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Again, from {1.10}, we have, for any G >0 and u >u,,
g H {1
s iy,
J loglP=13, 0 }
). N

log F 1 ]
(2.9] T { Gey oand
A T |

]()g[i' ‘11;] o

qu-. AY ) mz{l Gl .
ln[.,[l""'”f.e e 0,
provided {p, g)#(2, 1). No ploue(]mg as db()\(‘ we obtain
(2.10) A LIV
. 0 10, 0.

Also, we have
14 . log 12 1 X 172
lim sup _log I > I]lm inf L} {hm sup o8 l >

log® W, , la=r  logt ., S log" May 4
. log H
= lim mf-—é’——-— 5
PP log[ﬂ l])\"
or,
3 - L] 5
(2.11) A LU Gl
0 L, 0, 1.
Similarly, we can prove that
(2.12) s [——-——"”"'"*}m; n
19, 7. L

Combining the incqualities (2.8), (2.10), (2.11} and (2.12), we get the
desired result. We can also casily prove that (2.6) holds for (p. ¢)=(2.1)
under the condition (v) of Theorem 1.

Re mur/\ 2. (7 6) is the refinement and the generalization of the
result o [/q. ) due to Kamthan (3, p. 811 for my=m,=m=1,
ph=2 .md -0.

I']u-urc‘m 4. T all the conditions ure same as in Theorem 3, then m|L

iy e L L Ve provided either of the lico frnctions fils) or fuls) 1s of
regular (p, q)-groicth,
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ON BEST VECTORIAL APPROXIMATION IN LINEAR SPACES
BY

VASILE POSTOLICA

The aim of this paper is to establish some conditions which charac-
terize the clements of hest vectorial approximation in a lincar space with
respect Lo a family of real functions defined on the spa-e or are useful for the
indication of these clements and to give new sufficient conditions for the
existence of minimal elements for convex vectorial programs.

Let X be a real or a complex lincar space, @ ={f, ¢} a family of real
fune 11nns defined on X, G a non-void subsct of X, x,& X and the function Pas -

N =R defined by
leal ) (o) =f2(x), x=X, a=4.

Let ¥ oand L denote, respectively, a non-void set and a convex cone
in K4 The following definition is duc to Yuls]

Definition 1. .1 point voe€ Y isa D-extreme porni of Y if theve exists no
eEY. v ve such that voey, D,

We shall denote the set of all D-extreme points of ¥ by Ext [Y/D]
and we recall that i f, g R then

(i) f<g means f(x Sg(a) for cvery a=4 ;

() /=g means f<g and there exists e such that fla) <e(x) ;

() Ri={feR': [0

Also, tlnou shout the paper we make the usual caleulation convention:
inf =+, whcr(, @ denote the empty set.

Iffm every g €6 we consider the set S{g)={g' =G 1 za{ae—g') = colno
—g)} then we m'llw the folluwing definition :

Definition 2. fn clement ¢o =G is said lo be a best vectorial ap proximalion
of xo by the clements of G wilth vespect (o abbreviated go is @ ©-b.va. of 1,
by G) if it satisfics one of the following cquivalent conditions :

(@) There exists no clement ¢eG such that

pl Vo — ’ & Plil("'ﬂ_‘rl)

-0

{
(b)Y For cverv e =G S(g,) there exists f, € such that
{

fil Yo U)\f(‘l\‘”‘gu 5

(C) :tI:IA {:L'*‘G 'S.(_'-;ci) : f ( "UH")<fg( —g )} . g'
(d) 90(-"0 ':f-fn) = Ext {F(b(-\l"(:)fll\]‘f ]
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[

If xo=0, then g, is called menimal clement for the veciorial program
(G, pa) and we shall denote by ¢ {o4) the set of all minimal clements for
the vectorial program (o). 7

Definition 3. Au clement go €6 1s said lo be w best simultancous appro-
vimation of x, bv the clements of G with respect to © abbreviaded g, is a -
bsa. of xy by G) 4f

To{va—ga) < palxu—g)
Sfor cueryv geG.

Remark 7. The definitions remain valid if we replace R with an ordered
linear space and it is casy to sce that every ®-b.s.a. of x by the elements
of a non-void set G=X is a ®-b.v.aa. of v, by G. We have studied other
connections between the clements of best vectorial approximation and the
clements of best simultancous approximation in 4].

Let M e RYRY endowed with the usual product topology and with
the usual partial ordering) be a non-void sct and let p= R Following 2]
we say that p= INF A if p < M and there exists no m e M such that m < p.

