6 MIRCEA GEANAU

r la fonctorialité de 'V Soit 7 @ X,——X un monomor-

Nous allons montre : R :
X,/G——X: qui rend commutatif

phisme: il y a un seul morphisme & :
l¢ diagramme suivant

X = ~X[G
‘| E
4 B
X, - - X,/G
11 faut verifier la commutativité du diagrammec suivant :
WX, Y g T
e, T —En T X6, ¥
|7 |1,/
[ YA, YY) oo .
GE{ X, T(Y) =N, G, Y,)

Soit 1*‘:X——--~T(Y)(=Y) un monomorphisme ;  les relations suivantes
sont vraies : B R

WDY(X, VI(F) =h@)(Fy=Fa
WX, Y) bl (F)="(X,, Y)(Fo)= Fa—Fa,
Parce_quele morphisme fa : XyfG——Y est I'unique _morphisme tel que
Fa=Fap, ct l_c_morphismc Fa vérifie l'égalité Fayp, = Fpa—Fo, il résulte
Végalité Fa=Fa cc qui montre la commutativité du diagramme de plus

haut.
Soit B: Y——Y,; alors le diagramme suivant cst commutatif :

(X, T — X)L pxfG. v)
|72 |7t ot®)
! Y(X,Y,) i
GE(X. T(Y) S XIG, YY)
T A BYE (X, YY(F) = hxf o B) (F) = BF
WX, YR (B) (F) =F(X, Y )BF)=BF=BF.

Darce quo le morphisme BF est "unique morphisme tel que BF ﬁg_I?p. et le

morphisme BF, vérific I'égalité BF - pFy il résulte 'égalité BF=BF ce qui
lus haut ot done 11 résulte

montre la commutativité wu diagramme de p
que W est un isomorphisme fonctoriel.
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ON THE CONSTRUCTION OF BOL LOOPS. II

BY

A RT. SOLARIN and B, 1. SHARMA

1. Introduction. : s Bk ,
oo, 2 L uction. A loop L(.} is a right Bol loop if and only if for ali

(1) (rvvaz)y=nx{rz.a).

Rol loops had been discussed by Bol [1] i
LD L o [t1and Robinson [3]. B
gilil}?b proved t%lat for any prime $, a Bol loop of order 2p or p] is 112.:22
5 ;pé Ofaog,;t‘c?g;pz.jb _n“ull;l Ic;'a;ll'cr papc-i‘cxl' [7), we disproved a conjecture that Bc;l
: *, where $ 15 an odd prime are necessarily gr by
ting Bol loops of order 2 which are n e, Tn ontimeation ot
) 3 : -7 tive. In conti ti
the previous study, we consider cxiste e of nom. ative Bl e of
v, xistence of non-associative Boll L
order %y where p and ¢ are odd prime i f sh tholy axin
: prime integers. We shall establish their exis-
tfnfcdfor two gcrzcrators_. In particular we settle some of the ors)cn )igb(;;:l’i
sr,‘lz} el by Harald Niederreiter and Karl H. Rob}ins 0 5
[4] that ol loops of orders 18, 35, 50, 70, 77, 85 and 98 can not be det y
mlncd;) Here we settle 18, 50 and 98. e seer
-}h In ourlp:}cvtous paper [71 we proved the following theorem
eorem 1. Lel H be a non abelian subgroup of a grow, ‘
=H =G, For (hy, ¢y} and (h,, &) in A, defﬂg;r AR iR

(2) (Br. g)olha, g2) = (hyhs, hog B3y ;
then A(0) 1s a Bol loop.

In the next theorem we shall

_ ! prove that any Bol loop obtaine

lt?g ai.l)?l\ :i otilzogfll;l liont'a.ms a{ su}:c>1-loop which is also a Bol loog. %o: lé]:;:;-lm;g
lian grou - ivides

contains s ol Toam bof on)-c;)crO;ﬂ;.r Pg. where ¢ divides p—1, then A =G <G

Theorem 2. Let G be a nonabelian ¢ i
For (b, g0y omd U o & de;zﬁf{mn group of order pg, and let A =G xG.

