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i Preliminaries. Lct M be a (210 1)-dimensional Sasakian manifold
with the Sasakian structure (9, Z, 4. g), where @ is a tensor ficld of type (1.1)
ya M, % is 2 vector field, 4is a I-form and g is the Ricmannian metric on M.
As it is well-known, these tensor fields arc related by

(1.1) @ X = —N44(X)E; 9i=0: 3(eX)=0; %(3) =1,
(1.2) al@X, pY) =g(X, ¥) —5(Y)n(X) and
{1.3) (Vyo)Y =g(X, V)E—1(Y)X,

for anv vector fields N, Y tangent to M, where V denotes the Riemannian
connection on M. Also, from (1.3) we have

(1.4) Vei=—oX for all X tangent to M.

Lot M be an m-dimensional Ricmannian manifold isometrically immer-
cedin 3 and suppose that the structure veetor ficld Z of A is tangent to M.
We denote by TM and TML the tangent bundie to M and respectively
the normal bundle to Al

Definition 12]. The submanifold AL of M s called a semi-tnudariant
submani fold if it is cndowed with the pair of orthogonal distributions (D, D)
satisfving the conditions :

(i) TA=D@®DI@{E}, where {&} denoles the distribution spanned by &,

(ii) {he distribution D s invariant by o, that is, o(D) =D, for cach
xeM,

(i) the distribution DY 15 anli-invariant by o, that is, o(DHCTAML
for cach x= 1.

Throughout this paper we denote by 2p (resp. ) the dimension of
D, (resp. DY), Then it is casily seen that when p - 0 (resp, g=0) the semi-
mvariant submanifold is an anfi-twvarian submani fold tangent to % (resp.
an invariant submanifold). A generic submani fold 1s a semi-invariant sub-
manifold characterized by the condition dim T,M =g for cach xed, {7].
The semi-invariant submanifold M is called a propoer seari-tnvariant sib-
manifold if it is ncither an invariant nor an anti-invariant submanifold.
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We denote by the same symbol ¢ hoth Riemannian metrics on Af
and M. The projection morphisms of T'M to D and D! are denoted res-
pectively by 2 and Q. lFor any vector bundle I/ on M we denote by 1{I1)
the module of all differentiable scctions of H. Throughout the paper, all
manifolds and morphisms are supposed to be differentiable of class €.

The Gauss and Weingarten formulas for the submanifold A are given

respectively by
(1.5) VY =V Y 4-4{X, V),
(1.6) VyN=— 1N +ViN

for anv X, Y e I'(TM) and N e (T ML), where V is the Levi-Civita connec -
tion on M, V1 is the lincar connection induced by V on TML & is the second
fundamental form of M and Ay is the fundamental tenser of \Weingarten

with respect to the normal section N. The fundamental tensor 4y is related
to & by

o

(1.7} (X, Y), N)=g( X, Y)

for any X, Yel(TM) and NeD{T1). For all X eT{TA we have
(1.8) X o PXHQX 4 X)E, where w(X)=g(X, E).
For any NeI'(TM!L) we put

{1.9) oN=/N4-fN

where /N and fN are the tangential and normal components of ©N, respec -
tively.

Now, suppose 3(A) be a Sasakian space form of constant p-sectiona
curvature £ Then, the curvature tensor R of M(A) is given by {5, p. 971

R(X, Y)Z= (k+3)Mife(Y, )X —g(X, Z)Y}+ k— 1) {n(X)o(£)Y —
— (V)R X N, Dyn(VV (Y. Zya(X)italZ. oY )pX —
— 82, o X)oY +22(X. Y )97}
for anv X, Y, 7 tangent to M (k).

