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J'\’l =X,, ¥y

--br,-—-axz+x3—ﬁxz), Ty —cx—h(x)+4p(¢)
then we have

»

10 0 0 1 0 ,
A -6 —ax 1], B 0 1}; c=|o l’ ;oand P(f)= 0 J

Following the proof of Theorem 1, we obtain the frequency-domain ine-
quality, after simplification as

1, Tle—an?) e ()]
(4.1) nlw) = | (IA)P T Hefle—awi)| >0
1:.1 (O] 4, ]A 2

_ 1 . '
where my(w) =%;(0) = EI—A—* (714 o) (b —w?) +duof T1— T} (c—aw )},
We note that both diagonal elements of incquatity (4.1) and matrix
7(w) in (3.2) are the same. Thus for inequality (4.1) to be true for all @ in
R, as in the proof of Theorem 1, it suffices to havo O<p,y <ab—c, Ogyp,
as well as that the determinant of ={w)} be positive. By simpiification,

det ={w) = ‘:172[—!- + ——-—-(C_amz)] [_I_ o "’2(C_°‘°’2)] _ B oY)
H LSRN | ITH (A2 4142

AL, ) =06 (A4 1)3(0—w2) 4 (r — 1)*{c—an®)}
and a=</~,. For fixed valucs of 7 >0, 7,>0, the maximum value of
— TN, @)} [{41A %) zero for allwin R. This value is attained at w=0. Hence
we always have for all w in R that

—~ et oot
det ﬂ(®)>’-ﬁz{l : M}:l _ oc—aed)
wo AR [u, ar
which is always positive with the conditions already imposed on u, and TP
This completes the proof of Theorem 2.
Remark (3). The proofs of Theorem 1 and 2 show that equations
(1.3) and (1.4} are not ,dual” (following (2, p. 166]) to cach other. If they
were, the frequency-domain incqualitics (3.2) and (4.1) would have been
cquivalent. This did not occur in the case of [1] where we had two dual
cquations.

where
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§ - tlodu hOIl. I“ tlllS ap \ A ll. O 'llnt ar .l.lJStI‘a(,t
C P } Cr, WL St.ud t ¢ non

differential equation
' L ADuHfL ), 1(te) = 1o € D(A{Ls)).
. [ s

| here feC(R* =X, X), the space 0
| E}x}:;rﬁ‘{fand( X is a Banach space. We

renerally unbounded . ' n o
Opcrator_t‘los;tt(iigz?c(h si(lzlrtlzmr?oln{lincar abstract differential equation (1) ar
17, we Iy

i ility ertics of

i once sh_order conditional stability propertics |
o ntl‘“;.mn(().ft Tl; (ii-' lﬁlc broadening the scope of él_ltq a};P};Cralzﬂétsyc
e S(') . 10nv functions, we obtained sufficient condl r10\1'191_ or e
Ui a‘lg};'?o' ropertics to hold for the system (1. Ho“cfor‘cxamplé,
B blng in tll)lcr ficlds of Mathematical applications, for eX e
concrete problcl?.s l?t(;mc, one has to consider the sgalnhiclyr of SI :apunov
ACAPIE ('on.tr(::' ?}it .md so onc cannot talk meaningfully 'Otcn;}(l), o
R SC”-IT drllg order to handle such problems for th}(l: Ss-iiqtence e
;till)lltlist};)f r'{1-"- 1]).ec0mc inadequate be%aiusc th{cythz:ascss(,}n?\?p(t:qct{h‘e‘conccpt &

Spinvari ot. To cope with problems of thesc types, D
m.'tfr_l:;\t.g{i]?g;\'SZE"H—%S\'zﬁi};t]t sets }1)1a\'c been intreduced. In fact our

asy ally se

1] )¢ t of asymp-

i ‘he results of (17 and the concep! : P

i is s+ was motivated by the resu | ncephint asyTE;