Someimmediately connections between pg(G). INF ¢,(G) and el 7 olew))
are collected in

Remark 2. Tt is casy to sce that we have :

() £o=G is a minimal element for the vectorial program (G, pa4)
if and only if
palgo) = INF als)

o (ii)_tlp,,,([',,.(pq,))gI"r ealG) S palG) < {ae R v et where = (m))
= R4 with

(1) my=inf {a; : (a;) € po(()] ;

(i) Il m=gy(6), then ea{lelpa)y =1{m} ;
Let us denote

(2) Dy=i(pip)eR" 1 p, @R, Vi' @4 /40, ied,

(3) 1 (P =int fu,: (@ pu) SoulGYy, T€A T @A i),
(4) o {pe) —=inlia, : (a;, ap) Eop{G) and ()< (pr)}, 18 ANSi'e.d: 2
{5}

i
ve=inf {u; : (a,, i) SpplGY. ' e A, IR

Theorem 1. For cucry (p) & INE o4(G) we have
(6) Vi) Kpigal(p)], Vied ' ed it#il

) roof. Indeed, if (pye INF ;,,I,(G), then (Pe)':;’<1=((;) and by (3) we
obtain :

v vilp) IS p Ve AN €0 24,

. On the other hand, if there exists (p,) INF pa{(r) and 7= AN (i’ e
Ari'#1} such that p, >a[(p.}], then from (4) it follows that there exists
{a;, @) € pg{G) with ()< (p,) and a, £ which implies (¢,) < (p,) in contra-
diction with (p;) £ INF 0,(G). Taking into account {7) we obtain (6) and
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the theorem is proved. The following Remarks and the Theorem 2 show
some conncctions between INF p0(6G) and the df:flnlthl]S (I)—(_S), with the
mention that we have denoted the component ¢ of pgf{x) (x=.\) with

Remarks. 1) For coery 1€ e sel gp{GIN] 041)».'0 INF 04(G)] s
1" £
cither emply o the singleton (a1 (pe) |, pie). ‘ _
Indecd, if the announced set non-void and z4{2,) = s0{G) | -Q{ Dy M
i
INF gol3)]. then by Theorem [ owe have

(8) 1illor (@M< plga) <arlpn (g)], ViS ANSI €41 151}

which combined with 2 [{p;, (g} €pdgs) implies o,{g)) =2, (5. (ga))!, for
every ieAN{iT e # _ .

2y 1f eois amingmal element for the eectorial program (. sa), then
there exists F€d and p, € R such that

(9)  gos{rsl i Vg eb with o)< pr=(oi{e N ¥ (o (gD, " = i

Indeed, if gq is @ minimal clement for the vectorial program (€, go) then
i1 is sufficient to observe that (9) follows taking p,=¢i{ga) for cvery i
3) If there cxists i=od and p,€R such that

110) go=frel: pg)<p, and there exists no ge6 with &4 {73}

" (pr(2)  (prl2)

and
(1) 01/ 1< pilg)< pi) —constant.

then g 18 o manimal clement for the veclorial program (G, pq).

If ¢, satisfies the announced conditions and there exists ¢" =G such that
eal) oalaa). then pu{g'Y=pi(g) for every t' €4 - i} and a{g") —pi(ga)<
< p, which contradicts (11). The result follows.

) Af there exisls e A (a,.) € RN such that (a:) < (pi) and
(el {pi) | ae) oafG), then po{G)NL n4[)f’ N INF 046G} =
"_E‘

Indeed, if (pi, pry=a(Glen! N D, INF g0{G)], then by Theorem 1 and
‘::E;.’t '
by (pi. pr} € p0l() we obtain p; <a;[{(f¢ )] which contradicts 1).
SY 1] for cvery v e owith {9, ()] <{ps) we have (2, [(p )] pi (€))% palls)
then
(12) O ADPNINE gu{G)) = palG)N{(ps. pe) 2yl (IS pigal(p) Tt K
e
' N
Indeedif (p,. pye 1 (D, INF o(G)), then {po, pi) € (G} and by virtue of
L3R
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Theorem 1 it follows +[(py)1< Pi<al(pe)] "2 A {1, hence (pi Py e K.
Thus we have proved the inclusion .<“. Assume now that (p, pVe k. If
there exists g&G such that pg(G) <{pi. pir). then el 2 [(p) 2 p2 olg)
veAn i) hence pdg) =a[(pe) 1= pu. (2[(pi)], pi(2))= pa(G) and (pi. (2)) =(py)
in contradiction with our hypotheses. Therefore we have also the inclusion

a4

w="1n (12) and thus (12) is proved.
) iz, Yiell:
N ew{Ualea)) S {(ods)) : e =G and m < edg)<y, vied!;

