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Case 2. Jgel:0,(g) <pa(g)) =@ : then Lo i=r¥.-,(r.mal (/2} (because ¢, =

© Ulea)) and by the Theorem of Psenicnii and Rockafellary
([31, p- 1025)it follows that there evists 9=YX" such that

(19) 9 =9/2(g) and inf o(g)=g(g,).
2€cS; 0
Therefore o(g,) < inf 2 da(pa)) and 9(gl)—2(g.) Sfalga)—Salen) €0 for
every g, =80/} which implies

{20) #(20)= sup o(S4(f.)).

By (19) and (20) we obtain (1

4). On the other hand we have
L ‘;rgr:(.oa) == fy{g G : <P(:‘-.') =c?(g0); (F’

x)- Let g6 with () - of

By (19} we obtain o8 ~olg) < fulg) —fa (g}, thatis z,=
and the theorem is proved.

Corollary. If for cocrv fo=® for which there cxisls g=G with f(g) -
= falge) we have S fa)# @, there exists fo=® such that Salfe)# @ and i
=X such that

i
TR

a i~
O‘iuec o). i ﬁ'n--(.—'r'-f:

{21) sup o(Se( )< ool < nf 9(8a(/2))
and

(22) Yo =8 en ¢(f)=';(l:«)}(fa) M Fpe:: Gigd r.:':...".fa:'-
thew go s a minimal cloment Jor the cony

ex wectorial program (G, se).
The proof follows the same line as the proof of the point (i) the above
theorem for ¢, interchanged with f, and for this reason we have omitted it.

Remark 3. The Theorem 3 generalizes the Theorem 1 of [37] and it is
clear that all our results established on the minimal elements can be applied
without any difficulty to the clements of best vectorial approximation and
to the clements of best simultaneous approximation,
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LOWER BOUNDS FROM DISCRETE I.\‘lﬂrQE",;\E‘l'l'lES OF
GOLILWITZER-LAXGENHOP TYPE
BY

1. . BEESACK

i a recent issue his journal, S. M. Singare
y IPtr?’ch} ‘}(1)“- :IE tltu't;ntpll‘:):.lircdo'f :mml]mr of discrete analogucs of
A v 11(1.-' ¢ dil(]’cqlll)&l(liti('s in two independent variables.  Since tr]"fln
(.mn\t-l : \t]; e [6] gave similar proofs of discrete versions of other ](,rom\fa‘1 -
g P-r:l al in¢ uaTities ducto Gollwitzer [31, L.u ngenh 0 p "6:
type m,t_(b-nll a(% tc (5], Unfortunately, five of the six thcorvma_ in 6]
s dbti }')r ummtul:al and restrictive conditions which appear to ]n
vontin ga' l131 method of proof. In this paper we shall show how a .ﬂnfp:i
required ),-\t. L,{“()‘\\’R us to use the theorems of [7] to obtain b'ett.(--r o lbll("):(i;
t1-;111<f0fr'r1‘(!,T]1({2rLlns of [.6] and, at the same time, drop the restrictive conc 1'
()Hh(‘hf:\tt}u ]t‘asc of inﬁ‘gral incqualities, this t}']pcl‘nf tll:zms{tomi:;tt(]](;nlli\:iii
oo by the i cpp. 4—5, 22=23]. For discrete inequalitie:
i :'lloildl;rtg](c]);(}:s [al. slll)lI;t 4of onc unit in the limits of summation.
o tr:msfvortmtf.t ilanld Results From [7]. We use the same notation as :?}11-71 :
hut ]2\\ '11\'(: :\lx'il:)h A':{O: 1,2...}. Only three of the thc.o-rcms (')l[‘]'? \:1115 ;)l(,
o (1.(1(1 ‘h}cll.‘c' and we state onlv the special cases required as Theorems A,
neede . \
y Y Y . T, )7
Bt 'Theorem A (7 the t 1f O, f), b)) are rl: u.-:.:rhnd HoRite galive

; e O ) SsA+- S 2 bla 2)D(2. 3) for
functions on N*, A2 0 is constan!, and O, 1) Al

