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In our opinion. the main advantages of the approach presented in
this paper is that our results vield the inclusion and existence statements
for the solutions of cquation (1) and BVP (7)— (8) at the same time. Al
thougth the results of this paper have a superficial similarity with the papers
of Ruchinskii 13, 14] and Morchalo 117 it is casily seen that
the assertions and the proofs of the results established in this paper are
decidedly distinct from those of [11, 13, 147
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AN EQUIVARIANT SHAPE THEORY
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I 1ror

0. Introduction. Shape theory was f’i}'lst intt.roducfcd 1?;3;,@1\%:3(1
- [2) - ; tric spaces. The notion ot s :
Borsuk, [21. for compact me _ e e
extended to the compact Hausdcﬁﬂ S})accg by S li]i a[r1 S]L :11(({ iﬁi{]ms;]&ric
’ { / ztynsk A g
18], [19°, and also by W. olszty L e
¢s by K r IR, Fox [11]. Ini972 8. Mardes
apaces by K. Borsuk {3] and R. (11 e . -
:imbli%hbd shape theory for arbltrnla- tO}?loglcfal]sp)aLL:i qucqjﬁ 111‘1(}1 (_1"1-:(‘1'“‘(‘(1
Mo oved in [ - the notion of shape me e deseribe
k. Morita proved in {23] that I ape b can bo cescriens
i R's inver systems. I, Morita also showe X
ising ANR's inverse homotopy sys - ol that
zuj}? homology and cohomology constructed by normal open coverings of
' i spaces arc shape invariants.
topological spaces arc shape ipvariant _ o
. 1:1 1980 . W. Bauecr [1] defined shape theory for an (11131’(}241&
ategory K of topological spaces with respect to a fine suhcqtcg,;ory o
(lilu 2'1tbg01-\- K, as the study of those m\'armuté of a toplologlca‘ bpﬁ(f;cthe
iy I which arc determined by the maps from X to the fine spaces
hrategory I - o o e
sub R;Ecn.tl\' we showed [26], [27] and [28], {29] that Sh"’.}:?-.. Ut?]. -(‘)r:\]n(:("lﬁ
4leo he extended te other categorics by constructing, follox\mlb. _1.— nodel
::f. \lardesic-Morita, a shape theory for Boolean closure algebras and |
<paces with two topologics. ) o _
j In 1979 Vu. M. Smirnov proved [30] the possibility tof the c}c;ng{
truction of a shape theory in the sonls)c gf ‘1\.1 Eg]rliukﬁfmtpikta f:gggr);_com-
’ . 1 § 'l i i N ls O L2 i . L] [3
sespaces in the following situations y pact :
:'11'1‘ and K is the category of metrizable G-spaces ; 2) G is compact, and
s « L, dli il G . eg
" is the category of compact G-spaces. . e e
o In this ;)a;ier we construct an equivariant shdp(.‘ tllnc.?;r_\, for the cate
sorv of arbitrary G-spaces, the group G being assx;lnm’ fini c.u_ Cheore
"7 \We  will know afterwards that the tr%ns.orima.i10165]b1%)g]p.~;nd ors
inciudes a sord aspects. In this order G. Bredon {3), [0 .
31;“"1'\'] (IL(S , 5?I'(;."l]wﬁn'(L)\['cq?:}(:;ﬁtructed for discrete groups, the equwangu;t h?_mo-
drdker ‘ s ‘ - grou] A homo
i g fficients. In this case (o _
logv and cohomotogy with prescribed coe . AR e oon
()fh}IiQ(‘l'ctc *fl'oupsi the Coch cohomology based on iy (lmanlt CO\‘;lultl‘llit:;l
wasg g]c\'clop?:d (scc [4, p. 1351). Séren 1 Iltmann [ 4]]5 ‘ ’iasn S !
. cquivariant singular homology and cohomology in the E1lc g
the cquivariant singula A gy e B AT sy,
Steenrod axiomatical sense. I. M. Jame s} & G- B S e e
(6.1 Matumoto {221, G. Bredon [5] have deve.op
of the e¢quivariant homotopy.
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The shape theory ¢
Cip&ltcd,(‘11:\1:-1])(;0:1}(;01.} can afford, as Yu. M. Smirnov I g
we give an ‘lpl;)li() (til‘ns and results involving G-'\;p“u‘vs ["?) v wp (l'”.] anti-
. an i “ation, generalizing s 8 irespaces. For cxample, in § 7
tvpe of G. Bre 2 alizing some results on equivaric L
& G138 i Lr don {3].T. Matumot St homotopy
i -fcgﬁl {151, (16]. o [22]. L M. James
. Topological and homotopical preliminaries

[.1. G-spaces and . :
results to n4}_p We rczalth_]n}ip? We will refer for some definitions
space X is said to be G-qpaclg B rthbcmg a topological group, a tog:.:i"()ﬁ?[‘l'(}
(g, )=0{g, x) —gx, such that ere s a continuous map 6:G < X i({}

(a) lhx)=(gh) v, Vg, heG, YyeX: (b) ex YieX
v, vr=x, .\'Ez-,

where ¢ is the identiy element of G

Let X, YV

e e G-spaces ; a conti

S . 5, dcol 5 Al

or an cquivariant map, if itinuous map f: X — Y is calied a G-map
g .

s flex)=gf(x), VeeG, vreX,

If G 15 a to " =
. a topological group. then G-spac .
C“t"g%ry “:V(l}n("h we dexloteéb\fl%—'tI!:)L[? G-spaces and G-maps together form a
onsider two G- ]
by COnsidcr(i‘;r,g “tohg spaces X, Y. Denote 7=[0,1], X %[ is als
Comaps fo fbe G ap SR AXx D= X X, (g (x ) ao & (space
if there exists a (,‘_m,lar}} S_'al_fl to be &-homotopic (or cqulivaria(bt?? IR I
=/,(x) for all .1'EX(-p“-c : \ XL =Y such that F(x, 0)=fy(x) I':ndu}‘fn?topu:)
equivalence relatio W write fo~.f. The relation Ofo('l ‘ (-"-_|)=
denote aiso by (G —n.?ﬁ tﬁ dC(}mOtC the G-homotopy class c:f“ ]/?rl“o'topy 15 an
arc G-spaces and wi ¢ G-homotopy category of G-spaces by i/le. We
Fron ¢ whose morphisms are G-homotopy cla paces whose objects
o ls'no“].o'n we assume that G is a linite grpgu;;aSSCS'
2. Sim - . .
G-complex is g‘:‘i‘:]l l(i?::ictl)mplexes. According to [4, p. 120], a simpiici
Gon K ,ic. G- I\'I-J-»Ka (EOT)I’ICX K tt:}))gethcr with a qimp]i;‘i"lll bllcnél_pucm}
for anv clement » &6 s \g, ) =gV, suc that ¢s is a Si‘m : ) e lon o
are fulfiled - =(r. A simplicial G-complex Kis rcgularpi(f:.\tllﬁ J?oli(f)‘.s' e
. ving