(1.10)

We denote by R#71(--3) the Sasakian space form with constant
a-sectional curvature A=-—3 and with standard Sasakian structure in the
Euclidean space R*"*1 (cf. [57, p. 99). By S¥*1 (1) wedenote a (2i-+ 1)-dimen-
sional unit sphere endowed with the natural Susakian structure of o-scc-
tional curvature £=1. {5, p. 99]. For the second fundamental form & of a
submanifold M in M. we define the covariant differentiation 1) by

[1.11) (DY, Z)y=VHA(Y. 7)) — MY Y, Z)
for any X, Y, Z=M{TA).

MY, ViZ)

The equations of Gauss and Codazzi are then given respectively by
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RIX.Y S Z, Wy=R(X, Y ; Z, W) 4-g(h(X, V). MY, Z)—
(WX, 2), (Y I,

(1.13) (R(X. V)2 = (DY Z)—(Ds X, Z)
for anv X.Y.Z W e(TA[), where RN Y 2 MWy = g(R(IX, YYZ, 1) and

X, V)2 s : : (X, V).

' 7)1 is the normal component of : o o
“‘(Y.FY) 21 Sasakian manifold M, we define the (P_}HSCCtlon:‘:l~tul11‘\t€;till::ﬁ
with rc?;;)c(ctht(o‘ two orthonormal vectors N, Y from the contact dis
tion by

(1.14)

(1.12)

AN, V)= R(X, X 1 0Y, 1)

For a semi-invariant submanifold A7 in the St%'lﬁl;ll;:?f_l 1:?:;21[;)};]1 L{n
by i al ¢ lemoentary vector
-« denote by v the orthogonal comp 3 o
\;‘!‘lM(E?I}I’]ms,-thc normal bundle to M has the decomposition
T =Dt @V, where oD, v) =10 .
2. Some basic results. In this paragraph we recall some basic formu-

e Tt 4 31 , o
i miinlliigltzsl{r(fg}i. [.i]cta;f be a semi-inoariant submanifold of a Sasakiar

want fold M. Then we hawve

|;l.15)

2.9 PV o PY =@ PPxY + PAdgurX --n(Y? P\ ,
(2.2) OV PY =0 A er XX, T —(YIOX,
(2.3) (Vg0 PY — Aoy Xy =2(e X, Y. .
(2.4) WX, o PY)+VieQY = AL Y) 40V}

for any X, YeNTAD.

L a 22, 2% Let M bea semi-invariant submanifold of a Sasakian
emma 2.2, 2} Lol
mantfold M. Then we have

(2.5) X, &)=0 and Vyi=—0oX for any .\'EE‘(D),
(2.6) Y. £)=—pY and ¥£=0 for any Y e (DY),
2.7 A Y =AX for any N, Y eT(DY) and
(2.8) h(z, 5)=0. V,£=0.

istributions I we e the following
g o erability of distributions on M we h‘:nu., 0wl
COUCC}"UJHS thg ;m[(?jm}}:l;t%[ Obo’ a semi-invariant sibmanifold of a Susakian
emma 2.3, [2]. Let
3 M. Then we have - .
?JmmeI(% lt:{e distribution DY is always ?”h,’g.,.a;b;h. .
(i) the distribulion D is ncver inlegiabie. ! onle 3f the sabbn I
(1) the distribntion D@ {E} is filegrable 1f and ont] ;s :
daniental form of A satisfies -
(2.9 BN, 2Y)=h(X, vy for any X. Y&l (D).
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The semi-invariant submanifold Af of M is called D@ {&}-veodesic
if we have:

(2.10) MY, ¥)=0 for all XY &I'(D+{z}).

Lemma 2.4, [3]. Let M be a semi-invariant sibmantfold of a Sasakian
manifold M. Then M is D@ {E}-geodesic if and onlv if the distribution
D&®{E} 15 integrable and cach leaf of the distyibution D@z} 1s totally veodesic
immersed in M.

Lemma 2.5, {3]. Lef M be a semi-invariant submanifold of a Sasakian
mani fold Y. Thew, a lea S ML of the distribution DL is lotall v geodesic immersed
i M if and only if we have
{211 WX, Y)el(v) for any Xel'(D) and Y eI'(DL).

