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for 0sx=s, 0= vEL, then for all such v, .8 L we have

w(s, 1) 26 ‘[G(u(,\‘._\')){l-f—(}(u(s,i)). SN b I
-1 oy o1 fami)

(14)

oon-1

[ e S (Glafs. ). b, o) .L««(@.o))]} J

Proof. Tf we rewrite (13) in the form (v, ) Suls, )4(s. G 7.7 and
usc the properties of G we obtain

£

Glu(s, 1) 2G(i(x, 1)) Ga(s, /))[ 2 i.. blm, 1) {G (s, n)) 4

X -

for 0Sx<s, 02v =/ Henee by Theorem 4.

E

G(u(s,f))zG(u(.v,.v)){1-.—(;(a(s./}) S S bomw) H [|+

] F

t

G e |

E=n 1

Stnee G4 is increasing, (14) follows.

The same analvsis as that given in Remark 3 shows that the lowes
bound in (14) is better than that given (with corresponding change in summa-
tion limits) in (6, Th. 6].
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CONDITIONS ON THE BEHAVIOUR OF _Sf)I_UlIO_.-\;?Rllf:(z:l'i‘I;\L
CERTAIN CLASS OF THIRD-ORDER NONLINEAR DIFFERENTI.
J EQUATIONS
BY
ANTHONY UYD AFUWAPE

1. Introduction. In [3], Barbilat considered cquations of the forms :

(1.1 Nt by 4 (X) =p(2)
il]ng) AT b e =p({)

] = .\l I‘.‘ -t. N t ~ U-t N - .:] P - \.i(d’
anc [)10\ (M4 under certaln (_01](11 muns, u-”n-., h(' fl‘-qut.ﬂ(,\ Oomain J]Ll 10
t] 1 ' 1]. allons < a i 1L (814 by }]'l.] n n v e =
It t lh( equ l.l. O 11 Ve a unique h()llll [( d. >( tl() 0O I{ V ] 1 h 15
(.‘]) h‘-.()hd]l\ LX!)O“(_]"[tlal-\' Bl tdh.‘.. {()] f—+30 N
- 1 - YO0 (5
(}J) I)Ll 10(11( (l LS})( 8 tl\ cly l]“]().“’t p(. I 10(11( ) W hLl‘lL\ or p(/) 15 l C h

espectively almost periodic).
spectively almost g ‘ o . ‘
e In this paper, we shall consider equations of the forms

(1.3) XY RO R(x) = plt)
;(l]nj) N XY DY x) =Pl

onti 1 ar arguments, to
i I $ arc continuous in thar ar :

Tiere &0, functions [, fi, & anc : hei N
il bt/c,imi ar conclusions as in (37, but the results of w hfu,h are p . Sn

. oat s i1 > h La) . , ' - . ;
il I;El(‘fo; our result. The method of approach a]\]_all be 1thL ;c(‘qll‘un[(‘s} | 3‘]]
eth tho ized Theorem  of acubovic 3, p. 811
: ing tho generalized Theorem DL 811
" thﬂ?f] 1Sl::;::’mcntshof our results. Qur first result is concerned with equa

o ’:l']l'.nz'z)lreml. Consider cquation (1.3} with b0, functions f, h and p

: EIOET nded
confimons in their arguments, sich that {(0) =0, #{0) =0 and p{) 1s boin
v RSHP}"O\‘(‘ there exist real pavamelcrs x =0, ¢ =0 such that b>clo and
Yy, the Stch Lhat ) i, N
[ [ Satu, for ofl 2£3 in R

(2.2} ST S
and B
(2.3) < MA—ME) <ctu, for all 2#% in R,

. ion x(t)
. Then ¢ / 1.3) has @ wnique solution x(
Sy b~ and o <a. Then equation { 1y S
222:31 ‘EL(IT.) ::,cf:” (1-(:“), x'l;;'.z), X'() bowunded in R and globally ;.}.po.)i:’:{l’::ii_l ;(z)
Eale as t—a ; and (’1':7) is periodic (respectively almost perio icy whene
ts periodic (respectively ulmost periodic).
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Remarks. (1) If f(x"y=ax" in (1.3) and ¢, =0 in (2.2), then Theorem |
reduces to proposition 1 in [3].
o 2) I A{x}=cx in (1.3) and p.=0, then Theorem | reduces to propo-
sition 5 in (3L

{3) The extension of [3] given in Theorem 1 above is not trivial, since
Ly the introduction of two non-lincar terms, besides obtaining a real ine-
quality from the frequency-domain inequality as in [3], we obtain a
matrix incquality.

Our sccond result is concerned with cquation (1.4).

Theorem 2. Considcr cquation (1.4) where constant b, fuuctions h and p
satisfv the lhvpotheses of Theorem |.

Suppose [i{xX') 4s continuons. with f{0)=0 wnd there exist real pura-

melers « =0, ¢ >0, py such that b>clx and a<§ f[i()dz/v <ad-u, for all = in
1]

R Then if u, <ab—c and . <<a the conclusions in Theorem 1 are valid for
equalion (1.4).