(A) If v and gv are i
! re in the same si : ;
B) Fo - amre simplex of &, then o =gv
(s ( ),, g )I'Flarlg,\Sisublgroup H qf G and g, ..., e,,eflllmift (o
I('tb"]ﬁ }‘ mplexes of A, then there cxists ey s(c?mth t e
. ot K be a si o e at =L
with e el top;].zl?l'i)l}?ml'G_—con;p_lux. Considering K,,. as the “” Sive:
phism ¢ : Kow > K gﬁd;‘oerl}’ simplicial map ¢ : K= indugit a homeom i
as the space N with Kew 15 @ G-space. Similarly, i o consides B
. : the met arly, if we consider K
the induced ma _metric topologvy, then K, is als o
nap Ly a simplicic S OEd Mw 15 also (r-space, becaus:
both topologics 32, p. Ifg]cnl application is continnous wilzh K’Sp(::cc‘tu:é
A simplicial -m'l : |
. al map between two simplici
) G-mT%P is called a G-simplicial m\:Lg simplicial G-complexes which is also
. For any simplicial G s ‘
is a G-simplicial map. 1 r-complex A, the identity K 8
We will sclfz th‘zllt h']‘lp,' If K is locally finite, then ¢ is :‘1 C!l}:ap Lty
, in'general,  is only a G-homotopy Cqui\: iOmu_-om(n-phlsm.
A dalenca.
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a regular simplicial G-complex K. we can define a simplicial
n KjG arc the orbits

K1G in the following way : the vertices 1
{ G on vertices of K : simplexcs are the subsets

R that {ve, ... Ta) 18 2 simplex in K{# is then in the class #). In
this way, we say also that (g, oovr Tn) 152 simplex over the simplex (v, v Up)-
The map K-K|G. oo is simplicial.

1.3, G-CW complexes. Refering to [5] and [22],
s a CH-complex X with an action of & on X viaace
that :

{d}y For any
complex of .

If XN and Y
is G-cellular if it is cc

1.4. G-ANR spaces.
metrizable G-spaces X with the property:

ariant closed subspace A of

¢) For any normal G-space B and inv
1, cach G-map f: < - X can be extended over an invariant neighbourhood

of A in B.
(Some other authors, c.g. Alberto D ¢l Fra [8] consider for B

only  metrizable G-spaces).
2. G-spaces having the homotopy type of a G-CW complex
In this paragraph, we generalize a theorem of . Mardesic¢ {20,
Th. 4.1
5 1. Theorem. Lef G be @ finite group and X a
Sfollowing slatements are equivalent:
(i) X has the G-homolopy {ype
weak topology
(i) X has the G-homolopy {vpe of a
drong (melric) fopology ;
(iil) X has the G-homolopy
iv) X has the G-homolopv (¥ pe
Proofy. 2.2. (1) <=(i1).
It's enough to show
identity map 1: Kae= R is
Firstly, i is a G-map. We
(;-homotopy inverse of . Asin [17, Prop. 4.6/
open  covering A= Udces of K., where [y {x[x{v) > (1/2) max ~(w)} -
-
Of course ve U, and U, Costgv. This open covering 1s also invariant. In
fact, if xe U,and g< G since ¢ K=Ky 18 defined by g(Ex(2) v) =X x{v)
{¢w), we have that gU,.=Ug. It follows that g @ =@. Let {43 be the

For
complex
¢ =G{v) of the action ©

a G — C1V complex
Nular map and such
celr, the fixed-point sct of ¢ X7+ freX[gyv—=x} is a sub-
are G—CII" complexes, then a continuous map [ X-Y
Nular and equivariant.

As in [253], G-ANR spaces arc separable and

G-space. Then the

of a simplicial G-complex with the

simplicial G-complex with the

tvpe of a G- ANR;
of a G—CW compley.

that for a given simplicial G-complex K, the
4 G-homotopy c.uivalence.

will construct then a G-map i Ko Kew,
_consider the locally finitely

¢ this theorem was also proved partly by S Arak i
14 {1978}, 203—222 and partly by
183— 189. The proofs are different

n informed me tha

Publ. RIMS, Kyoto Univ.
M. Murayama, Publ RIMS, Kyoto Univ. 18 (1982),
from those givell by us. o fact, the notini of (-ANR uwsed by M.

differenr from ihat which we use here.

1 Dy, J. Weinstel
amd M Murayama,

Murayama israther
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partition of unity subordinated to the covering @, defined by :
polx) = Jmax{{x(v)-—(1/2) max (), O'|_
! = max((x(z)—(1/2) max x(w)}, 07
By {4, p. 136], a (s-partition of unity subordinated to the invariant

covering @ can be constructed by taking ¢,.(x) = (/|G Zpyp.g(x)
=(1IC)) = py, (gx). !

rEG
Define then ¢ : K, S K., by #"(x}=Zg,(x) . The map " is conti-

nuous and ¢"(gx) =% g.(gx) v. Then gi"(x) =X qu(a) (gi’) = Fo-r,. (X} 0=
E e e
~Z g¢,{gx} v, hence i"(gx) =gi"(x). So 1" is a G-map.
.

Ifi: K, >K,. is homotopy inverse to ; (17, Prop. 4.6, then for anv

Y& | K |, there is a closed simplex [w,, ..., w,] such that v and 7'(v) are con-

tained in its interior. Then, for = | K | t(x) (0) =(1/| G [} X i'{gx) (gv).
ged

For ¢ fixed ., gx and 4 £x) are in the interior of the simplex [w,, ..., w,], so
(£x) ()% 0 and 7'(gx) (w;)#0, therefore (g )0 and t"{x) (g w)#£0,
Le, x and t'(x) are in the interior of the simplex (g7, ... e, 1. e
can consider the linear homotopies I: i I>K,, F(x, f=tx+4(1 —i)(1ei") x)
and 7' Koyl o R I'(x, 0) =tx+(1—1) (204} (x). Remarking that the
action of G on K i simplicial and that ;' is aG-map, it follows that J= : 107" ~
~ld and £ 0in cld.

To cstablish the implication (i) =(iit}, we firstly give some Jemmag
which gencralize some known results about ANR spaces.

IF(X, 4)is a G-pair, 4 is called neighbourhood G-retract of x if
there exist an open G-invariant set {7 of X which contains 4 and » G-map
71 U—=4 sueh that ri=Id.

2.3. Lemma. 4 separable and metrizable G-space X, which s also g
neighbourhood G-retract o fa G-ANRY, is jtsel fa G-AN K.

Ivoof. (The proof is similar to in 13, Prop. 5.27).

Take WD X an open G-invariant set of ¥ and #: W - X,aGretraction.

Let B be a normal (r-spacc and let 4 be g closed G-invariant subspace
of 3, and then SiA-X a G-map. Denote the inclusion map 1: X oY
and let f'=jof: A=Y, Because v is G-ANR, there exists an extension
LoV =Y of £, where 17 is an open G-invariant neighbourhood of . ip .
J' s also a G-map. Consider the set U=f"7IF}) which is open in 2 and
which contains .- since 17 45 G-invariant and fis a G-map, it follows that-
U is G-invariant. Define f: o X byf(u)=r(f~‘)(11)). This is g G-map (fis a
compaosition of two (--maps) and is obviously an cxtension of f.