The semi-invariant submanifold M of A7 is called (D, DYy-geodesic
if we have

(2.12) MY, ¥)=0 for all X €I'(D) and Y = I(D1).

Also, the semi-invariant submanifold A of 37 is called Digeodesic if we
have
(2.13) X, Y)=0 for any X,Y e(Dn).
Then, by using Lemma 2.5 we obtain
Lemma 2.6, [3]. Let M be a (D, Dt)-geodesic semi-invariant submani-
fold of a Sasakian manifold M. Then
L Each leaf of the distribution DL is tolall ¥ geodesic {mmersed in M.
2. Each leaf of the distribution DL is tofall v geodesic  fmmersed in the

Sasakian manifold M tf and only if the semi-invariant submanifold M 1s
IN-geodesic,

3. Semi-invariant products in Sasakian manifolds. Let M be a semi-
invariant submanifold of a Sasakian manifold 7.

Definition. II'c suv that M is b semi-invariant product if 1t is locall v
o Ricmaniiian profuct M, M, where My 1s an tnvariant submanifold of 31
and My ois an anti-tnvariand st fold of M osuck that the Stritccture
veelor ficld 2 of M is normal fo M.. In 1A Bejancu obtains some
characterizations of semi-invariant products in a Sasakian manifold and
investigates the existence of semi-invariant products in Ry 3).

The purpose of this paper is to obtain new results on semi-invariant
products in Sasakian manifolds, specially in 521 (1), Similar problems
have been studicd by B.Y. Chen in 76 for CR-products of € P,

Let A be a semi-invariant submanifold of a Sasakian manifold .
We denote by F- @I’ Then it is casily seen that Fis an [f-structure on M,
that is F"4. /70, (8], We define

(3 1) (VAF)Y = VoY VY, for any X. Y =I{TAf,
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EMI-INVARIANT PRODUCTS 1N SASAKIAN MANIFOLD
s -

(3.2
for all X, Y =I{TAl).

;’iofh(ij!;flzr-;ffl'”l;:i_\' if the f-structure Fis geparallel.

The f-structure I is said {o be v-parvallcl if we have
(Vi)Y —g(PX, PYYE—(YYPX,

Definition.

‘] ; J l, ‘! I ’ L e l ] "t { b El’.i
he()!e!" ~ .1. it I (TR d!’”b”.\?o”“ 8¢ r”f'?”t[(”?‘in s thHfO
-

] T s @ semi-invdriant
ssional Sasakian manifold M. Then 3 is a sei

drcinre I is r-parallel
Proof. ¥From (3.1} and (3.2) we obtain that the f-struciure I1 18 g-paralle
roof. It 3.1}« !
if and only if we have | ) o
3.3) v,y el(D@{z}) for any Nel(TM) and Y &I D}, _
o | orem 3.1 follows from Theorem 1 91’ 1], .
fant product of a Sasakiasn mdii [oid

and Y e T(DYY, e have

Thus, the assertion of The .1
Lemma 3.1, Let M be a semi-tniay
AL Then, for any wiil veclors XeT(D)
- 2 P Yy e—2.
HX, Y)y=20h(X.Y)
o R g is locally the
| Proof. Since A 1s a semi-invariant produv_t. -trh-icﬂltllf‘[gl:ﬁnﬁ;#o}ld o
i miali sroduct M, ., where M, 1s an invariant = e
T and M, s n anti-invariant sul)mamifold.no'rmal to the %{;mﬂ:’lt 0
JII;‘{HEI lel':clr? :111' and M, are totally gcodcs:c)unmcrstcd in M, that 1s
G Csatisfied. Fr 2.9) and (2.11) we ge )
. 11} are satisficd. From (2. and (2.1 B
o (3 A )-{’ V) =g(h(X, PY)-+h{X. 0} ), 0Z}=0 for any X (I
l'(])l)a zinif y e(TA), that is we have o
(3.5) 1,,X =0 for any .\ el(D) and Z=(D ). .
e 4 oveet =1 anc
By using (1.11), (2.11) and (3.5) in (1.13), for all unit vectors X &1
v using (1.11), (2.
7'e(P1) we obtain L o
R(X, 90X Z, oZ)=g¢(VikieX. Z), 9Z) -_g(V¢_‘v]z(_X,Z),th;
(V0 X, ), 02) —elileX, V7)., 92)+8(H(ToxX. 2). ¢2)+
s ko, ’ : o ) |
o(Vih(oX, 7Z), oZ)- o(VERMX, Z). 92}
X. 7). 94)+