11 .'_" . P> 0.
1720, then O, j) 4. 10 [l+ S b, .'3)] for 1,7

=0 =1 ) - ‘ . ‘
In (7] the requirement A >0 was made, but if =0 then l(l)u_. results
1d with any =20, and the conclusion follows h_\'_ fetting = LA
ol \"l‘lllt;lo;efn B 17, th. 2). Lo U, ¢ benoitnegatioe | lruri:r)m} on B =
: e i TR 9 b ]
e constand, and lef W() be continuons and nondecreasiing on .
W) 0 for u>0. 1f = N
B 3 it >
i.jysh YL cfo OIW(Ux. BY) for 172
i y=aty X 2ol v
] (g, W ve U )2 QAN+ X T ofx, B
then for 0SiSi,, 05727, we haw U, ) s Ll(\‘ ) S .
where £(r) fds‘]ll"(e) for r=0, where ra=>01s arbitrary, 7" denoles fhe fnwers
EHCFC L = ] B b .
! iw==1 ja—1

J -
o ] A+~ T Y ofa, 8) € Dom (Q).
Sfunction of &, and io, jo arc chosen so that Q(M) z:c's:"t(a B)

: : hi : - the same method (M =z —

the case M =0 could be h(u_udlcd by . cthod ‘

~0- %:’ﬂgzjl‘ all)f)ivc. Also in case 6=01n {7}, a Slm.plL: llli);llflcf‘lfffqnn?(;u‘ilz\:
proolf shows that I¥ nced not be submultiplicative, since (14) of [ :
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2z

o u(x. v}<a(v. v). Note that Theorem £ is a discrete version of 13
incquality [2].

Theorem € 7, th. 3. /fd, b, ¢,
ts coustant, and

ithariyg
dre nonnegalive functions on N2, A0

fua] 1 a—b [ -1
Pt ) sd+ X X M, 8) (M(a.B) £ X (i, v)b(u, v)]
=0 o el ov-n

holds for i, 720, then for all such {7

==l =i R | s—1
D7, 724 {] X OE b, B H (1 X W, vy +efw, v)}” .
- fe 0 u=0n vou
3. Main Results. As noted in the Introduction, the Theorems we shall
obtain here by applying a standard transformation to Theorems A, B, ¢
will differ sllghtl_\.' In form from thosc of Pac¢h pattce [6], but will not
Tedquire such restrictive hypotheses and will give better conclusions.
Theorem 1. Lot ®, a, b, 1 be nosnegative functions on N* such that
& i
{n (s, HZ o(x, y)—ufs, f). X S b, uyd(m, u)
movd e ya

holds for 0<xygs, 0< vgr. Then,

(2) uls, Dz o(x, v). 1l 1[: va(s.fy. T bim, ';1-)]1
may b L RIES

Jor all such s, 4, x, 5.
Lroof. 1 we make the transformation

(3) V=S —t y=l—f, m=5—a, n=1—,
{4) AL ) =Ws—ii—3), B(i,7)=b{s—1.1- .
in (1), we may rewrite (1} in the form
X f—-1 =t
{17 D, J) Suls, )+ X % afs, OB« 8)d(a, 8),
T B

valid for 0<igs, 0<j</, for arbitrary fixed s, £2 0. By Theorem A with L] —
=us. ). buafs, 1) B, we obtain

te=l J=1
(2') i NSuls, )1 [14a(s, ). S Bla, ,3)',
x-- 0 fal
which reduces to (2) on using (4), {3).
Remark 1. Since (14-2)"' 21—« holds for all o - —1, the lower bound in

(2) 1s better than the (cotrespondingly modified) lower bound

w(s, zo(x, vy, T {l ~afs, 1) . = b(m,nj]

nemxl] LE L

found in 6, th. 1], where the additional restriction is made that the factors
In square brackets a.l be positive.

