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The geometry of anti-invariant submanifolds 1n Sasakian manifolds
is an interesting topic in differential geometry. K. Yano and M. Kon
proved that any submanifold normal to the structure vector ficld in a Sasa-
kian manifold is an anti-invariant submanifold (see [3, P 40). The purpose
of the present paper is to introduce and study 2 class of anti-invariant sub-
manifolds which are tangent to the structure vector ficld.

In an introductory paragraph we give definitions and fundamental
formulas for submanifolds. In the next paragraphs we study contact umbi-
lical submanifolds with respect to a normal section in Sasakian space forms,
The main results are given in Theorems 2.1, 3.1 and 3.2, N Sato studicd
in 2] a class of umbilical totally real submanifolds in complex space forms
and obtained interesting results.

§L. Preliminaries, Let A be a (Zn+ l)-dimensionai almost contact
metric manifold with structurc tensor fields {o, %, M g), where 9 is a tensor
field of type (1,1}, & is a vector field, nis a 1-form and g 1s & Ricmannian
metric on M. These tensot ficlds satisfv (see (L P 19).

{1 :sz==——X+n(X) t 0i=0, B(&) =1 HoX) =0 and
(1.2) (o X, 2V)=elX, V) —atX) )., ) =52

for any X, Y tangent to M. We denote by v the covariant differentiation
with respect to the metric g on M. Then it is well known (sce [4], P-
20) that M is a Gasakian manifold if and only if we have
(1.3) (T o) Y= —g(X, Y) &4n(Y) X,
for any X, Y tangent to M. From (1.3) it follows
(1.4) U E=0X.

Now, let M be an (m-{—l)-dimcnsional Ricmannian manifold isometri-
cally immersed in a Sasakian manifold M. \We say that M oisan anti-iea-
siant submanifold of M if we have

(1.3 X, 9Y)1=0,
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able sections of D is denoted by {7
We say that M s contact wmbilical with respect to the normal section N
if the fundamental tensor of Weingarten with respeet 1o N satisfies
AN=| N X 45y 3 N T
o conlact tolally wmbilical submanifoli
amental form A satisfies (see 31, P 157)
WX, oY) Haa(X) A, Da() AN D),
ature vector of M given by

H=1{(m+41) trace {h).
Propesition 2.1. .o A be a contacl tolally wmbilical  submanifold
of o Sasakian i fold AL Then M is a contact sembilical submanifold wilh
yespect to the meen curvature vector H.
Proof. Yor any Xel(D) and Y tang
and {2.3) we obtain

(2.2}

for any X e 1'(D
il s second fund
(2.3) MY, Y)=

where /1 1s the mean cury

1 \We recall that M is

{2.7)
ent to M, by using (1.2), (1.8)

oy X, Vy=g(h{X, Y), Hy=g{X. V) I H |4 (Y} oty 2 )
ol H U X el X))
{he assertion of the proposition.

Thus we have
be D parallel if we have

since R{A)=0. ! .
ction N is said 1o

A normal se
(2.3) VIN =0, for any Xe(D).
Proposition 2.2. Ll A be a contact umbilical submanifold with respect
o o D pavallel normal seclion N in a Sasakian manifold M. Then we have
(2.6) G N A XN X (R ) S
for any N=1(D).
The proof follows by
Froposition 2.3. Let
to u D-parallel normal seclion
. ROV, Y)Y = { V(ghtad X — Xleldaz 1)
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using (1.7), (2.2) and {2.5).
M be a contact wmbilical suhmmu[n!:! woith respect
N in @ Sasakiwn manifold A Then we have

) 4 g(dy5 PN YD

for uny X, Yy eT(h). . R
P roof. Differentiating covariantly (2.6) with respect 1o} e (D)

and taking account of (1.4) we obtain

N ¥, N =Y (443, X)) E—gldad X)nY,

H=1{g(N, N))=2g(ViN, Nj=0. Thus (2.7) follows

(2.8) V, VN
and taking into account that V

since we have Y[ D
by a direct computation using (2.6), (2.8)

is a2 less torsion connection on M and
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R(X, Yy N=V,V,N — ¥, ViV = Gy A

Theorem 2.1. Lot M be a contact umbilical submanifold with respect
0w monzero D-parallel normal section N i a Sasakian space Jorm M (c) with
eF=1. Then M as an anti-invariant submanifold of M(c).

Proof. First we note that it is sufficient to prove (1.5 forany X, v e
= I'(D}. Then by using (2.7) we obtain
(2.9) AR(X, ¥) N, oN)=0

since we have

]

(5, l\)=- (9%, N)=0 and 29X, o) “g(X, N)—y X} qp{N)=0,
On the other hand, by using (1.11) we get

(2.10) AR(X, VYN, oN)=[(c~1)[2] g(X, oY) (| N |~

Thus (1.5) follows from (2.9) and (2.10) tal ing account that c# L and N0,
Combining Proposition 2.1 and Theorem 2.1 we obtain
Corollary 2.1. .tnv contact lotally wmbilical submanifold with nonsere
D-parallel mean curcature veclor n .-ﬁ'({') with c#1

IS M anfi-invariant
submanifold.

§3. Contact umbilical submanifolds with respect to the mean curvature
vector . Throughout this scction we suppose M is an (m -+ 1)-dimensional
submanifold with nonzero mean curvature vector H in a (2n+ I}-dimensio-
nal Sasakian space form M(c). We denote by r the codimension of M in i7(e .
Also we denote by P the projection morphism to the distribution [, Thus
vach vector field X tangent to M can be written as follows

(3.1) N=PX4 (X)L
The Ricei tensor S and the sealar curvature g of M are given by
o1
{3.2) S(Y-¥)= ¥ S(R(E, X)Y, E) and respectively
iar]
no-
(3.3) = X S, ),

L |

for any X, ¥ tangent to 1, where £££: ) is an orthonormal field of frames
on M and I, —%. Also the seetional curvature K3 of M determined by
orthonormal vectors 1A, Y s given liy

{3.4) Kl XAY)=g(R(X, Y)Y, X)
Theorem 3.1. 7ot M be a contaci wmbilical submanifold with respect
o the D-purallel mean curvature vector Hodi a Sasakian space form M(e),

c#EL Then we haw,

() M ds an anti-tneariant subntanifold of M{c),
(1} the sealar curcatire of M satisfies
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W denote by E291(—3) the Sasakian space form of constant s-sectional
cuy vature ¢ — 3 endowed with the standard Sasakian structure in a Eneli
dean space (see 1], p. 99),

Thearem 3.2, Let M be un (v D-dimensional confact wmhitical
submanifold weith  respect to the D-parallel mean curcature vector o in
(= 3) I e (- 1) || HR then all sectional reveaties of M ure
woniegalive,

Proof. By the hvpothesis on the sealar curvature of 3 we have (3.9).
Henee,

AN, Y)=g(h{N, Y), NN, =¢(X, Y} I, for any X, V= (7).
On the other hand, by Theorem 3.0 3 s an anti-invariant submanifold
of 20 3) Then by using (1.9), (1.10), (1.11) and {3.4) we obtain

NylN o Vi=|| H||*P>0 and Ky(XYAaz)y o

for anv X, Y e 1'(D). Thus all sectional curvatures of M are noReEitive
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