(3.6.) +gh(X, V.xZ).9%) "
| 7). o) —a(VhioN, ), 52)=g(Vhxh
+olh({eX, X1, Z), 97) =g(Vah(eN. 2). ’tp/) ’ o(Vex
Lo (TaX, XDelhiz. Z). /)
i : ¢ have:
Now, by using Lemma 2.2 we o | o,
oX, X1 =gloX, Vi) —g(\ V. 2y —2g(N, X}=-2 and hEZ) 96
e - o 5 i inyg i 1 (3.
‘;."? it vectors N e(D) and Z e (D). Substituting this in (3.6}
or any un s . (
we get ' l N .
(3.7)  R(X, 9N Z, 9Z) .<tVl\fr!.<;J-\'JZ)J'91)*::(\7:;.\-#(-\-Z).t?l) ]
for all unit vectors XN & (D} and ZEI—(D ) ) ol (2111) o i
On the other hand, from {1.3), (1.5), (1.6) and (2.
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) ‘ow, we consider 5P+Y(1)
. ik ¢ have X =JX-7(X)v. Now, we o > almost
(3.5) AV X, Z) 07) —(VELR(X, 2), 9Z) =g(W(X, 7)., ¥, xoZ) gent to .521’(’?)') ‘;1""(‘211'{‘:”1)}3;: ek (resp. C™*) ar:d R 1<: m\t:écict:;:icltm?ﬁc
3.8) - . . . - (resp. S*! 10 U Canant to P (Tesp. €Y. Also, “Then if v
—(H(2 . 2), V. x92) =g(W(X.2), oh(o X, 2) —g(h(9X. 7), 9h(X, Z) complos stUCtUEe O (L ety to s#(1) fresp: to Ser(i)). Then i v
for any X el(D) and Z=T{DL). Sasakian structure o representing a point of S¥:1{1) in S-_-r;ﬂ(])' We
Al by uei 1.3 1(1.5) w ot is the position vector ‘ P ficld of Sepezorepart(1) is tangent to ° . .
Also, by using (1.3} and (1.3) we ge that the structu.rc“v?;tof GePit v, GEHL L, SAERDIL by f}()‘?’&inqzll(,htﬂgt
(3.9 MoX, Z)=¢h(X.7) for any X =T(D) and Z=1(DY). define @ n;ap]()!lzg PR e =) where (20,51 e ) EOTTES
e W == (ZgiWye voor Silllge orrr » . . S -1’
. . . S U et e L b . . asily
Substituting (3.9) in (3.8) we get ‘f;“ ‘ ! = ) eCrt such that ) =1. Then 1t s casil)
pERCE and (:f'n. Wys oeeo g j=0 - .
(3.10) o(Vik(eX, Z). o) AVELA(N, Z), 0Z) = 20(X. Z)|I* i=0 2w is in CPePre and _‘z:U 2 jaar|r=1. Now,
. N el 7 e seen that (zg, @oo oo S eoer =e%al & : O, -h that
’f‘( rany Nel'(D) and Z =] (Dl)_: seen (= ' ol anticinvariant Submam{ol‘d S _"“(‘) Su'(:d with
I'hus. (3.4} follows from (1.14), (3.7) and (3.10). et M, be a g-dimensional Lto M., where S¥+t{1) is endowe n
From Lemma 3.1 we have the following the ‘stlructm'ﬂ vector flclgl £ E norl?ﬁwtufc ‘c;f Seoroneapid(1) to .Sf"*‘(l)-_ “"‘1
.. Theorem 3.2. Let M be a Sasakian manifold with -bisectional curvature the restriction O‘f"pﬂlcl)s’;-i? “}I‘:‘hé n M is a natural (2p-+¢ 1—1)“}}“;;‘;?5’;?“;
Hy< —2. Then cvery semi-tuvariant product in M is cither an invariant denote by I-\{=:%l;-i'tr(1t pr‘o(fuct in Sareeresrety(l) .\-u; 1‘&“{'{(1121’ “il' an anti-
Submant fold of M or an anti-invariant submani fold tangent o €. In particuiar, 1'0,1_,)’?"1 Tcn.l l_lél\t‘otzhl\' geodesic invariant submamio d and M.
there exisls no proper semi-invariant products in Sasakian space forms with S et fold of seprzerin(1) normal fo 3.
= : bmanifold o
Mk with l<—3 invariant sub
Remark. The last part of Theorem 3.2 has been obtained