Theorem 2. Lot =, a, b, 4 be nonnegalive funclions on N2, and let H{r

be positive, continnons, strictlv LHCFeasing, conveyx, and submulti plicative on
(0 W} with H{ry -0 as y e, Suppose also that p. g are positive Sfunctions on
N=with pls, Hgls, 1) =1. If

£} I
{3) w(s, 8y Zo(x, v) —afs, t)]-{"[ X bm, n)H{z(m, n))]
1

x-i1 v

"3

b —
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holds for 0SxSs, 052! then for all such x, v, 8.1,

{s. ) Z2p(s. HH {f’"(x,t) H{g(v.y) 1 [' (s, i als, Dy Ms. )

moax il

{6 , 1“. (m..u)] 1}

LR

werse functi f, bul pr—[p. g =g, ]

iwhe v denoles the tuverse function of H, bu! p7? =134 -

e {’Iroo}ifxs tin [6, th. 2], we rewrite (5) as _;»(:\‘,y)gn(s, /1)’-1:':1‘(5. HITEN

bm, n)H(p(m, 1))}, whence using the proportle? of))l“l,v\:‘o{(mu S
( B E s, ) s, ) X b, nyrd(pim,

X, <pls, NH{u . p (s, ) +g(s HH{a . g7 (s, ' i "

i"(r)(r@i) = i')s)sj)é S v £4. Again, we make the change of variables corresponding

to (3), (4), and the last inequality is transformed to :

Y Y Bla, B)I((. 8)
H@(. D) S pls, HH(up™(s. ) gls, HH(a- g7, 0) X0 X Bl B B
valid for 0Si<s, 055 <t for arbitrary fixed 5,020. Agaln we may apply

Theorem A to obtain - -

H{D(E, D) S pls . OH(up™ (s, 1) a(Hﬂ[l (s, O H(a. g (s, 1)) BL(’ Bz, 3)] .
By (4), (3) this reduces to ‘
H(®(x. v} spls. D HG . p7(s ) T

"

[l Fgls, O Hla . g (s, D) );_. 1 b{m, n)] 5

L]

or . \!
U b, 02 s, DH, ) T [1 Fgls A g2 (s.0) S

b{mr, H)]-l :

Because H is inereasing and submultiplicative, H ’IES }u{{n'almtl'l\_{fnh(uﬁt). super
hmllipli(-ativc, so if we apply H™' to the last incquality }\: ]0 > ; DA o all
Renark 2. Because H™ is mcrc_:asmg_;md (l—}-ai) B -t-h ! thc‘ ok
t— —1, we sce that the lower bound in (6) is better (large r)- ;11:1 e
o ding lower bound in [6, th. 2], and does not involve the {1;(:5_0 tvs
Ec\)-'l[])othiqis giwn there. In (61, the unnecessary assumption H{0)= as
o I’Fﬁgg;em 3. Let the functions 1, a. b, be nonucgalive on N¥, and srzbg(;;;
that W{x) is conlinuons and nondccreasing on {0, ) with W) >0 for u=>0.

¥

¥

) w(s, Yz ul(x, ) —als,f) = -\!-7 b{m, n) W (ae(m. n))

mearil =yl
Ry ! < B
holds for 0<x<s, 0Sy <t then for 02 x£528,, 0SSV LS4, we hrave

5 t
) (s, ) zQ [Qw (x, M —als. ) X Z b, ")] '

A4y
where Q(r) = f s (s) for r =0 with arbitrary ro=0. Q7 is the inwerse funclion

of Q. and s, lo are chosen so that
! -~ . < =y
Qx.(x, ) —als,) ¥ 5 blm, n)e Dom (Q") for 0S¥ Es S8, 0=

S A |

IA
A

L2,
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The proof follows by rewriting (7) in the form
!
{7 w(i, V) Suls. ) +als. 1) X X b(m, ) Wi (m, n)),
r=] yiy
and making the change of variables (3), with B defined by (4) and also
U1, 7) =u(s 1, {—7) used in the first and last occurrence of » in (7). The
mequality (7°) is thereby reduced to that of Theorem B with M= u(s. ),
¢ —als. ) B. and the conclusions of Theorem B transforms into
¥ I
i(x. V)20 '{.Q(u(s, tals.0). XX bim, u)}
41 s
for 0Zx <525, 05 vsr=y, sav. Since both Q, Q' are increasing, this
transforms into (8) for the indicated domain.