‘nch-bl’lpa'-‘};(l.il'-;;%;riant (ASI) sets. Here we F::\_tenfd OurAv»S"(irIS\Et \t'it.h et

tﬁ :C‘:O?lt’; pt of pth-order conditional 3tabﬂlt¥ 0.; ::élh e s

(1, W i ici itions for ¢ pts. In

o e Obt? l?c;:;ftf:cﬁm (i:r?(?lude as special cases, known stability
u g

clidean spaces and Banach slpaccs
we extend and improve results rcd
akshminkantham an

i R+ <X
:ontinuous functions frm_l? ik
% ':%sume further that A{) s a line i{;
' with dense domain D(A ().

7 instances, © _ cluc

T}?;)}rcnr:s for differential equations in Eu

¢f. 1, §2, §3 Remarks]. In particular, s

contly obtained by the author (I, 2] and L
Ladas 3] L

§ 2. Prcliminary definition

poset B(X,Y) is the Banagh space of b :
X into Y with the appropriatc norm I

g »s and sup-
" and Y be Banach spaces an
o fAbzunded linear transformations on
ot e B(X,Y) and define
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wEN L fid(n)l=0,
S(B. ey = {n X : |lh(a)] <<, S{B.g)={neX: i<

\3‘1.

For cach e R+ - 0, o0), Ay denotes a lpear operator on X with domain
denoted by D(A() depending on 7, and for sufficiently small /0. the
operator Rk A() is defined by

RUG AOT=[T=hA(0O]

A solution of the svstem (1) is a stronglv  differentiable function
#(f. 4y, 114} such that () S IMAD) and which satisfies (1) for ali 72/, \Weo
assume conditions which guarantee the extstence of solutions wl{l, ty. ie,)
of (1) for all i/,

Define

K={d=Cl0, 5), R*) : ®(0) =0 and ®(r) is strictly monotone increa-
sing in rl.

L-{=C(70, ), R+ : a(/) is monotone decreasing in ¢ and a(t) =0
asf—ool.

Definition 2.1. +f se/ A< X is said to be asyinpiolicall v sel f-invariant
(ANL) with respeet to (V) if giwen any monotone decreasing seqience {e,), z,—10)
s ¢—o0. 3 a gmonolone increasing sequence Hzq)}, (=) =0 us gooo such
that 1y =1 for t,>1,(2) tnplics ult, to, 1) €5(A, 2,), 124, g=1, 2,

o 0Goooon

Denote by I any closed subspace of X such that BCH. \We shall
assumc that the set 3 is ASI for the moment with respect to the system (1),
We introduce the definitions of P"-Ordér Conditional Stability of the set
B with respect to (1), In view of delinition 2.1 of [17 and our definitions
of conditional stability of an ASI set in (2]. we can formulate the F-Order
Conditional Stability definitions for an ASI set B with respect to {(n. A
simple definition is the following : '

Definition 2.2. The ASI sef B with respeet to the system (1) is pe
Order Condilional equistable, { S for cach e >0 and tye R+, there evist o positivy

nmintber A, 1(z) 500 as €0, 8=8(ly. 2) and 1,2 4,(2) conlinuons witk Fospect
to i for cach =z, such that

o lo 10} SS(B, <) and w™(1, 1y, u0) €5(B, .1,)

Jor (242 1,(2) provided no < S(B, SYNH where m=1,2, . p,and u"™(1 1, u,)
denoles (he mth strong derivalive of uli, 1, o). We nolc that ”(0)([‘ . 115) =
— !1(/, i, un)_

Other definttions of stability can be formulated very casily {from de-
finition 2.2 and similar definitions of [t]. These matters are straightfor-
ward and we omit details,

Remark. The idea of pt-order conditional stabilitv of the frivial se-
lution of the svstem (1) was introduced in L Howe take 1 0} and assume
that the set w—0 is self invariant with respect to (1), then our definitions
reduce to the p-order conditional stability of the trivial solution of {1).
Thus definition 2.2 generalizes the concept of p-order conditional stability
to AST sets.