- == ﬂ i 1 S i {IlCt t}lL S[nalltst
L K’ "OVC a 2 1 ‘2 ! |( Pq)—‘-l 15 1n

+ \' \ IL, S]ldll pl < tl] ~ -1 (j) T

Mja Cll 1In [: 1

O d o !' F - . -~ T duCt.
“ e¥ yme f b 1 t m 1 mau V
9 ]' Cl/ Y be i btl?lll’fl‘{zil 17t g f S 3 flu l?')lsbt f”)”‘lj C'H’i'd!{!'l’ N

Lemma 4.1. Let M be semi-invariant product i the Sasakian spuace
1= =2 and M be a semi-invariant product in M. Then we have - form s=a(1), Then, .
(1t M 4s wof a generic semi-invarian! submanifold and B {,I,;(XI.,Z,,)}: i=1,2,..2p, a=1, = ’ -
(1) M is not a (D, Dl)-geodesic scmi-invariant submanifold of M. In e e B I
tarticular, 1f M is a Sasakian space form with o-sectional curvature k= —3 are 254 T p— ;
then the assertion (7) and (i) are valid too.

4 DE spectively.
are orthonormal bascs for D”. wnd D t,::ft) _sectional curvature k=1, from

Corollary 3.2. Ewverv semi-invariant product in R -3) 45 (D, D1)- Proof. Since Serer(l) 15_,°f _co’ns f(i all unit vectors X € '(D) and
geodesic. {1.10) and (1.14) we have HB.()&,‘J)= 0 fo
. 7;31‘(1)1). Then Lemma 3.1 implies
H{X.,Y)=—2 {or all unit vectors X €I'(D) and Y = N(DL). Then Lemma 3.1 ’
tmplies /(X, Y)=0 for any X eT'(D) and Y eT(DL), that is M is (D, D1)-
geodesic immersed in R 3),