2.4. Lemma. Ay simplicial G-subcomplex J, of a simplicial G-com-
Plex K is neighbourhood Goretrace, S Kand I are considered with the metric.
tofotogy.

Proof. Using the notations from [13, Lemma 10.1 and Lemma 1.4
1t is sufficient to show that the set U={z SK'[D(z) -0} is G-invariant and
themap 7: U~7"js o G-map. The first asscrtion is true, since » < U, and
we write z=2Xz(v,) v,, then 82 Xx(z,) (gv,) and so Plgz) = Dd(2), i.c. gre .
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| and #{(g2) =S[r(gd)], v,
If #(z} =Zr(2), v, then gr(z) =2r(=), (ge,} and r{ge)=25
r(z} = u Y
where 0O, . .

?'(:)y, r { ]"H—L,
0. U1..1.E * '
- - b3 I.
I o = [ g w ) W(z), vy =
{g2) (”v-)-'(b(b‘)' b B {0, z,-uEK'—I.'-

(g2), = {0, g, eK' L’

. . v} and since L' is a
R o )_ ¥ [Z( a1 i;u)l-'(l)(z)] E’I;,:-\-'[‘?‘(vu)/(b(")] (gd"') . -
1!][15, r(bz P_. el ° o . o q") =E[Z(U )/(l)(:).'l (gvl'-) =g7(~l

icial G-subcomplex of K', we have 7(gz . with the metric topo-
simplicial G-sube Em, complete simplicial G-complex wi

2.5. Lemma. Any ¢ G-ANR. o S
lpgvis a G-AR mt(i ;!C?'TF}F; ff“ i'l) Lot K be (IOmPlCt? g;“:?}_ﬁ;?,ls(:r){c?\' Iéon-

1 t‘;)rogétg'?gctt;POiog" and let {v,/A EfA}llb(;cg;C ?x‘;;(?tions s:A-R, f,'“.‘Ch

vith the o isting of all rcal 1 cpace by defining
;ider the(B?rlm'rh ggzzigzngo I\l\s’ls m;}' organize S in a G-space by
that X [s(vs) | 1s ¢

i G. then [{(gh) ) (:-,_) =
o -1y,), g6, seS, neA. In fact, 1fhg,) h(-:,:_.) Rl b B
-'-{.\‘) (U}|) =S(g 't.{f_ "I}t—l(a—l TJ;)) ()'IS) (g"l -U}‘) =g( .S . : . ]f xe}\" \Vith b
s[(h=re™) v,?-J.=E(-{ingiz: K—5 in the follow.mg‘ \"-d‘qq‘ e o
;‘)}-)‘;—S(U}'”)' :}?(\’:1 [E(x)] (v:) = x(z). I g_EG ;}n(il Enfﬁrﬁ(u,):h(x) g7V o,)=
.\a.\'(U}.) U7, R ](n, ) —_(0‘_\;) (Ull) =,\~(g 'lyu') an .._..' .‘ 1‘.“1 :'norco‘,er 4 ie so
Exfws) (g92) [h(g’f)_t,‘},(y) Tt follows that kis a G-map att ey o et R
e Uu)' SO]I;‘(fr':l) Eso-xﬁét'1-\') of K ona convex subsc
s complete). h d a ‘his implies the
is complete). how that A(K) is a G-AR spacce (((‘)Ill‘ilnihésispa(}{‘ £ e
pror ItCt R; ]Si) Yor this purpose, lit tB fbcla-»r}’r(!{ Y S be a G-map.
A il of B. Let f:A-h(K)CS o b
Q? I)CI; Clotsedl)m\‘gii?td Tibspi%(i there cxists an extension of fover £
~ordi o Du : R 1
}EF('(:’;(EI;I%K)C S. Define 2 B —*; (b}) (o), ¥x =B, vay=K
V . ( E +! gx)gv.). - g :
F(a) (v2) =(1 G Yyea = ity of (K}, we have F(v) e
i - virtue of convexity B
£ s e a;nél(; :l)}}ov'\ }cihtat Fis a G-map and that 1t is an exX
=h{K). T remam s :

)
A

O i =G velB, o, el, we have F(go) (vkz( Yoo
OT Yo g ¢ ;¥ N (1HGT) S (220 ¥)
(11G1) T F(g(ge) eo) =(1IG) 2

- og,—g, and
(‘/lgGI) S (g ((g'es?) wa). for g8e—8
- o EG

Ticlh shows  that
NN Py q'lv;_)), whicli s
'f") =(1“G|;",E--GI (b (-—0

-1
g 2

(@I} () = {2} (& | N
- ¢ Fis a G-map. S Y B {ga) (gen) =
Hleox) ="%]‘(i\:)tm:rdeh'?msi'hrmis we have Fla) (w.)=(1!C );'ef? ( Y=(111G)
Now, le A ; a) (ot go) =(11G)
1S ) (o =G1) S eS(a (g5 =161 S o) €

=(1/|G]) < f(ga) {gu:}= ) o
2 f{a) (t!f)e.if{(.') (z;), so I' is an cxtension of
g':f;
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2.6. (ii) — (iii).

Let K be a simplicial G-complex with the associated
sider the complete simplicial (r-complex F=F
be the Gespace F7,. According to 5.2, F°,is a G-
3.2 it follows that N, is a G-ANRK. If Y is 2 C-space and a={U heAlis
an invariant covering of Y, then a (r-space X is called a «-G-dominator
of Y if there exist two G-maps ®: X5V, 7! ¥ >\ and a :-homotopy
Foodwr~ Id; such that ¥veY, Ia e\ with Fiv.nel,, viel.

We can establish the following

27 Lemma. /f Y is a G-ANR,
ol Y there cxists a simplicial G-com plex
of Y.

G-space K. Con-
{K) defined by K and let
ANR. Then, using 4.2 and

then for uny tnvariant CoUEring a
K so tHhat K, is an «a-G-dominator

Skeleh of the proof. The proof is analogous te that in Th. 6.1.

p- 1381, where the result of Th. 2.1 6p. it ] is replaced with the following
testltof Yu. M. Smirnoev, [31] : for any G-space X there cxists a con.
venient normal space A, such that 2(G, A). with the compact open topology
and the nataral structure of G-space, is metrizable and that X can be inva-
riantly embedded in €(G, 1) as a closed subspacc.

2.8. Lemma. A G-space X has the G-homotopy tvpe of aG-CW com-
Plex if and onlv if X 15 G-dominaied by a G—CW complex.

Proof. The sufficieney is obviously. As for the necessity, we proceed
¢sin Th. 3.8 [17, p. 127] with the following specifications : if X is a (r-space
and SXis the singular complex of X, then the space M(SXN)= 1 (A" s,)
is a normal G-CH" complex |17, 4, Chap. III].