Remark (4). If M{s)=cx in (1.4) and p.=0, then Theorem 2 reduces
to proposition 6 in [3]. N .
3. Proof of Theorem 1. Let f{z)=az+f(z) and A(z) =cz+A(z) where

J(2) and #(z} arce strictly the non-lincar parts of the functions f(z) and A(z)
respectively. Set & =.x,, ¥;=x; To emplov the generalized Theorem of
Yacubovich (as in [3, p. 81]), it is convenient to write equation (1.3) in
the vector form

(3.1) N=AX—Bols)+Pl), 6=C'X
where
o 0 10 0 0 Lo 0
X agf. A 4] 0 1 ) s D= (0 0]; C= 11 ()) and  P{t)= 0 1. Thus
A —c —b -z 11 0 1 F10)]

o= (’rl) and ¢(<)= (ﬁ(“'l))_
% Hxgd

Choose matrices M =diag(s;) and D=diag(p,} for (j=1, 2) where
73>0. Then the frequency-domain inequality (@)= MDD+ Re{DG(in)} =0
for all w in R where G{in) =C"{iwl—A) ' becomes

T 1 \
-4 — {c— =?) Talw) l
W AP i
(3.2) o) | -
(o) 22—y

for all @ in R, where

— |
maf0) =) = —— (7, 70 (¢ 00?) —ieo{ 7, - T (D— o)

Zjap

and A2 det(tol — A}y =(c—20?) f-ied—w?) (7(w) being the complex con-
jugate of my{e)). Inequality (3.2) will be truc for all @ in R if either

a0
w

THIRD-ORDER NONLINEAR DIFFERENTIAL EQUATIONS

(3.3 5 L -+ (_,M)'-] —0 and det =(w)>0 for all & in R
e 1 " Al
0T i i -
(3.4} & [ ‘ M] -0 and det =(w) =0 for all @ in R.
12 "" RN E
[z | _ ) .

’ ok . first incquality in (3.3), Huc—aw?

. gote that for e*<cfa, the first incquality fn-tc

AL \\OL ;:'Ontl\\'a\'s positive. Thus. for tins incquality to be true [0'1 :flll ﬁ
in R we onlv necd to verify that it is true for all w? >¢fa. [hisg follc'm_sf ron
Im' ma 1 of 31 In fact, if we lot v=c? and define tl_le_strlctly convex un(.—[
.'-Lnll -r((v) bv A.‘;(U) — av + o(b — v)*/{av — ¢), the minimum value g{we) ©
1Lrl(:rl) 1: attaine d at 7, =i, where v, satisfics ¢fz <v,<b and 1s the unique
real Toot of the cquation ) -

A (v)=21U“—}—(Ot“—Zab——3C)L""+ZC(25)—~ot-)U—l—C(ac:—~»b~):(). v

To sce this, we note that A (c)a)=—/(cla®) (ab—c)* <0, and A (b)bsa (ic:b C_LZ(‘U?:
Hence ¢fa <, <b. Furthermore, a(vo) satisfics ¢ <g(ve) <¢:;],‘srt11<.:l &)=
— qp+ (v —0)*a >uav for all v>cla, giving glog) >ave>¢. On the other hand,

o
o0 v Ya g b .'=(i’b. . = 5 .
o lldl\]? f(s?t)niir( 2\’21\', from Lemma 3 of [3]. the first inequality in (3.4},

L w¥c—ae?) -0

bhe A
is valid for all » in R, so long as
e <o <{min (0},

Dz o2
is the strictly convex function defined for 0 <z <cjx as
I (v) . @_:_i)_i_
1 == _ = .
° 7 (c—av)

Let min oy{v) =g{v), /= <y, <b. Then v, is the unique real root of the
- The dcterminant of

LVES Ay - g vﬂ:O
2 1 | vEvi(bﬂ—tr)(ow—l—ab-—?,c)_—c(c_.cu,) =0.
fr((l:,l;lt li)nn (3{21)(, )whcn cvaluated and simplified gives )
1 (c—at) [ 1 oc—aw?) 3RO b)g)}
i R(Q)ET‘”{[FJr T | S TS
' ) 2N B
where R(3, o3)= [(?‘—mz)e(c—-—ao)‘*)g—l—mﬁ(?\—[—o)-)-(b—m )“]4 -
and 7—=7,/7. Since, for all o in R, K’P\.m") >0, th?“ “:\’-EI(I’I_l )2) g
w?) <0 for all w in R. Morcover, the maximum ﬂnf '—-:g,’Hlf |0) s..”(A:-'((-; e
attained at w*=0 and has the value —=3 (4c%). Since 7, >0, >0
fixed vatues of ¢, 7. we have

0ot <5
det wlo) '..--.;.,I L L _) R _l_}
- -1 Wy CJ M 4c?

iti =2, 7 ; ircments of
and this is alwavs positive whenever p.<4ef=t [hus the requ

the generalized Theorem of Yacubovich arc all satisfied and the conciu-

ions of Theorem 1 follow. , N I

O 4, Pm:)f of Theorem 2. Let § fi{s)ds oy 4-fi(y) and h(x) =cx4h{x}
]

To write equation {1.4) in vector form, we set

where (o)