Proof. Since M is a semi-invariant product in R*+1(—3), we have

(4.1) X, 2 =1
. . el ot
~ 2 4.1), by lincarity we ge
. . . - and ZeT(DY. From ( s
4. Semi-invariant products in S***1(1), In this scction we shall derive {or all unit vectors X = (D) an ( o
the smallest codimension of a semi-invariant product in odd-dimensional (42) a(h(.\’-,Z), WX, Z)) =0, 1#7].
unit spheres. 4. 2 ' CyveT(D) and ZeT(DY).
First, we shall give examples of semi-invariant products in S=+1(1). 3.5) we sce that X, Z) =D(v) for any “i (\. -)d Suppose ¢ 2.
Let CPei=294t he the complex (p--g-+pg—+1)-dimensional number space and f\lso, from { 4 2) it follows that, if g=1 the lemma i3 proved. 2
consider the odd-dimensional unit sphere S#P+zi+2pec (1} in CP+1per Then 'l“hus. Iro'ml_( .arit\-' {4.1) and (4.2) imply
o P-wsbi(l) admits a Sasakian structure (@, £, 4, g} as follows. Let o be Ihen, by iincarity, ) X 7, (X Za) =0
tlie position vector representing a point of S2P+em@eet(1) in CP+0+9241 They the P (BN, 2, X5, Z)Fe(h{X:. 2, ph AR
structure vector field of Szrezvserein(yy iy given by Z=Jv. where J denotes ' (e 7 o ap-q be=l, ..., q where {Xo Xopb and
the almest complex structure of Crrar+, (ionsulcr the orthozenal projection for i#j and a#b 1. 1=1,’,1“1.;'a:(f:i ,{01" D, and DY, respectively- O_“ tl.xe Ol.dlcr
— T,(C)HM’H) . ’1JA(‘S‘:EIJ+2!.'+'_'.'14+1(])) {Zu. ...,Z,,} are 0rth0n()1'¥n.“ r{lnt produtt we have that the distributions
‘ ’ . ie o -imvarle '
and put ==0/. We dinote by 4 the I-form dual to £ and by g the stan- hand, since A 15 a semi-ins
dard metric tensor ficld on S==#2ri1(t), Then, for any vector field X tan-

7 = 1 H H ot 5 ner
\ 1) 1 t “"I"ﬂ)lc ﬂnd th{,‘ll' 10&\'(35 are t t 1 LNIE| 251 -
)@{Cl t]]d arc 1n Ll‘? < Ol l\ ‘(](i 51 11311
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sed in M. Then, by using Lemma 2.2 and the Bianchi ide
{44) RN, Y. Z 11)=0, for any X, Y el(D) and Z, 11" e (1),
Also, from (1.10), taking k=1 we have

(4.5) RN, X, Z,,2)=0 for all .7=1.2,...2p and a, b=t 2 .. g

Therefore, substituting

e vt (1-4) and (4.3) in the Gauss cquation (1.12)

(4.6) SN0 20, WX ) 2N =N, 7). KX, Z)) =0
for :1}}] {7 (4I) 2p and a,b=1,..,q4.

en {4.1), (4.2), (4.3) and (4.6) give that (WX, 70 j— :
a=1. ..., ¢} are 2pg orthonormal vcctor;in v,. e *

From (1.15) and Lemma 4.1 we obtain the fo
Theorem 4.1, /1
have

(4.7

llowing.

et M be a semi-invariant product in ST, Then we

nzp+q+pg

o I'll"ht;;)_z::m_,_}i).l %}Z M{I=J[' 1 XM o be a semi-fuvariant product in S
= Py. Then the tnvari ] ) 3 . 3
e iu,qsﬂ"*!i(l). ¢ wnvartan! submanifold A, s folally geodesic

Proof. Let M=Af, xM, be a semi
=p-+g+pg. Then for any X, Y el
that is i

(4.8)

-invariant product in S} with
(D). from (2.2) we obtain (N, Y)=o0,.

X, Y)eI(v).
Since k=1, from {1.10) we get

(49 RN, Y2, W)=0, for all X,Y,Z<T(D) and IV < (D).

Also, by a direct computation, using Lemma 2.2 we obtain
(4.10) R(X, Y ; Z, 1) —g(VeVyZ, 1F)

for all XY, ZeT(D) and We r(ny
cquation of Gauss we obtain

(4.11)

— (Ve VZ, W) —g(V[ ] Z, 1) =0,
Substituting {4.9) and (4.10) in the

(X, )Y, 2N —g(h(X . Z), h(Y, T7)) =0

forany N, Y, Za (D) and 11’ C{DLY. In {(4.11) we take ¥Y=¢X and obtain

(4.12) (X, ), h{eX, 7)) =g(M(NLZ), h{oX, V7)) for all X, 7= (1)
and Vs (Di),
On the other hand, from (4.8) and (2.4) we get

(4.13) MY, eZ)=oh(X, Z) for all X, Z=1(1.