() (2o, g olhy, g =(hyha, Mg h3g,),

then A=) 15 a Bol loo a2 .
which is }m’sota Igo! ?gfj).ﬂf order p2g* and A confains a subloop of order pig

Proof. By theorem 1. 4{o) is a Bol loop and o(4)—=p2ge.
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Since G is a non-abelian group of order pg then it has two generators
& and v, such that y?==17=¢, where ¢ is the identity clement in Go Let o=
= <{xv, v¥) =, then A, is a subloop of .1 and

(3 oAy} = py.

Also 1ot L1, (x. v >, then A, is a subloop of 4 and

(4) o{d.)=p.

Now consider Aye.1y 3., A5 is a subloop of A and we only need to show:
that ,(c) is a Bol loop. In cstablishing it, is sufficient to show that .1,(0)
is non-associative - since it is a subloop of a Bol loop its clements must

satisfv the Bol identity.
I a=(v, ), h=(v, vx), c={x. x Y, then d, b, c€:y: and

(5) (aobyoc — (v2x, A" xF), (6) we(boc) = (yrx, yex? ),

where vv=ya¥; h7=1(mod p) and ¢/p—1.
Now from (5) and (6) {aob)oc—as(ber) whenever R=2k—1 k=1,
but r#1, for non-abelian G. Therefore

(7 (aohyocst ac(boc).

Therelore A, is non-associative, hence it a Bol loop and

(®) o) = pg.

The theorem below is essentially a special case of the theorem 2 for
the dihedral groups which is of importance for our study.

Theorem 3. Lct D, be a dihedral group of order 2p. A =Dp.x Dp, A(0)
s i theorem |- then A contains a subloop of order 2p* which is a Bol loop.

Proof. Since Dp is a nonabelian group of order 2, with two genera-
tors v and v such that a?=yi=u¢, where ¢ is the identity clement in Dp,
then by theorem 2, Dp is a Bol loop of order 4p2 and it contains a subloop
of rder 2p* which is a Bol loop.

Remark. In table 11T we display a Bol loop of order 18 (p = 3) which
is a subloop of A=D,xD,

3. In this section we construct Bol loops of order 4k for all positive
integer k2.

Theorem 4. Lof A{o) =1, =« Co whore I} rs the dihedral group of order
2%k with generators x and v, sucl that xP—vi=c. The binary opcralion (o),
is defined as follows . '

(1) (oo a7y, o) = (A v, e),
(i) (v, sYo(af ¥, ) e (ETL v, 2),
{9) (i) (i, eyo{vieays, z) = (i BT 2),
(v)  (aBian, g)e(yaats, )= (vl Byt v, ¢),

H
3

(V) vyl vl it

then A) is a right Bol loop of order 4k, where ks gy integer grealer Hhay,
tiio.
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Proof. First we show that (1{0) is non associative.
Lot d==(aiat, o) 0 B={y#a%, 2} o= (11T, ¢}

(10} (AoB)ol =1t b tigh=vi=n, ),
() Ao{ Bol) = (vt Bri s ams, 2).

From (t0) and (i1) it is clear that
{toReC# do(BaC), therefore A() is non associative.
Next we show that 1(0) satisfies (1}.

Ao (i) B (R o) © 0 (aPaa <)

(a}
AR = LB 27— o), A{BCoR)= (a8t Byt i= ) |
A= (3, o) B= (a0} C= (¥, 3),
() (IB-CIE (et agri=ts, 2), A(BCeR)= (¥ Baxni—s, 2);
A () Be (x5} G (¥ ),
) (A BeC)B= [yt laxte v, o), A(BCoB)= (it buxta=s, o),
Ao (v, oy B= (e 2) ) O (exvs, 2),
) (I ReC)B— { yin ot 2, 2), A (BCoR)= (pa Baxts =00t ¥s, 3) ;
A ymoavi,z); Bes(¥Raave ) C= (s, o),
fe) (ABeC) B (¥ Bax2¥emni=va, 2),  A(BCH)= (Bt Baav—yi= 1, 2);
A (vt 2) s B= (yEve o) Claders, 2)
0 (AB:CiBe (yertiati—Y, ¢), A(HCH) {(pi vt T o)
A= (P, z) s B (wBave z); G (a8 e)
() (AB-CIB— (yirtixt—n, 1) A(BCeB)= (xf Bats—Ts, 2)
A= (a2 B (whate, 2)s € (¥, )
& (AHC)B (i B dv Y o) ABCoB)= (g8 2 5y 2vatms, o). a
v

Since (ABoC)B=A(BCeB) in all cases, thercfore 1 =atisfies (1).
Thus A{e) is a Bol loop.

