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This theorem gives a construction of Bol Ioops of order 4n for all # greater than or equal
to two. The table below is a Boll loop of order 12 arising from theorem 4.

The table II1 in [1] is not correct.
Thus we have shown the existence of Bol loops of order 4n (np 2),
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1. Let f(s) be an entire function represented by the Dirichlet serics

{1.1) f(s)= Y @nexp(sh.), s=a+if,
n=1
where A5 satisfy the following conditions :
(1.2) 0 h < he<oes =2y unn . Ay —00 as 1. —00 and
; !
(1.3) lim sup -2 — D) <co.
"=r o

The (p, q)-order p(p. ¢} and lower (p. g)-order A(p, ¢) for f{s) having
an index pair (p, ¢g) are defined by [1]:
Yim Sup-log”M(e) _ elp. )=e
8-~ inf log¥s NN
where M{a)= Lub. | fla4if)], log™ x=log{logt” x), 0 log" vx oo, logt
T R

(14

=, m=1,2,...
It is known that [2, p, 59].

(1.5) p=P(L(p. ) if 8(p.g)=0 and L(p,q)<co,
where 1
_ . g #
(1.6) 3= 8(p, g)=lim sup Foep T (log T
. log[rﬂ];\n

1.7 I=L(p.q)=1m:
(1.7) (p-9) ”_Msup log® 2z '1og |4a|-)
and

1 if g+ 1<p=oc
(1.8 Piye g =4 ' TF M p=q+i=2

max (L L)y if 3{g+l=pz oo
) Further, if x,=(log|a,fa,+,|}/(Rp+1—2,) forms a non-decrcasing func-
tion of n (>u,), then for {(p, ¢}+(2,1)

(1.9) ae= P(0),
where

{p-1
(1.10) 0=0(p, ¢) = lim inf 108 7 Py

o = loglﬂ()\;llog |(l”| "l)

and P(0) is defined similar to P(L). (1.9) holds for (p, ¢)=(2, 1) also, il
further log 2,~log Aus+, as #n -—oco.
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L
For the two entire functions f{s) ~ X a,,, oxp (s2.,). (=1, 2}, wemay
-1

M

similarly define (L) and 3{p. ¢) cte.

We say that f(s) is of regular {p. ¢)-growth if o(p, ¢} =2(p. g).

In the present paper wae have m\mt!qatu] various wlatlons Detween
{p. )-order and lower (p. g}-order of two entire Dirichlet series. The results
can casily be extended to the case of anyv finite numbers. Theorems 2 and
3 are the vefinement and the generalization of the results due to Jain [t]
and Wamthan (37, respectively.

Nolations used,
I == (logh ] g, 71, 0 -<mn <o,

¥ 4l W,y s )
3 ] 12 m oS (105« g h#--") . D Ry =20,
I=(log" | ayp., r) s, 0 -<m, <0

and Xiw 10g Tig[ i [ L wir—Aian
2. We now prove .
Theorem 1. Lo/ fi{s)= X u, o OXP (57a), (£ 2), be fiwo culive Darichici

serics of finile (p. g)- orffcrs gi and lower (p.gy-orders v Suppose that
there cxist sequences §$h,) and 1{1,,‘, such thal
(\) 10"“’ ﬂl ‘-]O“Ep ﬂ)\ ‘-’lﬂglp 1])"."1!- (ll) 8=81=S._;=0,

{iil) log ]f~ Iog(] \) Camd (1) v, and xy,, are nen-decreasing fuu-

cicus of w for oll sufficicutly large n. Then f{s)= X a, exp (sn,) @5 an en-
n=1

i Dirichlet serics of (p, q)-order (= P(L)) and fower (p. q)-ordcr 2= (D).
Such Hurt

2 m My 2w 2mom Hl, _ 2m
(2.1) — =1y ==ty Ty Ma g, SR
0 L

—lipm i > =
0, I. O Ly 0, I

provided (p, )#(2, :
Further (2.1 [ds Jor ihe dndex pair (p,q)=(2, 1) also, if
(v} log rp~log k,ey and log e,~log Xy, 4iy-
roof. Since

. log if o Ldeg (XY log F* X
Ihm lllij — him lnfg. =1im inf o8 ! +lilll ]n{..._._“h_._\___.
- lt)g“’ Uy, mon log.f’—l.)‘" [ zlog[p l];\t Ao on Zlog[p IJM
therefore,

2
(2.2) Zm_my | e

]‘ - ]-‘ Lg .
Thus I is finite becanse my, mr. are positive and L,, L, are finite. Hence
fls) is an entire Dirichlet series. Now for (p. )22, 1)

i o L . I N
lim y _log > lim log 1 o fim log X
) lngfﬁ'l'}n_1 A= 210“.1" l::, Lon oo Zlog[p—nlg’n -
= lim __7 log H
[T ]0(1“’ l()

Hence,
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(2.3) o > T >
E) f') - 0, i
Similarly, we can prove th;lt