Then, by using {3.9) and (4.13) we obtain

8

ntity we obtain

»
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o(M(X, W), X, 2N =—g(h{X. Z). ko X, 1)), forall N. Z =
(4.4 (D) and ¥ e1(DY)

Thus, (4.12) and (4.14) imply
(4.15) 2(h(X.Z), hoX, WYy =0, for any X, Ze (D) and W= (DL).
o ) . ’ ‘ P 4 1
In (4.13) we take Z=0¢Y, where y=1(D). Then from (4.15), (3.9) and
(4.13) we obtain .
216) (X, Y), M(X, 1))=0 for all XY el(D) and We (D IE

From (4.16), Ly lincarity, we have o
2N, Z), MY, W) gl h(X, IF), R(Y, Z)) =0 for AlN, Y. Z=
(:17) e (D)and 1V (DY),

Combining (4.11) and {4.17) we obtain o
{4.18) o(MX.Z), MY, W) =0 for any N Y, Zel(D) .at?d W& D).
Now, since n=p+g+pg, lamma 4.1, (4.8) and (4.18) imply
(4.19) WX, Z)=0 for all X,Z-e.l‘(D?. .
Fom (£19)and (29, 3 ol bt e OIS R a1,
glt?;l:; 1:1'”'(“11:‘ llsi:tribution D@{E} is totally geodesic immersed in $**Y1)

~d the proof is complete. 3 BT
h As ;la.jn immediate consequence of Theorem 4.2, we have the following,

Theorem 4.3. Lot N =3, WAL be the Riemanmian product of ;wo
! e with dim. AL =2p- i . —2g+—1. Then
Sasakian manifolds wilh dim. M, =2p+1 and dim. ,U'.h, ‘Zq o
AT, - M. admits an TERLCFSION 1t Suptrtariti(]) ?*:m-h that the .5“‘3‘?1’:.::_*_2])4;‘(-1.
;u:m of M, and M, be the restrictions of the szsafzfru structure oj:.S- . ;}3
to A, and M., respectively if and only 1f both M, and Mazcm' .S)asa ?ZI;;Z-E?M»}:
/’m'ms1 of constant @-sectional curvature h=1. JIorgovw :p—l—_q—|—l qﬂr ; :;1
he smallest dimension of S+ 1{1) with admils such immersions and 3, @
M. are both fotally geodesic 11t 5 1).

cow we state _ — ) R
%ﬁé‘orcm 4.4. Let M be a semi-invariant product in Seer(1). Then we

Trewe .
(4.20) Ih2=2q(2p+ 1),

where 2p=dim. D, and ¢ —=dim. DL Ifin (4.20) Hzl_"“:q‘zr:rlz't_\w'lfw}'.,"” ]:Oi‘;*‘m’{?;z
AL and M, are both totally geodeste pmmtersed 1t S +VET D, : 1rr~gsz£tsj;afg it
sp:u‘c form“of constant o-secfronal cirvalure K= Vand M. is ave

onstant sectional curvalure 1. L i d
Ofw”],mof Since S+1(1) is of constant g-sectional curvature k=1 an

A is a semi-invariant product, Lemma 3.1 gives

{421y (X, Z)|=1 for any anit vectors N I(D) and Z =D
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On the other hand, it is known that the length of the second fundamental
form 7 of M is given by

(4.22) |I%]|2 = :._)_I{g(]r(Ea, Eg), M(E., E5)}

where {17, I, o By, B, =2} is a local fickd of orthonormal frames on 1.
The by using Lemma 2.2, (4.21) and (4.22) we geot

up ,
(42”) |Ulﬁ-’=2‘](2f’-i—|)+}.‘. IHII((\_’:, X)) |.!_|_\_‘: Ellk(za: Z,)| e
i i e

where {X, . X} (resp. {7, ..., Z,}) is an orthonormal basis in D, (resp.
I1). Thus, {(4.20) follows from (4.23}.

