for i=1,12) if I has a base consisting of
open sels.

Definition 2.3. [Mukherjec [6]] A bitopological space (X, 7, m) 15
said to be =, almost compact with respect to <, for i, =1, 2 and i#], if every
= open filter has a = clister point. The space (X, =, ©,) will be called patrwise
alinost compact if it is ©, alitost compact with respectio = and =, almost compact
with respect {0 r,.

In my paper [6], the following theorem was established.