We observe that (except for the shift in the limits of ssummation) (8}
is the same as the result given in [6; th. 3.
Theorem 4. Let poa.b.¢, 1 be nonnceative finnctions on N such that
5 !
(s, fyzo(x. v)—als, ). X Z b(m, n) ]'_5(‘»1. E!
LCEEE B R T |
9

¥ f

- S Y Az et p)}.

Se=mll g mgi]

Jor 0= v s 0<vgt Then for all such x, Vo, 4 owe have

3 i n
(s, £) z0(v, 1'){1 faf{s, ) X X b(m, n). Il [i -
4] oy

(10) ' k!

s

1

= als DBE, o) +e(E. .a))]} -
pond

_ P’roof. As in Theorems 1, 2 we make the change of variables (3}, (4)

in (9), and also sct E—s—y, o=/ v, O, v) =¢(s—up. f—v). Then (9} can

be written as

=1 -1

21 R
D J) S uls, bals, 1) SN Bl 8) {d)(a. 3L Y X Clu v, ]
=4 foq wet yen J
valid for 0=iZs, 0275t To this we apply Theorem ¢ with A (s, 1},
boals, BB, e —=C, and obtain
. s—1 -1 1 1 =1
tl)(-i,J)éu(s,l){l-- a(s,0) .S S Bla, 8) . T [1 CX (a(s. 1) Bl v) +Cla, v))]}
0 0N -0 von
for 02125, 0524 By the change of variables this reduces to
X 4 5
?(.t,‘\')gu(s,:‘){l Lals, ) - X X bm.on)y. 1 [E—{-
LI B | I mol

!
S (als. DHE o) f (i p»]}
£ on
for 0gvss, 02 v2r Hence (10) foliows.
Remark 3. 1f we write (10) svmbolically as
wZp{l a1 Hd)) =y,
and the corresponding (modified) lower given in 16, th. 4] as

e - By
DISCRETE INEQUALITIES OF COLLWITZER-LANGENHOP TYPE 24

wzofl4-aXh . {1 —=d)} '} —p.

then one easily sees that p,Z g, so the bound (10) is again better. In addition
» restriction t—d =0 is not required for (10). 3 B
e lL';'thr:t(orlem 5. Let =, a, b, ¢, u be nonnegative on N2, lef H.p, g be as in

Theorem 2, and supposc that
(s, &) Z p{x, ¥)—afs, !)H“[

5

E t
¥ Z blm, n) {H(®On, n)) +
EE S S |

(11

E-mil p=nil

Y Y ) HlE p))}]

bolds for 0 xSs, 02v 24 Then for all such x, v, st we have
u(s, )y z pls. O [p“(s, HH(D{x, V) {l .
¥ !
(12 Fols (@ - g, B3 b, ).

5 f . 1
01 2 G 08 s, UG o)+ N
Emmigl FEEUED |

i ay T by using Theo-
The { follows in the same way as that of Theorem 2, but by
:(l:; r;toi?u I:?Iage of Theorem A. More easilay, by writing (11) in the form
w(x. v) Su(s, t)+a(s, fYH™{...], and using the properties of H wc obtain

H{o(x, v)) S pls. OH (e . ps, ) +als, OH(a . (s, ) [.].
B pls, OH (. p (s, 0) 2 H(O(x, ¥))—g{s, HH{a . ¢ s. )
S ey o s T e P
Hiw . pYs, 1) 2 p7(s, Y H(®(x, 5) {1 +als. OH{@ (5.0 & L bl n) -
S S (gls. OH{ . g5, 0BG, &)+clz. p))]} :

m -1 1

Since H ' is increasing, this implies {12). —

- \We observe that again the bound given by (12} is I)Ltlt(_l‘ than that
i i ~ sssary restriction is removed.
iven in (6, th. 5], and an unnccessary rc__:,trlctlon'vls rer N
e Theorem 6. ]Lci i, a. b, ¢ be nonnegative on N'¥, and let G(r) be posetzzco,
continuous, strictly increasing, subaddilive, and submultiplicative for r>
with Gloc)=oo. If

s f F i
(s, )z u(y, v)—als, i l[ XX bim, n) {(f(if(“”-”,'.-' :
T - eSS

(13] . s
4 X X ofE, o)CG(ull, P))}]

Ewmmidl pemma-l
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for 0325, 0y, then for all such v, NS, we haye

K

5 ‘
uis, 1y 26 1[6(:.'[ vov)) {l Fofa(s, ). X X bim, W .