If the cquality sign of (4.20) holds, then (4.23) implies
(4.24) MX.Y)=0 and I(Z, 1V)=0
for any X, Y& I'(D) and Z, W eI(D), that is, the semi-invariant product
M is D@ {E)}-geodesic and Di-geodesic immersed in S#(1y. Since M, and
M. are both totally geodesic immersed in 3f, from Lemmas 2.4 and 2.6
we have that A and M, are both totally geodesic immersed in Sy,
Also, from (1.10), (1.12) and (4.24) wc obtain that Af, is o Sasakian space
form of consiant g-sectional curvature A=1 and M, is a real space form
of constant sectional curvature 1.

Theorem 4.5. Lef A be a mintmal semi-invariandt product in 5=+ (1).
Then the scalar curvature 3 of M satisfies
(4.25) o< 4P gt 2p—g.

The equality sign holds if and only if |hl>=2¢(2p-1).

Proof. By direct computation we have, [4], that the scalar curvature
¢ of an m-dimensional minimal semi-invariant submanifold M of a Sasakian
space  form  AM(k) is given by

— 1) {k4-3)—2 3p—1)(k
(4.26) o m{n— 1} (k- 3) 4(m 3p—1y(k-1) 2.

Then (4.25) follows from (4.26) and (4.20). Also, from (4.26) and (4.20)
it is clear that the equality sign of (4.25) holds if and only if |Al<=2g(2p+1).
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from (11 dimensional diffe
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4 Riemannian metrc 1 La, ¢
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where T is the torsion of D,

(1.2)
(1.3)

where w
is defined by,

(14)

W

(1.5)

the curvature

(1.6)

; e
the curvature tensor of the conn
} Thus, from (1.2) and (1.3) (1.6).

RN YW —=rX, Y

(1.7)

11 4 is o tensor ficld of type

{1.8)
and a

(1.9)

(1.10)
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CONNECTION
BY

PETRE SFAVRE

the bcmi—svmmvtric metric connection

i J i this wav a
e -anishes. We obtain on
war Cu”&ltum(gjng?r]\) Y. ano (137 and of the results
.Yy @ !

. T
rentiable manifold of class €7, &

Lot L, e an n- connection In Lyt

and D a semi-symmelne

: R LT ) gl
TN, Y) :co(Y)X-—Xm(l’) - VXL, Y & x(la). | o
: X YVy=DY —DpX—LX. Vv, andeisa 1-Torm

Dyxg=0; YX.

W vy DyY =Vt +a(Y)X —g(¥, V)60,

C (:]l(]‘ BAY tllff I,(:\ 1-L1 lt:l Conned tl“ll Wl 4 l i (A1 | ‘.Ij r! Lo
C th resped t t H

oG, N)=0(X) vX.
¢ denote also by )

1{(.\-, Y)Z '-I)"I)l'Z' D) DI\-Z— ]) Al el
tensor of the connection D, by

I’(.\', 1')5 = vayz- VI'V;(Z'—V_X.}' VA B
clion V, by ric (X, Z), the Riccl tensor of Vs
we obtain [13
7 (Do) (2)—(1/2) &lX, Z)olG )Y (Do) (7) -
—{1[2)elY’, Z)m(G*m))XA—g(.\',Z) (].)I-Gﬂo)—(lﬁ)co(@‘m)\ }—
= oV, 7} (DxG o—(1]2)0(G )X ).

‘ (1.1) defined by

A(Y) =DyG o1 [2)e(G 0}

is the trace of A, then we have, from (1.7}, N

Ric (X, Z)=ric (X, Z)-(n—2)elA N, Z)rag(y ,[1). o

1 I is the trace of R, where [ is tensor field of tvpe (1.1) de X
Ao e 0

o RX, ZY=Ric (Y, 7).