Indoed, if pe{go) € el :(pq)). then i< ad&) for cvery e and if there
oxists €4 such that Yi= o0, then it is clear that mi< o2V v

Assume now that 1 € .4, v, foo and ed&) >y then, by (5) it follows
that there exists v, =p,(G) with (0:. ;) € 00(G) and visa;<p{g). Hence
(¢:. m;) Spa{G) and {4, m:) <pe(gs) which contradicts the vectorial minima-
lity of go. The result follows and it is casy to sce that, in generw, the inclusion
in 7) is strict.

8) (i, ms) S ool :(pg)) if and only if {y,, m,) e pal(s) ;
Theorem 2. We jape

IINE 0g{G)={(p:) = polG) : vil{pe) < pigadips)], Vie ANTi" e A 1'%}

Proof. By virtue of Theorem 1 it follows that for everv (p,) e INF
pelG) we have (p) = 0,(G) and TP IS pigallpa)], Vie AN\ e d: i),

Let now (p,) = pa(G) with P pi €[ (pe)] for everyredn {i'ed ;
7'#1} and lct us assume that there exists &G such that py(g) < {(#:). Hence
oc.fi_'ja,)'gpi(g)gp,vga,-=(p,«)" for every je N\ {i'e 11'#1} which implies

ei{g)=pi. €4 in coniradiction with our assumption and the theorem is
proved.

Now we establish two new sufficient conditions for the existence of
minimal clements for convex vectorial programs. For this, in accordance
with [37, we shall denote by $,(f)={b, =B fbo)<f(B), Yo B for cvery
non-cmpty sct B X and every function /@ X' ¥ with (Y, <) an arbitrary
partially ordered linear space and we assume that ' is a real Hausdorff locally
convex space.

If X7 is its conjugate (i.e. the lincar topological space of all continuous
lincar functionals on X), G is a non-void convex subsct of X, d={f, : a =4}
is a family of finite convey functionals defined on X, ¢s=G and for cach
a&.1 we consider the function fa i N~ R defined by Lea{ V)T {B) =/fa(x).
x=.X, fed" {«, then

Theorem 3. (i) I/ for cvery a s A for which there exisis g eG with Sol
<falgo) we have $,(1.), Scloa)# @ and there caists o € X* such that

{14} sup @(Ja(fa))gq’(%) < inf o(S(p2))
and
\15) goe(g-: EG: D(gh=9{%l} (fa)ncgif;efr‘io(:: 9(::»1;(9:)

thest go is @ mindmal for the conven vectorial program (G, a4)

1
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of convexiiv of lhe Sunctionals
program (. za), then there cx

and if {g=G:
such that {14). (15} kold.

palg) -
(Tﬁ) fa8(Z) ~ fa(go)-

by (14) we obtain ¢(g.) < ()

' s pot hvpoticsis
ii ' n Sl oa) = olop) and for this point the &
() L il ‘fr(f—dttz « L‘(.'Eggs g0t uec‘essa.r_vl; ol
oy ) the convex vec

spd = { s a minimal element for :
iy 1] Sclpa) =& ane lff;is wed such that {2 =G : ful) < -[a(go)}:?*
0a(2) <palg)t = @ fmplics go=Se(pa), thon there cxists g <.

| | - 3 - T Zt
Proof. {i) Suppose go® ¥ 4(pe). Then, there cxists I =( such tha
oa{ga). hence there exists ae=.1 with

5) s ol o s of2) <o(g,) ; in this case
Then, by (15) it follows ¢{Z)# o(g.)- Suppost,;i)(z)pa(q;()cjuv iC humee