(2.4) 2_1_11 > Wy i n., Zn_z

' 0 6 L, L

(2.3) and (2.4} give (2.1). On using condition (v). we can also prove
that (2.1) holds for (p, ¢)=(2. 1). Hence the theorem. The inequalitics (2.1)
lead to
Theorem 2. I/ all the conditions arc the same as in Theorem T and either
of the fwo frunctions [i(s) or f.(s} is of regular (p, g)-growth, then
2.5) 2m o, M
3 e =
( L L, L,
Remark 1. This theorem generalizes a result of Jain [1] for m, =
e —m=1, p=2, g=1, which hc obtained under the more restrictive
condition that both f,(s) and f.(s} are of regular (2, 1)-growth.
Theorem 3. 1f the conditions (1) to (f0) are the same as in Theorem 7,
exeept (7). which may be read as

- B

. for (pogy#(2, 1),

(iii} log H~{(log I'}{log X)}'"2,
then f(s) 15 an entire Dirichlet scrics such that

mlmzll-"l

{Il o)
) [y s 1-"-’_}&_ m o fmym 12
2-6) \0, 02} = e = é{;.l Lz}

my L2
ot
jJrOE'Id:'if (p. F])?"—'(Z. 1)- ) o

Further (2.6) holds for (p,¢)=(2, 1) also, if the condition (v) of
Theorem 1 satisfied.

Proof. Since fi(s) are entirc functions, thercfore, for a fixed large
number w,, log®a;,, |7« =K, n =n,, where K is positiw, and arbitrarily
large. Using (iti)', we get log H = (m,m.)V* log K, or, 11m inf log™ a, ~ " —oc0.

Hence, f{s) 1s an entive Dirichlet series. —

Now, we have, for any G >0, {p, ¢)#(2, 1) and sufficiently large »,

log H 1
—— e e i o,
logle-—115 I

log # i
(2.7 ———'--———-—‘;an.l-l' Go, and
Toglb—113, , i,
log X
——m, — i,
loglp=117,, , 1*": I
{2.7). (i) and (iii)’ give,

_log—H; Im. m_(L —G.'.(—l— --G‘ -
logt?=97,, 1 1= JAL. _
Thus
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(2.8) m [ 12
L 1L,

Again, from {1.10}, we have, for any & >0 and # >u,,
log H 1
— e (G,
logle—=11,_, 0

s log I { 1 ] .
gy ——————— T G, A
2.9 Togh =103, ., o, [

log YW 1
—e R Ml Gl '
loglo—117, ., 0, " J

provided {p, ¢)#(2. 1). Now, proceeding as above, we obtain

NS
(2.10) iﬂs m,m_} .
0 0, 6.
Also, we have
. log If L log I’ R log X 172
lim sup o5 p:” Illm inf —22d 1 im sup g l >
s ]()g[p 1]}‘" 1 1’]—)(!: log“’_]])‘]_" = o lﬂg“'_ﬂ)\z," 1 I
_ log H
= lim inf R
i o log[l’—ll)\"
or,
(2.11) DR Bl B
0 L, 0, L
Similarly, we can prove that
(2.12) E;li’.ﬁ."i’f}m;ﬂ_
10, 7. L

Combining the incqualities (2.8), (2.10), (2.11} and (2.12), we get the
desired result. We can also casily prove that (2. ) holds for (p. ¢)=(2.1)
under the Con(lition (v} of Theorem 1.

Re mur/\ 2. (7 6) is the refinement and the generalization of the
result o{ }/,,, A1) due to Kamthan {3, p. 81 for my=my=m=1,
h=1 and g=0.

Theorem -’- fj all the conditions are same as in Theorem 3, then mfL

my. e L L provided cither of the heo functions fi(s) or fols) 1s of
regular (p, q)-gr mclh
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ON BEST VECTORIAL APPROXIMATION IN LINEAR SPACES
BY

VASILE POSTOLICA

The aim of this paper is to establish some conditions which charac-
terize the elements of best vectortal approximation in a lincar space with
respect Lo afamily of real functions defined on the spa- ¢ or are useful for the
indication of these vlements and to give new sufficient conditions for the
existence of minimal clements for convex vectorial programs.

Let X be a real or a complex linear space, @ ={f, ¢} a family of real
func tmns defined on X, G a non-void subsct of X, v,& X and the function P

X o R defined by
(M () =/f(x), xeX, z=4.

Let 1 oand D denote, respectively, a non-void set and a convex cone
in K4 The following definition is due to Yu!5

Definition 1. 1 poinl vo= Y isa D-extreme pornt of Y tf there exists no
AmeEY. y#Eve such that vy v, +D.

We shall denote the set of all D-extreme points of ¥V by Ext [Y/[D]
and we recall that if f, g= R then

(i) f<¢ means f(a sg(a) for vvery aed ;

(1) f =2 means f<g and there exists e such that fla) <o(=) ;

(i) R1-[fe R (20

Also, throu shout the paper we make the usual caleulation convention:
inf = ) whcr(, @ denote the empty set.

lffm every g €6 we consider the set S{g)={g' eG 1 zalve—g' ) =co(a0
—g)} then we m‘l!w the following definition :

Definition 2. Ay clement go €G is said to be a best veclorial ap proximalion
of xo by the clements of G with vespect (o abbreviated go is @ ©-b.v.a. of a,
by G} if it satisfics one of the following cquivalent conditions

(@) There exists no clement ¢ =G such that

(b(\u g ZEwn (‘-n_‘rl)

(b For cvery g eG™ 5(g,) there cxists f, &® such that
f;;(\o_") f(\n’*‘f.’u ;
0 O LSO el <falie— g} = B

(d) oa{xo--g0) & Ext [{a(xe—G)R41;