-k

p-1h ORDER CONDITIONAL STABILITY

ili T se e -+ state
_Order Conditional Siability of an AST set. We now it

s litions for the stability propertivs formulated

results giving sufficient con
in 22 to hold. »

‘ : . Alssume tha . . T
I)hmre(m(lill'lx”' Ry and g(f, X} 1s quasi-monolone nondecreasing i
i gELN e = gl
o L] \ & P AT 5 ; i
I exit ,-ff{-l'l fe R+, . i ; is 10('”[!, i I,Ij).‘s{]llfﬁ”(” i
(i) I"=C(hF ws(i, o), R, V(L u) ;

3t .

BO(mh< X Vil vy, for (L u) & R* )

i=1

fere he K oand "_ Vit y=alt) if ueh and cel,

i=1

(i) f e CR+=3(8, ¢), N) and Sor (I, 1)y K* xS5(B, ¢)
o DAV, w)< gl VG )

f o e sirangdv di [T
iv) anv solulion w(l, do, vta) of the syslen () -zs.j).—lzmL(:;‘).s:;;z(;:l:)l;o”:{(‘_:r_z:l\'
/i f:.\ for 138,20 and there exisls a ronlurrr;n.u; f;u:}/r(c;n :lx"“) R P)
e "" e “/' 7 o Oy =0 and swch {hat 1 L = ! §
N g Wy, m=0.1,2. ... pY . then

moe=0,1,2 p. and ay= max L (D™ {1 Lo, 100
H PR ET A

;_”. 170t u{t, fo, 1t6))2 20,

1=1

/ 0 ke tid for uell;
. - =0, l=l, 2, e, ]\, ke < f i ‘ i ‘ g !l';
(\')) Ifo'}(*f!cfrz"f: te kt and h=0 (b sufficiently small) ih{ (;p{mi’:i; Kib
vl t : , Lo - . bt A I
n: (' visis as a bownded operator defined on X and for cac in
B £ BIE o - | |
e 3 : e 0 decreasine Tu b
d ”( 'ff) Ifor any function B{{, v}. conlinous (mi_]\*‘l..\ I\Q(Ici;gua{) % !
vit) i " ‘ved 4,osuch Uhad i lome 3(4 R T
for cach v, increasing in r for cach fived L, Al 1

: el
P .\','([, l"", "'U)‘S-'r’ n,iul, in
11

o) 18 Csolufion of the auxilli-
Ry sehere XU, £y, Xo) TS dny solulion of

provided 1,,=0 (r=1.12,
ary ciuaiton ! 0
o dx L i
— =g{t, x). -\(Iu) Yo e b
(2) d! ‘b(

' s o R+ <R nuolonlc Taerdd
(viit} for a{l.r) defined and conlinuous oi R 1\+--”-r;;fr.0 ‘?g‘”\.-(:' ’ _\-,-I.:-.f;
sing in r for cach fixed 7 and nonolonic decreesing in ! for cach jixod
SNE - N NOA Fo = v ‘\’(‘11)’?}.
that tim lim a(f, ) =0 and S V{4 wy<all, L)y Jo ) N 3
stabili 3 He analbiary da-
l Trlz::ul the comditional stabilify ;)_f l.’t;’ ]—;ﬁl 5.:1’ .\\Q[O \‘:)v_;f(.”“[ il s
al o ] e plics that the sc fs i ASD
flerential cyralion (2) implics LB gl s
order con lijlrf‘mmt cqiristable with respeel lo the svs L (l ) o
I’rnxof Cleartv Theorem 3.1 of [27 implics that 1{ e
respect to ;'l)..\Ir_).rcm'.-r using arguments similar to tha ) S.H e ot
of (21, it follows that 3/,{e)z20 and 8,20 cucl that wo=5{(4. 600