we have 2.8 Sc(ps) since, otherwise, it follows pa( g

= 0 d 1
PR 2a{go) = p2(2)- Therefore 555(.(901) an
- in contradiction with our aSSumPt‘OE' by (15)
Let o, €8 4(ea)- By (1), o(gn)<e(g.) and if -‘?(‘*"”t‘:ﬁi’:ﬂ’sé en by (I
i followsbp (20)< pa(ga), hence g =Selpa) which is noh ]t) ‘)\'—]—‘(1_—1){3 IS
! '!’hcrefaorbc o(2) <g(go) —9(g)- Let KELO'I) such | ; ;P(e(g ( )=<P(Z?o)}'
(¢,). Since G is convex it follows that 33 4-(1 —Z)ga) /{b ("r)‘ (iiﬁce pa(2)<
hICP .::“ we have oa('hg-l-(l—?~)P=)~<~7‘9=(g)+-(l_l)Pa(g? Tp?fbn‘ & U o(29)-
. 1) and pa(ga) <palga) which contradicts (13). r-hLm o 1;1(: i
Swz(é;n "n qimt:lz?r manner, taking into account the first part of (14) we
tain go=@alpe) if 3(2) >(g0)- , :
ob am(i;,)o o, ;gr?uc of Remark | we ]1;}‘\4’8 r')’o(?-h) < lf_rigpo)]; L—:-L(](itq?'[(()lwg'bée
=W {pq) and assume that g & Selpp)- Then, there exists 7, €

such that
(17) Salg") = falgo)-

i g}y = ince, otherwise. f2(2)=/a(go}
it g8 . We have f,(8) = fa(g) since, o g S

impligs‘t}ﬂ(%j gj(;((i"g) Vo =G, hence fa(go)<falg?) which iontradmﬁ L 1 3mp“cq
.l‘her:forc F4(2Y <fa{ge) and fg(é)ﬁ Julgo). Vﬁdr—(;il) iq{a}ro:?cd.c s
(3) <pglgo), in contradiction with g,= / (po) an sp T

e (iii‘)h ;ct S alep) =@ Then. there cxists f =@ such that {g : fa(g
= f{gs)} is non-umpty. - ) B
bCase 1. {eeG e, <pulgo}#D: we have Int {g€G: fo(g)< fa(gd)} )

A Int {g€G : ()< salgo)} = & and by virtue of the Theorem 1.6 (13, p-77

there exists ¢=X"N {0} such that .
. o )
(18)  sup ¢({g =G : fu(g)<falga)}) =6(ge) =inf ¢(1g €C : ()< palgol]

T~ o }.
and because Soffu) S{eeG 1 ful )< falgo)) and Selea) < {g =G al)< palgol}
it follows that the condition (14) holds.

Assume that goetrx’{f_,,fq). ¢ﬁ=$(gn_.c;{a)1,<cp(
oy —o{o, 1 fule) <falge). Hence o(gl< Lvery 2 A
fl(ltél)coﬁ‘(c?a)r\?rl‘(ab{,(btﬂcre eb:fists =G S?}ih tha?isips(g))/ ;?(f(;)l)a::,luc}l)ly t(haz
s obtain [f,(g,) < f2(2e) < [folE). hence there ex 2 1) ysuc g
}vb\z}? -I—u(pll —f).(l-):q)) =£,Ego} which contradicts (18) becausc (Mg +{1—1)8)
?i?(!go). The sccond part of (15) is proved similarly.

?:(g“)g Pz(§)< P‘?(

Then there exists g, &G with

2o} for every ¢ =G, because in
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Case 2. 1geG o (g) < pa(ga)l = & then g, Erfd(_(pa) (/2) {because g, =

&l (pa)) and by the Theorem of Psenicnil and R ockafellar
([3], p- 1025)it follows that there exists 2= .X" such that

(19) ¢ =0/a(8) andneinf ?(2) =9(g.).

A

1%

Therefore o(e,) < inf ?Salpa)) and 2(g,) —2(g,) < falea) = falea) €0 for
every g, €58,(/;) which implics

(20) ¢{go}> sup o(S o f)).
By (19) and (20) we obtain {14). On the other hand we have

Lo=Su{pal e S{g el plo)— P(ga)} (pa). Let ¢&G with e{y) =o(g.).
B.\' ([9) we Obtai" f?(g)_'(?(g")‘s-fa(g) s fa(gﬂ): thilt isgﬂe‘si.vé Gl iy (f?)
and the theorem is proved.
Corollary. If for cverv f,ed Sfor which there cxists g6 with [ (g)-
= f2{go) we have S fadst &, there exisis fe€® such that Falfe)# @ and v
X7 such that