EE B

Iom- 1

(14)

o o#nil

3
[|+ % (Glals, 1)) . bz, o) H(i.p))J} l]

Proof. If we rewrite (13} in the form (X, Y Su(s, ) +(s. G V.7 and
use the propertics of G we obtain

Glu(s, ) 2G(n(x, ¥))— Glafs, /)){i_‘ i-: blm, n) {G (t(m, 1)) -

1y
+ X T (2 6) Gu. |
for 0£xx5s, 0=+t Hence by Theorem 4.
Glu(s, ) 2G(u(x, ) { L+Glals, 1)) )i‘.t il b, ) i [l +
Fitpn  FohEy

!

T E (Gl DIB(E o) ez, p))]}_]-

[ R TR |

Since 6% s increasing, {14) follows.

The same analvsis as that given in Remark 3 shows that the lower
bound in (14) is better than that given (with corresponding change in summa-
tion limits) in [6, Th. 6].
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CONDITIONS ON THE BEHAVIOUR (.)l*' _Sf)l.l."l'l()_?f% I"()};II::\L
CERTAIN CLASS OF THIRD-ORDER NONLINEAR DIFFERENTI.
EQUATIONS
BY
ANTHONY U¥1 AFUWAPE

1. Introduction. In [3], Barbilat considered cquations of the forms :

{1.1n N ax” byt L ) = p()
and
(‘]”(2) ()b e =pl)

. " . - ain me 1
and proved, under certain conditions, using the frequency dorqtgl.t; ';1:1]10( ;
‘111'11 the cquations have a unique bounded solution on R which 1s

(4) g.obally cxponentially stab.e {or /-0
. ivel riodic) whenever pit) is periodic
lodic {respectively st periodic] whenever plf) I
{B) periodic {ICS})L(..U;LI)_\ almost periodic) P
Aivn]r ol : - 1),
respectively almost period . . \ .
el In this paper, we shail consider cquations of the forms

(1.3) XA b (x) = L)

and L ..
(1.4 NN b () =)
| : ‘onti i Aar nts, to
-t and $ are continuous in their argume Ls,

Tiere & -0, functions f. fi, & anc heir arg
\1‘ ];:\[: at simi.ar conclusions as in {31, but the results of w hujh are Par{%;ﬂﬁ:
((-'I;:cs o(f our result. The method of approach 5]\1_;111 be 1thc f}cq]ugn[({\ (p S‘I'
eth ing qeralized Theorem  of acubovich [3, p. 81
‘thod using tho generalized _ whovigh [, B,
mLth(Zd Szatgmcntshof our results. Qur first result is concerned with equa

Hon ’(1‘]];21;1-(:1111_ Consider cquation (1.3} with b0, functions f, h and p

continmous in their arguments, such that f(0y=0, k(0) =0 and p{t) 1s bowunded
h R‘Sw[)/‘)osv there exist real parameters 270, ¢ =0 such that b>cla and
Y1 g Sttch that i = B

[/ Satu, for all z#3 in R

(2.2) lé'-—;—_:;'"— <
atud :
(2.3) g h(z)—_]l(h) <c+tua for all z#% in R,

where w, - ab—¢ and wa<<z. Then equation (1.3) has a ra;::’qrre Sf)i;"hﬁ”.- ;t(;ﬂ
which + (11') has x(8), I'(f-), x(1) bonnded in R and globailu\: e.}.pOff‘clf{ 1:;;337 o
ble as {0 s and (if) is periodic {respectively abnost periodic) whene

s periodic (respectively alsnost pertodic).