\Wecan define the action of the groupG b

ls,(1). Since the colls of M(sX)

(13,

AL - A
V(L sa)=(4, gs,), for (25 ,) S
are the cells of the simplexes (A" 's,)
{i.c. of A"), it follows obviously that the action of G is cellular. Then the
action of G is compatible with the cquivalence relation @ on M(5X). For
example @ o(di 4, s,}=(di, ¢s,) and gl dsa)=(1, gdifs,)). But fod (s,)) (#) =
C{difs,) ()= gls.d5(¢)] and di{gs) (1) ={gs,) (dil") =gsu{di)], hence gldi ¢,

sa) R g(l, ds,). Tt follows that | SN is a G-CI complex®,

. Now, the map jy: | SN | =X defined by je(f4, sy =s(t) is a (r-map?* :
Axlelt o) =falialt, $) [ =ia([2. g5 1) = (5) () =g(s() —alrnll, s]). Using  the
equivariant J. H. C. Whitchead Theorem (22, Th. 5.3] it, casily
foliows that the map P'=1g.t ISR, =K. isa G- homotopy equivalence®.
Now the Lemma follows as in the topological case 717, p. 1271

2.9. (i) =(iv).

Let X be a G-sjace G-homotopy equivalent to a G-ANK Y By 7.2,
il we take for example a={¥!, Y is then G-dominated by 2 simplicial
G-complex Koo (and hence by a G-C\V complex). Now, using 8.2, il follows
that ¥ has the G-homotopy tvpe of the G-CAV complex | SY .

2.10. {iv)=(i)

It X is a G-C\W complex
wo can show that 7y : S(X) |- is a --homotopy equivalence {see |17,
Cor. 3.57). Now, using the proof of Th. 6.0 [17, p. 100]
that | S(X) | is o G-C\Y complex, it follows that this iy
with a simplicial G-complex. This completes the

then by the same arguments as in 8.2,
and obscrving
{r-homeomorphic
proof of Theorem 1.2,

loSee alse S0 Araki oamd M. Mu rayvama [ap off],
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L t
+ % the G-homotopy ca ol Gospacus., o0
(("li(%"()l'\' of the category G- whosc objects ar

a4

inite « and
i ita. Let G be a finite group a
3, An equivariant theorem of ff TR 0¥ 6.090 1 the full sul-
R O T e all G-spaces which have
. ve of a G-CW complex (secalso 1.2
the (i-hemotopy type (ij(,;l(}‘{[j__lulyc {EM.]G..-I} be an dinverse svsle ’{f Ti f\l_rc
% lﬁ Dfiflg:'t(l;on;ie:@ i.c. h*; A bea direct sel an:ilf!nl’ G-nml s f’x}) "z, ]o:f
;‘”h'ﬁw[;f:rv;i }';;J' all », o with a2« and Lfazrle L Par g
e 4 . 5
! L e g € space X
s ' U1 sav that the inverse sysient X s (,-msa:zat“ul’ }}i{g,';fa h(:f;'.
We ".ﬂfl (:'L IIP;.-‘ Pt X=Xo for we A snch that the folloteting
if fhere exist G-maps pax - “ it e <ca )
f R . 4 : . e exist o4
W {)'W rlmp?(;nuppjr \'j"*Q. with () =0b (G-€) LRERCAAG
cor aiy Ure-Bid t o i 4 - )
{ (“()'-mffﬁ Jo 2 Xm0, such that (fule=lfalo!Ps X, =0, where (=0
e For ‘any w=A and any fwo Gomap Ja B D2 1 “with o <oy such
07(()1)”) / Orf y LP 0 Ve[ Pala. then there cxists o &4, S
105 1 2je| Pale™ inx il Pxle
e j')lrlj; s Iﬂdp?bc a G-space. Then there exists an tnocrse svstem
:‘-2- eorem. J. o - Y r 9, F F- .
N m(-’ category G-@H) which 15_G-aswm:rlgiéﬁ£‘g{ }” of a G-space X is callcfl
\We recall that an invariant cove ol Faplics U—=gU.
G -Pr?r(;{w“ifc rfm‘ anv {F=7 and any QEG Unel+# ‘ I;(;_covcribngﬁ
a G-cove ,(Z f’ e A} he the st of all locally fm\tcl}' an(tl TI‘;’I“}?{(}M ) be the
fX li(;t.}{ "‘i:”l refinement of @, \v(lz wrlt(}:1 as(: a‘.ul.:c(i?ccq fwc s 3clemcnts
OF <\ ety - “ . P 5 cx whose C PR . 7
.e. the simplicial comp! T avrebe Uy oo U
nerve of @f*’f"l (j(_\rincr i I;\md whosc snnp]‘cxcs are th(,' S}"StLOIEiSC'(Il qon-uctur(‘
{# @ of th‘(fm o t3md zUnl"-'l NU.# @ Then I\afhas a can 5 al s
o Tas o Un BULy € - ing G-invariant).
\\;t:ll c,(i;:'; licial G Cof';nplcx (thC covering (2 o I)Cm‘b r m\t‘timb of the unit}'
of a sin p . 74f. are normal coverings, there exist ‘plaf\_‘h_ seen it can bu
Ior?lil:fl;uf fo (thcsc and, morcover, 1151}\'ct113.\'t't0d {;?;L hFor it ={US.
=il < = Sl 5 ate . R
h f umty subordin: L e Sine the
(();;b‘tru(‘tc? *G:I':?Stlitct?ln;c)fothc unitv subordinated to this. Then, define
let =} be pa by pa(i)= ¥ e (1)U
N 117 X—P‘R:Ih}p\’l R Lo .
mappings pa . Usela or, these maps are cqui-
Ilhe maps p, arc continuous 9. p 43@' ' OTLT?\.\)%: ) e (X)) Us
e T e e X, we have pafgx)= I =, (92) Uam el
varjant 1 g6, v EX, g =My Uaelta
T 1 (\) U("“‘Ug)——‘g = 770';('\-) UI ‘g/’“(\)
o Tgmig, AV BAS ;

5 s ’ by « d. & S P are (r-holnﬂ-
Ii VL (halint tll Itltl[)tl"’ O ity lh ()htll 1C m \1).. I