Theorem 4 above enables us to construct Bol leop of order 12. {sce
talile 1)

To conclude this section, we shall give some theorems on the construc-
tion of Bol loops of order 4n, where n is an cven positive integer, which
arc of two gencrators. It should be noted that the construction in theorem
4 is of three generators.

Theorem 5. Lef (i{0)=C4, - Co and the binary operalion is defined as
Sollows -

() (7, ol ) =(x"¥7.0)
(iii) (x7, a)o(x. &) =(x"*0, ) ;

then G{o) is a Bol loop.

(i) (x*, eyolx®, w)=(x"*", a) ;

(i\‘) (_,_.,-_ ol xd, a)= (.\.p (n=1lly (-),
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Proof. First we show that it satisfies (1).
(@} A (" e), B=(x"c), C=(x"e), (AB.C)Bw (xPratrid, e), A(BC.B)=(xp+4+riq ¢);
{U) A= (x7. ¢}, B=(x"¢). C=(",a), then {AB.C)Bw (xh+ 14740, 5)A(BC .B)= (xb at71+1, g) ;
() A= (x"¢), Be=(x%a), C=(x" ¢). then {AB.C}B (xptriq-izm=1lg ¢,
ABC BY= (xpireq—(2n=lig, ¢) ;
A= (2 e} = (#" a), C=(2", e}, then (AB.C)Be (xPtd—(2n-1lriy, al,
(@ A(BC, B)= (sp+a—2n -1lr+q_g) .

A=z a). B=(x* ¢}, Cs= (2" al, then {AB.CYR [x07 g4r by gy,

(&) -
A(BC Bl jxbt 0 riu ) ;
o A= (P a), B (2" ). C=|(x", al. then {1RB CYB= (wPig -2 -Nr+q, ),
A(BC . B)= (xp—(2n-1g— (20 —1)r )
& A= (x" a). B={x", a), C={x", ¢]. then {(1B.C)B (P -i2n-lgirig gy

A(BC, B)= (xbtr—i2n 1199, a),
Ao (2P a). B= (2% a}. C=ix", u}, then (AB.C)Bw (xprr— 120 - N~ (2n -lig,q),
A(BC .B)= (xP—(20~1)q—2n-Ug r _¢):

Since (AB.CYB=A(BC.B) in all cascs, therefore {vy.c)y
G. Thus G{e) is a Bol loop. {¥3.2)

(B) (c.¢) behaves as two sided identity ;

{ir}

W(y2.3) in

(C) Inverses :

If A=(x”, ¢), then At =(x",2); If 4 (¥, a) then A ea(nize-vip gy -

]

{D) Nen-associativity :

{37, a)(x?, a)o(x", ¢} mm (wP-ten-tlasT o) (xp a)o(x?, a)(x?, e) =
(_.\-pﬂ(an--le—(':ﬂ-'l e) .

thus it is non-associative.

(E) (xrzu—np_ “)u(xp' a)(xa' c) 2(x(zn—nptzn-l)e—(znwnp' e)_

It does not satisfy the left inverse property. Hence G(0) is a Bol loop.
By this construction loops of order 8z, where n=1, 2, 3, ... can be
constructed. {see table IT for Bol loop of order 8).

fouow;l"fleorem 6. Let G(y)=Cqu XC, and the binary operation is defined as

(1) (%7, ¢)o(x%, ) =(x™7, ¢), (i) (27, e)o(x7, a) =(xP+9, a),

(i) (&7, a)o(x?, c)=(xP 1202y g), (v} (¥7, @)o(x9, a) =(xPtet2n o) .

then G(o) is a Bol loop.
Theorem 7. Lot G=C

follows - wxCs and the binary operation is defined as
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(i) (% o(x®, )=(x77, ), (i) (+*, e)o(x", a)=(x™", a),
(iii) (xp’ a)O(.r"'. J_,_) =|:.xr:+q" fl), (iV) (1P, tl)c(xq, “) (,\.p Mm—1)qéen F) :

then G(o) is a Bol loop. . L .
e T(hgorem 8. 1ot G=C,, = Ca and the binarv operation is defined as

Sfollows .
() (7 edolat, ) =(x?1, ), (i) (¥ c)ol7, @) =(x"7, a),
(i) (37, a)olx, €) =(?- 1, a), (i) (&, a)o(x", @) = (x77, €)) ;

then G{2) is a Bol loop.