3 — Matsmanica
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Fre e, fam bt —axet xa— f(3), Sam —exem B p(l) ;
then we have

1 0 0 0 i 0 0
A= b -a ), I 0 1 C== (0 l); and )= 0 J
- [V} 1 0 0 0 £t}

Following the proof of Theorem I, we
quality, after simplification as

71, Tfe—an?) = {0}
(4-1) wlw] e 1Al Ty To¥e—awi) | >0
Ta{w) e

Uy 1A)®
where 7y(6) =74(0) =

21A2 fw s+ )b —w?) + w7, — '.—2)((,__1&2)}_

We note that both diag
7{w) in (3.2) are the samec. Thus for inequ
R, as in the proof of Theorem 1, it suffices to have Oy, <ab

as well as that the determinant of #{em) be positive. By simpuification,

1 T —a? 32 cm e 2 2R (%, w?
det =(w) = {‘.‘172[—' + fe—aw?) )] [_1 _9le—ao )] _ a3k e )}
ey 1Az L, Al 41A[%}
where

Hy(2. w9) =o*{w (A1)} (b—w?) 4 (r-—1 e —aer?)}
and A=n,/7,. For fixed valucs of >0, 7,>0, the maximum value of
— =00 @) (414 12) zero for alle in

R. This value is attaincd at ©=0. Hence
we alwayvs have for all o in R that

2z 2 2
det 1-;((_0) :_-.-_-172{..}. + (—C—w}:-}_ g M.)]
M |A 2 M |AT I
which is always positive with the conditions already imposed on y, and T
This completes the proof of Theorem 2.
Remark (5). The proofs of Theorem 1 and 2 show
{1.3) and (1.4} arc not ,,dual” {following (2. p. 166))
were, the frequency-domain incqualities (3.2) and
cquivalent. This did not occur in the case of !
cquations.

that equations
to cach other. 1f they
(4.1) would have been
where we had two dual
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e ACYMPTOTICALLY
. TABILITY OF ASYMPTOT

_ORDER CONDITIONAL STABILITY OF A OUATIONS
ffﬂ-_olf-{}):‘\]'{agl)ax'l‘ SETS FOR DIEFERENTIAL EQUATIC:
Shl- -1 2 { IN BANA‘\CH SP‘ACILS

BY

OLUSOLA AKINYELE

§]. lllhO t - I tll W S S' g ‘11“(:11 .li)Stra(_t
dl.'lC 0on n 1 5 Paer, .tud tllL non

differential equation

MA@ ). n(t) =S DA,

i j R+ <X
IR X > ¢ of continuous {unctlons'frop? s
“.h:‘m'[E(JU\r 4 \]‘}a?nag;\‘usgll)fgt We assume further that {l(f)plzzid(t;l)l.l Clarr1
R Adls dd renerally unbounded with densc d,ornamﬁon 0 and
L a.n*isthc non-lincar abstract differential equa e
roduced s st:gafu -epts of pU-order conditional stablht}i] pmplicability
R ml‘wt'mn:)f Izl) While broadening the scope of :I r te'o":mgpfor O
e lOnv' functions, we obtained sufficient COII-]I i ,1 et
T 'L'Vaklz?'lll'lzo' ropertics to hold for the system (1). E O“Cfor'cxampl(;,
™ oo N pOthCI’ ficlds of Mathematical applications, for o hich
o tive promerrllb'l?tema onc has to consider the s?ahlh;cly, 0{ 5 :apunov
SR (‘.onltr(l ?bit and so one cannot talk mcanmgflu ¥ v?;tcm}(l), the
bRt drlmlorder to handle such problems for t‘llf S}-;{iqtence I,
s r_f}._‘l}]).“(gm inadequate becausc they assume t ct‘f{e'(-onccpt of
rvsu!ts'of t. qect( To cope with problems of thesc ‘t_\ (}wccin fa}t S,
Y m'“‘mll : scif—invariant sets have been Im_ltroduscir1 g dn ¥ Lo remp
Sl 1 }r . motivated by the results of (1] and C, > k iﬁp'z'l to cover
i pa})i1 invs iant {ASI) scts. Here we _Cxtcnd our “S(I)r t with respect
tOtli'ilH_\’.fﬁC f-mfvmz"-ordc‘r conditional stability of an A b‘sl;?t concepts. In
AR "pt'lo btain sufficient conditions for such sta 1Lyown P ity
AN \\;fc oo Oour results will include as special cases, .1 rll3 an“il s
hicrems «’tncvﬁi{ srential equations in Euclidean spaces anc '\‘rcsults =2
th}nrlcmfzfo; 3( 1RL-Lma\rks]. In particular, we extend anq nipiol:tt, e
kit Sbtain $ nki
x‘lttntl\- obtained by the author (1, 2] and Lakshmi
) - I I. ‘ Su |
e : SZ. ;fc]iminary definitions. Let f)x‘;)and(i’db;:ii:::actlrlals;g;aocrt; ::clil(ils é)n
s0 B(Y,Y) is the Banach space o Ioun.‘ ST S
];?.inlf(Y wit)h the appropriate norm |.§. Let ®eB(X,Y)