: f‘.ln 3 i T

v o ¢ p"' -

: -onsider the
any 2 €1, we can consider
Lonic. since they are contiguous. Hence, for an} % - |
N i 3 4 4 1 v WP P e .
1 hi [pale: X =l K. | in the category - .
morphisms [Pale* N |
If aga’, there is a map pi e =y 50, t (4, p. 1381, ie. p{gUx)
<a', , - ariant (4, p. 1381, Lc Ja)
, ATy o O : taken to be equivari |, p. 138], Lo wgad”
. “‘U) ‘flp ¢ ("l(\lnal‘);(}‘ 7, e, and A 18 4 directed set w P
t any £ , Uy i
eu{l7,), for any ¢ _ Bl
he above relation. . . I
to t LI these conditions, a map w induces a‘smlpli?‘él Liv}:rif;t s
1 -] (AR} ¢
hich nil" virtue of the cquivariance of p. llrb i :u‘._lf \(3-(; e
imduccs =17 brjRg I Iva | e wav W
' e G omap ' ‘hange. In this way
':?du(gkl:on‘jotép\' Lpl"lﬁ‘\ of the G-map ~ 4q- docs not chang
¢ Lr- A 0SS
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obtain an inverse system {|K i
E e —y Vorls [Pas)e. A} in the cate r G- ¢
Mgt e Pl b e o o
Ois cvon a’simpficiql A - 'W;) According to Th. 1.2, we can (lSS(I;.II'n" that
Flex D ot o ;Hr complex ('\\-e dcnqtc identicailly the simplicial (I,‘--
Jopand e ]_xs ;11).‘c'gr(igir%sfp(())l;dlggi:nt&tlgs_). Let /2 X0 be aG-m;;p ZII:(]O;](?;
e, Sie e T8 @ YEIEX OF 7. since (4 s par: g Is -
;(*):—Lg]htlil;nillt;cl (‘o‘vlermg. Also, since ) is a sim};)lilcqi;(flg?caotl:;pﬁ)x 1:: fnorm:l{
SRt (v)ti—izi lef}l)p fg :_(,)—»() is simplicial, so % is G-invariant (;\'Srhinf}'
! G-co:'cri%g fo;' ?fT:E i--)m any & and any vertex »). However, this its n:)(t
S ooovenng, (sz)ﬁe? DINSto(0)# D (i.c. sto(gu)Nste(v)# @) does not imply
0. W " :p?)lv I;rc;)[(JU)?é]@otl’fIE4v :mdI gu_are vertices of the same simpllez'
centri((:As)tllI);Ii\fi:c:ioﬁ @' it satisfics tilg'cogclli]tig;?l'dl asserts that for the bary.-
7 is a vertey : . 0 Rt
é’v=v. s a vertex of ' and if go is in the same simplex as o, then
0, 1If W is not a G-covering, we ¢ < i‘
o , y 8, we can take for  the G-simplicial str i
o (l)H zllng-f:}(;(\:'(:(:-?i?fmflal c?vcrmg formed by t}?c open stefr]snc}))fl ]tL}l]‘zzlvzf;ltlllcd m(l"’
that 7 s G_cmtr:(;ri :nc(c:, u."'c can assume, without reducing gencra(l)?lu'
s ; ove n‘.?. onsider a G-partition of unity (e \
e U= [~ (W), which is an open covering " This is (ool ver Lt
Conytg et 2 (stos pencovering of X This is Iocaliy finite and
T e (sta(o)) e f T S SotaleD =P (tolen)) (v ([ (ste (5)) = v =gz where
€f7 (sto(gw)) “reci )f(d)ﬁ’gft) EgEStQ (0)) =sty (gv) = [(gz) E--St‘;(}’):;"%;
=f(u) =i, “where fels’coc:1 . o S/ (stolga)) = (1) & stq (gv)——-g(s? (@)} =
Morcover, (2 is <e(");°,5‘" (/()) /7 (sto(v)) =i = g(f7 (stofo))).
nplich ospiar KI5 2 Gecovering, since (/™ (st ooy~ (st o)
covering W 'bcoin':r a G-c (bt_g (W)# . So, stq (g0)Nst, (0)# G= é’vi; F“?
et tb}~c {0]10“?}1( r-’(_?\‘(:_llng. I*mal.ly, 7 is a normal covering, T )
— o 1g partition of unity suberdinate to it g e
T porgstn pepl V) Ty (X)), fer anyv veX and 11;1}' \-'crltc;\' 2 of 0. A
A ). As a

matter of fact, = ] :
- ; o mgpmisiopren {€%) = e imen (8%) =Zar, 00, (g0 =7 )
‘-gslvi,-. i(f(l)) TEHU("' (f(\)) =:}-l{;[()(i]:(x)_ Stoler) (e:ﬂ) = Tystglr) (-l"l'lg\)) =
space I?"-[le way we have obtained the ,index” @ and we consider the
opace [R{). Define now the simplicial map foy: K(00) 0, Fy /(s P
n mh\;f; oh\'en G-simpiicial and it induces a G-map lf_QL ; }L | l(rsi‘t,?,(;;}) =‘)
¢ have t ¢ ¥ 5 ) gl | AdGL) [ —
0 is homcorr;rfruohil?;rc:; ‘;1:1;“ L—,..](f=[jc?“c [pa)e={Fagopq; e Btut the G—stu&:
.!J‘:SO 21“()1- in this sensc, \\'c.ha\?}‘)du of the complex K(®), 32, Th. 26, j2E
(200 pag) (%) (5t (9)) = ey (1) ([ (st .
I i -\) \f (SL”(U}) — .
this implic e tRi ‘ ST stol () = e ),
of O foz-) If: 'th‘_: ht't zhrat, {(facopy) (x) and f(x) are hoth in tl}g]i Lz(ljr;(c ~)s)im a]];(\'l
0 Fiv ‘/)1}—-1%},5 l W can then consider the liniar hemotopy F e ,pI )
. ilttuu Iof. the [ lft Pt (¥)+(1—0) f(x), which is obviously a G:hon‘l.o.;();:\r i::
{1 -} "f(]t‘t))j;nf that [ pag, [ are G-maps. (F{gx. =t(fqr0ps) ’3\) i
Q-0 i‘%b;inl'Plit_‘q?U;?L‘opch- (W)--(1=0 g/ (1)) and the homcomorPh;Z:'n —‘
R 1ad, hence hnear on simplexes. 1t {foliows - i
A DA L PR ALs. ows that I f~ ey
“'h'-‘]'(“k?)fgl()‘}f?(f"\‘g,}% the c{nuhtmn (iii) from Definition 1.3, let ff nq_fgopg_
: 5 @), such that [f.]e [pale=1(gzlc pale Using tho G
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3

}! . and gy are G-simplicial maps
of Lemma 4.2 of [24].
[pmr} - [:‘«71} ['P:a' |+

here arc G-maps, ¥

L_'xf)‘m"

satisfying the co
exists an cquivaria

Mardesid

VMorita [23], we wi

orem [4, Exer. 6, p. 771 we can assumc that
and then we can give a similar proof to that
Otherwise, there is @', with «<«’, such that [fa)
arc G-spaces and all the maps considered

Since X, ¢
ve can construct casily a G-homotopy between fo0paa: and

This ends the proof of Theorem 2.3. ‘ ‘
_ Remark. i we consider @ metrizable G-space X with the metric

ndition a{gy, v)=¢{x, g¥). VX, veX, Vg6, then there
nt form of Theorem Kuratows ki-Woj dyslaw-
_ki. So, other results of K. Morita [23 Theorems 1.4, 1.5] and S.
i¢ [20], can also be extended. '
4. The category G-SHAPE. Following S. Mardesi¢ [20] and K.
1l define the category G-SHAPE in the following way.
SHAPE are all G-spaces (as above, G is a
fised finite group) ; and if X and Y are two G-spaces, then a morphism from
\ to Y, which is also named G-shaping (or G-shape map), is a map f that
associates any morphism be (G-—F) (Y, (), where Q& Ob (G-e), a
G-homotopy class f(®) (G %) (X, Q) such that, for any Q' =0b (G-eW),
o' &(G-X) (Y. Q) and U e(G-870) (Q. Q). the equality $p= o' implies
Sfley=fle)- _ o _
T'he compositions of morphisms and the identical G-shaping 1y : X = X,
can be defined in obvious way. Similarly to [23, §2] we can obtain the

following
41 Theorem. The G-SHAPE defined above is a calegory.
Define now a functor Sg: G- +G-SHAPE
as follows: S¢(X)=X, for any G-spacc X, and for pe(G-A) (X, Y).
Se(e) is such that Sele) () =do, for any $=(G-H) (Y, Q), where @ is any
object of the category -0,
4.2. Theorem. Sg:G-%—G-SHAPE is a covariant Junctor,
The following theorems can be proved as in [20], {231
43. Theorem. If Y =CUb(G @W) and f: X-Y 1s a G-shaping, then
XY such that Selo)=f.