(21) sup oS (NS olgad< nf o(Sa(/1))
and
(22) Lo Efg.;cfr izl ';'ﬂal-(fa) M REG gl '¢t:,l,(f3)e

thew go 18 o minimal element Jor the convex vectorial program (G, oa).
The proof follows the same line as the proof of the point (i) the above
theorem for ¢, Interchanged with f3 and for this reason we have omitted it.
Remark 3. The Theorem 3 generalizes the Theorem 1 of 37 and it is
clear that all our results established on the minimal elements can be applied
without any difficulty to the clements of best vectorial approximation and
to the clements of best simultancous approximation.
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LLOWER BOUNDS FROM DISCRE'I‘_E 1?\‘1".'(_:)_%'_;\[.1'1'1135 OF
h GOLLWITZER-LANGENHOP TYPE
BY

IR BEESACK

i i issue is journal, S. M. Singare
ion. In a recent issuce of this jou - '
] Ii‘ I(ptr([l)d}‘lt? 1(1)}) atte [7] proved a number of d}s'i“.)liutc dg_nlggm :h .?;:
o el tvpel in fitios i ‘0 independent  variables.  Sin
> all-tvpe :qualities 1n two indep : 2 hen
ok o 1 1nﬁL]qfl"a.\'c similar proofs of discrete \'crsloFs of othur ](:I‘Og\\ a411
Titi ) citzer 031, Langenhop (4,
s raoral ineaualities duc to (-Ol}\\ltfﬂtl‘t‘,, cnhop
tvpe m’t-(b‘rzllll 1“;(%‘{ ¢ [5]. Unfortunately, five of the six th(.Ol'Ln']b 1lnO _16“.
.'lmdr('lthg‘ unnatural and restrictive conditions 1\1\'1?;(-]1 liF()I::rd: oot
. 1:]:d l;v the method of proof. In this paper we :s'hal ti: ;O“h[‘lt(-r ‘\‘(.‘”ions
requ formation allows us to usc the theorems of [7] to obta pt LB veron,
trans (;-r . “thcorcInS of (6] and, at the same time, drop the res rict 1\.} i
“”h([ 1\t(hc case of integral incqualitics, this type of Ll:anbfo}l?]d*]0'11iti‘(-,‘"§
(m?.t ?l(mt by the author in [L; pp. 4—5, 22—=231% lor discrete ineque :
poinie A

1 it i : limi 3 tion.
he transformation produces a shift of onc unit in the limits of summa
{he trans : g

e use the same notation as in [7],

: . nd Results From [7]. We use t : ELin .

' 12."1\"0“\1'.2;)]? E:\" {0, 1,2...}. Only three of the thc.orcms. (?l{]L.I]-‘::?‘;I },)]L

ik ltc;‘ ‘111-‘;,?( and we state only the special cases required as Theorems A,
needade , c b A

5 ("Thcorcm A [7; the 1) 1f O, ), b(i,j) are real-valucd nonnegative

-1 =i

;g 4L Y Y bix 3)b(2, 3) for
" T - md M. 7} 34+ S L Ofx,
Sfunctions on N3, Az0 is constant, « {i.1) T

Pachpatte [

and
cont

1—1 j—1 P
(20, then O(i. ) <. T [1+ < b, 3)} for i.jz0.

b a=10
S| 2 . - - - lth
' i 4 >0 was 1o, but if =0 then the resu
| the requirement A >0 was made, Rk
' l-I'll —{I t' L-‘I ~l -0, and the conclusion follows ba l(,th_n\g ~—~{)\—r§;. .
e \'\l'l}tlgo;l:z];l B ‘; tﬁ. 20, Lot U, ¢ benonnegative f{rm‘/rmr:} o R i
be constand, and let W) be continuons and nondecreasing on A
Wiw) 0 for u=0. If ‘
1—1 }—J L ) -> (}
Ui M+ X X cfa, 8YIV(U( 8) for 1.7z
T 0 50 g =
] 1 E . 0 ve L(7, 1) Q7 QA X T ofx B
then for 0<iZi,, 0575/, we hav U1, 7) QT QAN+ LN ,‘ i
where 0(r) 1, ds/V(s) for r=0, where g >0 is arbitrary (Y7 denoles the inoerse
’ I =1 jo—1 . .
o ] 3 A Y ol 8) = Dom (Q7Y).
Sfunction of Q. and i,, jo arc chosen so that QUM+ a:HO{’:“(( 8)
In (77, the case M =0 could be handled by the same m(‘:t‘}Tf)El_ (.1[0—?— 1::}:
—04) used above. Also in case 6=0 in {7], a SlI‘I]PlL“ m?;hmfa_;ﬁnﬂ\ducvg
prc)(?f shows that I need not be submultiplicative, since (14) of | «duce