Theorems 4—8 give constructions of Bol loops of order 4%, where K
is an integer greater than one.

Final remark. We are now in a better position to determine for most
orders whether a non-associative Bol Joop of that grdcx_' exist or not. I
is still an open problem to determine the status of 35, 63, 70, 77 and 85.

TABLE |

(3ol loop of order 12, D, GC,l

1 2 3 4 3 1] 7 8 9 16 il 12
2 3 i 3 6 4 ] 9 T 12 10 11
3 1 2 6 4 5 g 7 8 11 12 10
4 6 5 i 3 2 11 10 12 8 7 9
5 4 6 2 1 3 12 11 10 7 9 8
1] 3 4 3 2 1 10 12 11 9 8 7
7 ] 9 12 i0 11 e 3 i 5 6 4
8 9 T 10 i1 12 1] 1 2 4 h] 6
9 7 8 il 12 10 ] 2 3 6 4 5
10 12 11 8 7 3] 3 4 6 1 3 2
11 0 12 9 b 7 6 3 4 3 2 1
12 11 10 7 9 8 4 G 5 2 i K]
TABLE II
(Bol loop of order 8; C, X C,}

1 2 3 4 3 [ 7 8

2 3 4 1 [ 7 8 5

3 4 1 2 7 8 5 6

4 1 2 3 8 5 & 7

5 8 7 6 3 4 1 2

1] 5 8 7 4 1 2 3

7 6 5 8 1 2 3 4

8 7 6 5 2 3 4 1
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TABLE T11
(Bal loop ol ervder 18; Cy - C, - G}

i £ 3 4 51 6 7 b S T U T T e WU A N O o 0 IO (I O 2 T
Z K] | 5 0 4 & 9 11 12 ] 4 5113 17 IS 16
a 1 & G 4 3 Y T ST 12110ty 1513y 8|16t 17
+ 3 O s 9 1 2 ST I b I T T T 12 LS O O O O O T A X 4
5 hi 4 B 9 ki & 3 PLI6 19 s o] i1z 13314115
6 4 3 9 7 b 3 1 207tz 0 45| s
7 S 9 [ 2 3 4 5 Gl IS B8l aa]| 1]zt
b v 7 2 3 1 3 0 LI TEA IO O SO O £ B (OO B W S B VU B O
9 7 8 3 1 2 f 4 Sl | Bl ]z
LT S O A D T D S 5 0 O (3 O B I ! 2 3 5 O 4 % T 8
Ly 120 0 34 | 15 15[ 17018 16 2 3 1 6 4 5 7 Sy
12 W 1] i 3181617 3 1 ) 4 5 6 8 Y 7
13 4 Bypa | 17w arfaz Y 7 8 1 2 3 3 fi 4
14 B3 I3 p 17 s e | 1t] 12| 1o 7 S1 9] 2 3 1 0 4 3
I3 B IS 1im iz ha ] 7 3 1 e 4 5 6
16§ 17 18110 11§ 2 4|15 3 G 4 9 7 8 1 i 3
17 B w2yl astiz] ool 4 5 7 8 9 e 3 1
I8 16| 172107 5] 13 14 4 5 6 I Y 7 3 t 2
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Addendum

1.