there cxists a unique G-homotopy class @
4.4. Theorem. Let @ be a category whose objects are all G-spaces and

le 5,:G-H—€ bea covariant functor with the following properires :
{1) Se(X)=X, for any X e Ob (G-%),
(iiy for any Q<= Ob (G-@W) and any morphism f'e (X, Q), there

is u G-homolopy class b' € (G-%) (X, Q) such that Sg (B')y=f".
Then there exists a unigue covariant funclor F:€@—G-SHAPE such

that FoSg=Sg.
4.5. Corollary. There exist a unique category G-SHAPE (up to
isomorphisms) having the same objects as G-F, and a umique functor, (up
G- — G-SHAPLE satisfying the properties (2) (i)

to  equivalencesy Sg:
From 4.4, such that the universal propert) of Theorem 4.4 is truc. '
(G-#) (Y. ).

4.6 Theorem. If f: X—=Y is a G-shaping and if o=
where (P €0b(G-CA), then Sol(o) (=S4 fle))-

47. Theorem. Let XN be a G-space and Y= {Ys, [gap le. B} be an

is G -ussociated with another

inverse system of the category G-€W which _ :
G-space . Let qg: Y-Yy. 2= B, be G-maps salisfying the properiies (1) — (i)

licial approximation the

3.3

The objects of the category G-
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of Definition 1.3. Then there exi
R PUT 5 exists an (1 —1) corres e
’-.:m.f?’»”s':}‘f.' N =Y and systems of G-lmmtgz‘op\') c'hts‘s;fm:{{bfit((G %{M\EH %
FED. that worifv the conditions : (g,4.)g 94 —oy, for ¢,,f':~ 9 ;'? 5 5 ) )
f;f;‘ ;ortrrs‘f)\_omfe\{zcc 15 given by “5,,7(/-,‘],- [= ;',(rp,) 4= r}; P Amp
C A8 Let X{XL, [peade A} and V= (Y, AT
:l(}):]:lr:th 5_\1;5%01115 n t]m, category G @7). A G-b\{'stf;n-}f{i y fr{jin ]‘]*E' Y
2 Sl .YUI a ma;p P! #7— A and G-homotopy c asses of ¢ maps 1 . (1'0 ;
.f;[;,,. sl fo; £ =L, such that, if <8’ in B then g, fI R
{?’;,f"/‘:.‘.;?;j,. ';,-[_ulo{r{;(‘)yinc;} \t']]'th‘; g(ifi)tgo{ and o(f)< . ‘y\:(; (r:-:\st/:;h :n-:ps
#: fo B an , g, arce sald to be equiva ent if, any 4= o
tklhtb4o;.)—:l!hh£lcll that o(B)<a, $(B)<x and f, p....z_(formll}/}) j 13, ther
and Y=1Y eorem. Suppose (hat the inverse Svsiens 3{=:hf1'\"“d 1[f’ . '
. \T d }_q;.,;j. e By oan ’/{'m category G €70 are (r‘—tr.;t‘.;otj‘ll:tlh‘d’1-_:&'/' (f,}
Shac \U,-‘t- Flmqj; ! re'spamidy. Fhen, there 4s an (1—1) corresj:o;u!c;:c : Ih:’
i r=Shapines f: X i SR : ¢ oo
| ngs [o XN =Y and the equdvalence clusses of Gesvstem H::f(j)?
4.10. Theorem. Lef X={X ]
. . < Let X={X,, [paxde, A} be an tnverse svsie
/ ;::L ;)(;)r;_\ ./G \{ 7_(). G~c.r§socmled .wz'.!/z a Gespace X}. In the :‘::tz:(;r \“ S({t ”‘;Ifiij\ lihl
if.ll . Dzest“ I'IIE TRUCKSC lr.".vmf_o_f the inwerse svsiem {X, b.S(_-('p . ) IE
/- ot 1_121{}01:. f:t/f)' X, Y be Gespaces. 1] there cxist tivo éyslzir/'n"nls.
e (‘HI % Suct hal gf=ly and fe=1,., w0e sav that X and Y} 5
: 4zzl.7r—.\scrcrﬁ¢ and we denote his by Sh,(X)=Sh(Y) ‘ [ o
ron 2 ,orollary. I'wo G-spaces which have the same G-homotop !
ave also the same G-shape. ol p
The proof is based : ,
Shisima. 5 on the fact that the functor S, preserves isomor-
4.13. Corollary. Two G-CI¥
‘ . - om plexe ve the /
- z_f)!/ww\' o s, G-homo/oprv 3;1\ j}) ;.us have the same G-shape if and
w Proof. The necessity follows by 12.4.
’:r;mcl)r .:;i]ff{mwvz'cy. let X, Y be two G-spaces which have the same G-shape
Ihen, there exist f<G-SHAPE (X, Y) and geG-SHAPE (Y, X) S
. unihqu; /.‘e‘zrll,(.ggi =YI;--\_B_\‘ 3.4, therc cxist a unique & e(G-%) (jf. Y) ‘;::1(1
.Sn(/colz)=.5'p(k) 0.5'(.((11);a_)fjl]lc_hqth]a% .S'r;('{i!=j and 54(k) =g¢. Tt follows that
i Sinlilarl)", 1:)01? -ly-‘ and by virtue of the uniquencss, we have
? The(patural functor x : G-SHAPE—~SHAPE
‘or a G-space X, denote by X* the orbit space X/ ;
! A by . space X/G. We c: U
5.1. Theorem. There exists a covarian! ,if.'}r)m'tor AR s
* . G-SHAPE - SHAPE
where SHADPE 4s the AMardesi '
i D s the | sic-Afor -' gorv, iwhi ]
with cvery G-space X the orbfi.f spuccr Ij{’r‘ =s;{_£’l/£ FlER e e
Proof. Let X, ¥V be G=s 5 :
ez PRlEEsas -spaces and let feG-SHAPE (X, Y fine
fpl‘;\?H({(\)i:i‘d((:r\ g }) 1(: follows : let o &&(Y", (), where ()( is a )(,Hlf:(f:;(-
Ve o &r ¢ :[1.5 fl s-space with respect to the trivial action of G. Let
g .?‘ o ¢ Em ural projection. Then, ¢p’: Y0 is a morphi%l‘n in
e 00 aen —gp (1) =g() andelop) () =g9(3) =o(}). Henco
phism f(@p') €(G-&) (X, ). This morphism has the property

n3

AN EQUIVARIANT SHAPE THEORY

“ shape theory. \We consider the cquivan

that flop) (gx)=2f(ep") (x}=flgp") (v}, for any y=X, which shows that
we can define the map f'(9) - X' =0, by f{g) (¥)=f(gp") (x). This is well
defined. since 1f P=xeX", then [(9) (Wy=1{ap') (g)=/{ep") (¥). We can
verify casily that [ is a shaping. In fact, it ¢'€0b e and ' eB(Y", (),
b= 0(Q, '), with bo =0’ then Y(op}=¢"p’ and this implics that $(flep' )=
f(o'p"), and therefore, it foliows that L[ (z)=/"(¢'}. Then, (g1 {9) ()=
el ep) () and g(eN (=g} () =gl () (D) =el/(epN) (1) =
{gf)(ep") (¥}, hence (cfy =g/ Clearly, (1y) =ly. (identical shaping)-
25. Corollary. If X, Y are (-spuces sich that She(N)=Sh(Y), then

SH{X") - Sh(Y7). .
6. Equivariant homology and cohomology related with the equivariant
ant Ceeh homology and cohomology

Lascd on locally finite normal open G-coverings, 1.,

FIS(X) =kim H,(K(0)), [1%(X)=lim H"{K{70)).

% %
where 2 covers the set of all locally finite normal open G-coverings of the
(;-space X.

Remark. Usually 1
tion to be locally finite
it is often useful to consid
<paccs coincides with the usual case.

From the Theorems 2.3 and 9.4 we olitain ¢
6.1. Theorem. 7/ X, Y are G-spaces and

then there are natural homomorphisms

t is not required for the G-coverings / the restric-
and normal, but K. Morita showed, 7247, that
o1 also this case, which for Hausdorff paracompact

f= G-SHAPE (X, Y),

£ HS(X) = HE(Y), 0 HA(Y) SN,
This theorem implies :

6.2. Corollary. I/ X, Y arc G-spaces such
for every integer n, there exist isomor phisnts

that Sh{X)=She(Y). fhen,

FOCYY = HO(YY, (X)) = HE(Y).

Then, using 2.5 and (23, Th. 3.1 we obtain :
6.3. Corollary. If X, Y arc Gespaces sueh that Sh(X)=Sh,(Y), then

H (XY= H,(Y), HY{X ) = H"y,
the considered Cech homology and cohomology  growps being based on locally
[inite normal opcn coverings.

7. An application : On some results concerning the equiyariant
homotopy type, '3, Cor. 5.5, Ch. I [22], [15], 1167, 7.1. Let X be a
(;-space, with G a finite group and H be a subgroup of .

Denote by X7 the fixed point sct of the G-space
the subgroup H, ie. X7 _{veX[hx=x, YheH}.

X with respect to
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If f: A=Y is a G-ms: is i
et e fH_f/‘\';n.i;{:I[tﬁiis”indLlccs, for every subgroup H of G, a
7.2. P iti N Ly
then the 711{:1]-)(;]}3’?:?]?2'- E\],?’L {.ﬁ /. g]: X —rY' are two G -homolo pic G-maps
group G. gt arc nomotopic, for cvery subgroup If of the
Proof. If F: X xI-Y is
. roof. 1f F —Y is a G-homotopy betwee .
e v i i R R e S g
;slaéo]:(f} XI)C Y™ and thercfore F|X# . [ f1inl ot rom this we
e o . . d o =g
for any Si!bﬂrzftpa;},-o}li?u]:‘ ﬂf -c{; !jj') GY;}»Y is rzHG—fiomofO]ﬁ)' eqiivalence, then
salince. - g Sthe map [l X SV s g lzomofoﬁ\:' cqz;{.'
G. Bredon, {3, Ch. 11 ) -
(S}On_lefconversc resuits of 3., w]gc:;mé 13 {in:\illj famot o,
cn complexes. Also, in 1978, 1. N ‘\] am
the fc;llowmg theorem : S
4. s
G-ANR's. T?‘?a(;:f mz; E;]j]‘a,Ld .G e a compact Lic group, and let X, Y &
map f7 . X0 yH T ]n p [ X —»1_ is a G—]zt)mo[o]bv gq“ivalgnch . he
P zi_a tomolopy eq_qulencc Jor all closed suboro };ff he
new result rellzzli l:ia lon of the equivariant shape theory we ghaltlf)s osG.
reasons for whic};“ cwtltl:] ttlll]esc problems. After all, this is 01’1(12) rcsfcn::ha
3 ich we study the equivariant o Slthe
this c;)nsstxfctlon re[l:]ati}ng arbit;’larv G'_igasgsalffi:ﬁegrﬁl\?@c above manner,
5. Lemma, [15]. If X is a G-ANR e o
Hof t;?jg group G, the space X* is an ANRI;pjgzace, then for cvery subgroup
) roof. Firstly, if X is a separ: .
¥, : separable and i
;;bziuszpzalrablc émd metrizable space. Thenr,1 ifrr}ic til:;lzsbslg f’sﬁfce' then X
e lr)n;fe a(l:] Adls a closed subspace of B, let f-: A _)‘})}”ré; l’f;-nd metri-
- finite%o Ocins! aelr the G-space G/H xA (the group G bei f_e a conti-
pological sum of spaces homeomorphic to A) withntgheuf]éif’ this
owing

[22], obtai
:}nd the G-spaces X,) ;11‘1101—(3
s and G.B. Segalproved

A

action : g(g’, a)=(gg’, a), for a "

n i &g, a)=(g¢', @), for any ¢ <G, §"<G/H, a<A. This is well defi
a=nd(}f; is a_G-actlon. 1\‘_ow, the map /" : G/H x4 > X, by 1 (I;{us‘:)s) \_'w_cll defined
—_-f(h(_?()g:))ls x:iell_ defined. In fact, if 3'=f =g’ -gk;a'(fg’ (gf) (@)=
—?’f(a) Than ;"_’CC f éa) < X", we have i(f(a))=f(a) and (tfltl)g:f(i]::) é{;?)g=
AN en, is a G-map: F{o{5 Y , aj=
—of'(F, a). P/ )=/ a) = (g8") fla) ~e(e'(f(a)) ~

We can consider the no
as abov : r_mal G:space G/H « B (wi T .
G-AN?Q‘ E)s;(z)tlécwmtc}i: GG”,IHX A fl ; ;]m ’n"(a‘;l'iant closed(‘svlig;;acce aCStilr?élc d}%fl_ned

: ace, -map f* has a G-extension F" - . C 1s a
we can definc the map F : B X", by FOy=F(. b 'foGéginXBz:; Then,
;151;})1)0 ;(ier}gzgd;';liment of G. In fact: hE(B)=hF'(E, D) _F'(lfyb , AWhere
since i'f.a'f._ A ]!_(a)’f(;f'(im}’) 5?8# This is also an,extensionjof)t-}_;; ,Efag)ﬁ

S =, =["e. )=f _ . o .
nzailgllﬁ of ANIs, the statcmcnt(e(’)fﬂg.712(;,!){1'11123 the well-known characte-

7.6. Corollary. If 4 G-space X las the G-homotopy tvpeof a G-ANT

A -ANR,

/]',"‘” fm‘ coecry S?.’b' yo Tro (; I.i 43 i !
. [ Vo .H of the or i i
0[ (I 4_}\'1 {) shat {‘.h j’ f ][{ &t Hj) , e Sf) ce }L ]fﬁs [IIG ]l'oﬁlofoj)l' ""f)e

3 AN EQUIVARIANT SHAPE THEORY

63

7.7. Definition. A G-space X is called a BM]S-space ( Bredon-Matu-
molo-j ames-Segal) if for every inverse svstem X={Xo, [Pza'lc, A} 11
the category G-@T0, G-associated wilh X, and everv subgroup H of G, the
fnverse svsiem XH ={X 1", [ph.1, A}, in the category @7, (sce 6.7}, is associa-
ted with X",

7.8. Theorem. Lef X, Y be BMJS-spaces and f: XN =Y bea G-shaping.
Then, for coery subgroup H of the group G ashaping [ XYY", with the
following properties. 1s induced 1n a natural way :

(i if ¢:Y=Z is another G-shaping between BMJS-spaces, then
(gf)!l __ngH :

(1) (Lo} =1 /.