Ilieorem 3 in [ 1

G OTHE CONSTRUCTION OF BOL-1.OOPS

BY

. K T SOLARIN and B L. STLANRMY

i not troe for #

Theorem 3. et Lobe defined as all formal synbols

'
whese 27

P 1

ETEE]
L 2. 8. v, --( 3
= 1 PRt R
Foeas fz, z) mend 2 (B,
I d i

gk e 0,1 =0, 1 k= 0, 1.2, 01

=

A= ¢ and

1, nel 2 1"5’ =B il 2, .V'Y' s, mod s
1 Ha) Diiwd 2, x?

f vy pedomod if B =0 {mwl 2),
wheye N=—= l

loey— (11— 17y, madn af By=1 (inod 2)

then L(0) is a D30l foop of ardey 4n (02 and corn) with ddoutity e

Theorem 4. Let Glo) -+ Cuy

(i)
(ii}
id)
(iv)

(v, e)alal, o) = (7 2, ¢)

(x7, ¢) = {xl, a) = {x if B is odd
= (a%= 5, a) if 515 cven

1B, o)

(xx 15, 0)

(v, a@)o {(¥%, @)= (x-* 2, ¢) if B is oudd
= () if B s even

[t a}yo (x5, )

then Glo} 1s a vight Bol loop of crder 4u{nz 2).

TABLIE 111
(Bol loop of Order 12]

i =1, mod

i oza= 1, mod

! i 3 4 5 f 7 b 9 10
2 5 H 1] 4 3 8 Y 7 [
3 1 = 3 6 4 9 o) % 2
4 6 5 2 1 3 t 12 1t Ff
3 4 0 1 3 i 11 1t 12 hi
0 3 4 & & 1 i 1l 1) 9
T S 9 10 1i 1z 1 2 3 4
h Y 7 12 11 11 L 3 I 3
9 i N Bl 12 10 3 1 e 6
10 12 bt 8 T 9 4 6 5 1
1 1o 12 7 9 3 4 0 2
12 11 10 v 5 T G o) 4 5
'} The paper O the consiruction of Bol-Loops has appearcd  An

NNVIL (1981) La p. 1317

220 The correcled form s as follows

11
12

10

-

[ S QI L N N T ]

Cy and the bivary operafion is defined as follows

12

[ty

=

— e I e

Univ.

Tasic®,
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This theorem gives a construction of Bol loops of order 4» for all # greafer than or equal
to two. The table below is a Ioll loop of order 12 arising from theorem 4.

The table TII in [1] is not correct.
Thus we have shown the cxistence of Hol loops of arder 4 (n3 2).
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ON THE (p,¢)-ORDER AND LOWER ($, ¢)-ORDER OF ENTIRE
DIRICHLET SERIES

BY

S, K. VAISH. . 5. SRIVASTAVA and NARESEH KUMAR

I. Let f(s) be an entire function represented by the Dirichlet series

(1.1) fs)= % a,eXp(sh,), s= a+1t,
n=1
where A,s satisfy the following conditions ;
{1.2) 0<h <he<owo TRy <Cenn ] Ay —00 as n—00 and
. 1
(1.3) lim sup OB =D <e0.
#-rm

The (p, g)-order p(p. g} and lower (p, g)-order A(p. g) for f(s) having
an index pair (p, g) are defined by [1]:
[pl . s =
(].4'} lim Sul.)' 10g AI(G) — P(p' ‘1)'—'9 A
8-« inf log¥s Ap, =N
where M(a)= Lub. |f(a+it)!, log™ x=log(logi” "x), 0 logl"Vx oo, log®
Y ST

x=x,m=1,2,...
It is known that [2, p, 59]

(1.5) o=P(L{($.g)) if 8(p.q)=0 and L(p,q) <o,
where |
_ L og #
(1.6) 3=3(p, g)= llnl sup Sexp T (log > T )1 :
. 1 [r—ﬂ;\n
(1.7) L=L(p.q) - limsup -8 :
n-rm log (35 log|a.|™)

and

1 if g+ l<poc
(1.8 piy=rapg=4 HF H pemgtt=m2

max (L L) if 3{qg+l=apc oo

Further, if x,=(log|a,fap+,|}/(Ry+:—2,) forms a non-decrcasing func-
tion of n (>u,), then for (p, q}#(2.1)

(1.9) r=P(0),
where

{p-1
(1.10) 0=6(p, ¢) = lim inf 108 7 Py

Ry loglﬂ(;\;llog a,| l)

and {0} is defined similar to P(L}. (1.9} holds for (p, ¢)=(2, 1} also, il
further log 2,~log 2,4+, as 7 -—oo.