Proof. Let X={N., [paxc, A} and Y ={Ys, [gaa-lc. B} De inverse
cistems in the category G €70, G-associated with X and Y, respectively.
Then, X7 ={X¥, [pli1. A} and Y7 ={V¥, [gsa:], B} arc inverse systems
in the category @70 (sce Corollary 6.7) and they are G-associated with
X and YV respectively. From Theorem 9.4, the G-shaping f corresponds
to an cquivalence classes of G-system maps [{e. fa, B}] fromX to Y. Lvery
G-map fy: X5 — Y3 induces a map f§ : XHa —Y{ such that {p,f8. B} isa
system map from X7 to Y. In fact, we consider the map ¢ : B~4 and for
cvery Be B the map fg. 1 B< p’, then, from 2.7, the equality {gs-]efe-

becanale=FalPotzia]e, for some a e A, with ¢(8)<a and ¢(3')<x, implies that
gl SR pEans) =S8 [pd=]- Morcover, the class of the system map {¢. f§.
B! depends only on the equivalence class of the G-system map, {9, fa,

In fact, if {4, ga, B} is equivalent with {g, fe. B}, then {§, g§, B} 1s
equivalent with {g, f§, B} since the equality fs Dol c=8a[Poarzle implies
the equality fF[pfa,.]=gF [Pia]. for any Bejs and a=A, such that
o(B)<a, Y(P)<w .

Thus, the G-shaping f induces an equivalence class of system maps
{ o, f§, B} from X* to Y". By Definition 7.7 and using Theorem 9.4 (for

the trivial G-action) this defines a shape map fH XY,

If g: Y =7 is another G-shaping betwecen G-spaces with the property
BMJS, let Z={Z,, {7y, ]¢, C} be an inverse system in the category G-€@
corresponding to Z and [{¢, g, €} an equivalence class of G-system maps
from Y to Z. Then we can consider the composition Hob, g foe €] which
corresponds to gf. In fact, from 7.4, 8.4, 9.4 and [20, § 7], we have
Selfa !ii?g(a)]a)=5r:([9’s]r:)f and S_c(gy[%m]c):56([7’710) g aqd we deduce
that Se{€fom [Povnle = Sl Sel Syt v o) = Sal&r) Sellgucn Jef) =
=Sl donle f=(5allrs]a) g} f=S¢llr]e) (eh.

By the definition of the shaping fH, the equivalence class of system
maps corresponding to gf is Hod, g8fd,, C}]and this is the composition
of ({9, fH. B}] with {d, g, C}] which proves that (gf)yF=g"fu.

The assertion (i1} is obvious.

7.9. Corollary. Let X, Y be G-spaces with the property BMJS and
[+ X =Y be a G-shaping. If f is a G-shape equivalence then, for any subgroup
I of the group G, the induced shape map f7: XH oYM ds a shape equivalence.

10.3. Now we will state a converse result of Corollary 9.7.

To this. end we recall from [21] that if f: X =Y is a shaping, then
we can suppose that the spaces X, Y have associated systems, in the
catevory €70, indexed by the same set A, ie. X={Xa, [paa], 4} and

5 — Maptematica
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?( : {Y?, (Gaa-]. AT, respectively. Moreover, from 2.2 of [21), we can take
jl &\.}?Lm}{nap corresponding to the shaping f of the type {1,, f, A} with
{,,i R —»A{,. Squc_]j]r 1;;1 at sl}apc equivalence, then there exists a system map
40 Sar ] wt, for cvery aed there are indices o, ¢ &4 wi
asa’. aga’’ the relatio J=[; ’ e len] e
satisfic(f NS ZafalPae]=[pas] and Jagalgaz]=[gaa] being
, q??./.mlge{;nitifog. If a’lfmlf'ndices o', a''€d can be choisen such that
aar Yag d¥e HOMOODY equivalences, we roefe ! apr i
L o e omolo}, g cnces, we vefer to such shaping as to a special
72.7. Theorem. Let X, Y, be G-space ]
. - A > ] - 4 }-: i Y > ! L s
XY hon e, Lol pe taving the properly BATS and
If for every subgroup H of G the induce
. e wndnced shap map [ X L yH
sﬁccn’f, )S"f;’j:e {:.q wivalence, then f1s a G-shape equimlfnr:’fp s
roof. Using an cquivariant version of the result 2.2
- f t sult 2.2 of  [217, w
can ;uppost .that the G~spacc§ X, ¥ have G-associated inverse ‘[cyqt'err\lxse
n the (:atlcgory G—@’?(r), Loth indexed by the same set A, ic, X - {X ’
.ﬁayit]( .‘:l,. and Y={Y,, [gaa-]a, 4}, respectively. Morcover, by the c;an:t;
'][}]H‘] we can fake a G-system map corresponding to the G-shaping }(bv
! 1(,3]1(‘_111 9;]4_)_01‘ the type {1, fa, A} with f, : X, =Y, the G-mapbdefincil
5 ]L con m(}? Sl falpale)=5¢((92]¢) / and such that if a<o’ in 4, then
ezl Jo=Jal Paala- '
o fI\r}”thcsg conditions, fgr cvery subgroup H of G, the inverse systems
‘y” X, | ‘m._l', A} and Y'={YY, [gi.]. A} are associated to X7 and
» espectively (Definition 7.7) and the shape map f7 : X7 5 Y¥ is defined
by the class of G-syvstem maps [{1,, /¥, A}, (Theorem 8.7). o
. tH \\'C’Surr)posc j’Ehat J" is a special shape equivalence, then there is a
—'?_;]s em rrlmpll_,','. g . A} such that for everya € 4 thercexista’' € 4, o' e 4
vith a<a’, aa” and GUTALI= (L], [l (of)=lgk], Where P
and gy arc homotopy cquivalence. It follows that f#: X7 548 ig 4 homotrg.
oYy (equn'alcnce. Now we use Theorem 4.7 by which we have that far X —>Y_
:ref -htr;motop_\-' equivalences, for any e 4. If g, is a G—homoto?).y i;versz’
0 fa, then, because [puale=[lyale, [fux]=[lye]e. for any «=A4, we have

?3{1“01?:;](‘ (Paz s Sulia [§2a]¢=[Gua )¢, Which proves that fis aC-shapc equi-
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