(21,3 {,(z) implics (L s 1) E5(5, 2).
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By (iv), 3a(r) such that for (t, ) = R+ = S(B. o), ae< &
whoere a, is as defined in (iv). Henee given any afz) a

()= as 20 and 5,=38u(4. ), Luzfi(c) such that for (2lz=t(2),

n
Zx{l; la, xo) =alz)
i=1

. "-, o ~ .
provided ¥ v,<8, and x,,=07 -1, 2, ... £ Choose 3 =min{3d,, §,} and set
t=l

T xw=afte, [ ®(n){), then by hvpothesis 3, #(z)20 and é\o:%ﬂ{{o, g} = 0
=1

with 7,2 4(2) such that
afly, | D) |)g}é\§ and | ®{u, ig?}o.

Let 87 =min{3,, 8} and H{e) =max{/,(<), £i(2). /,(e)}. then o € 5(8, SN
and by (iv) u'™(L ¢, ue) exists for m = 1, 2, ..., . In addition, choose A
such that af{s}<a(de) with Ae=[0, g), then we claim that for 4, 3° and
He), u'™(1, ¢y, 1e) €S(B, Ae) provided #«,=S5(5, 3"\ H {or 212 (=).

i Sup-
pose the assertion is not true, then 3 an integer 7, 0 </ <p and 4, 1, = iog
2{(<) such that

(O Mt £y 1)) =A e, Ot Ly, 1)), =3
and

<P, 1y, uo))|g A for t=]t,.1,).
Applying Theorem 3.1 of [I], we obtain

a(Ade)<af[ Oty 1y, 1)) S e B Ville, (&) S Z 7:(ta. fo, 1) <a(e)}<a(de)
fma ] im]

which is a contradiction. Hence the proof is complete.

Theorem 3.2. Assumc that the hvpotheses (i), (iv), (v), (i) and (vi5) of
the last theovem hold. In addition, lel

(i) VeC(R*»S(B.¢), RY), V({, ) is locally Lipschitzian 1in u and
BIPEINSE VL, w)<a(ld])
i=1

for 0<r <|®{u)| <p and i 6(r) where a, beX and the function O6(r)=0 s
monotonc decreasing in r for 0 <r <p,

(i) feC{R* xS(B, ), X) and for {t, u) = R+ xS(B. o), {2 0(r) with 0 -
<r <O}l <p, D*V(t, ) g(l, V{E, u)).

Then the conditional wwiform stability of the AS1 sef x=0 of (2) implies
lhaf t)fw sel B is ASI and pM-order conditionally wwiform stable with respeet
to (1).

Proof. The conditional uniform stability of the ASI set v—0 implies

that 8, and §, arc independent of £, so AS is independent of /,. If we choose

?wa::a( |®{aeo) || then we can choose go independent of 7, and consequently

p [’;,’({, ”(t. to. “n))n
-0 and fo= R+, 3t,(z2),

5 p-th ORDER CONDITIONAL STABILITY k1Y)

3" of last thcorem is indcpcndcn% ({f e :1hfaq;: T}?Sif;i;g?ns and a parallel
: em 3.1 concludes the .

argum’l?ll:;ortgmﬂ?g.Oilsgzgf::zrimat all the hypothesis of Theorem 3.1 hold.
Then the conditional equi-asvm plolic stabilily of the ASI s:'t xr=fQ o{;\gzzl‘;g;;
plies that the ASIL sef B is p-order conditionally cqui-asyvm plofredis;

o rf*srﬁ:)}i 'fl?h((- Is?x.:t B is AST with respect to (1) and it is pt-order gonditioj
nally Cquisial)lﬁ by Theorem 3.1. To complete the pr(?o{ }Et ;c?;fntnztr?ll:llg
to show that it is pth-order conditional quasl-equl—asygli) oa;c((.ﬂ\ ...0¢ 8=.
Let 0 <e < p, then using arguments similar tr‘) rhcorcm e ,1. h f_, .., },t e
=3(/o) and T,=Tlts. 5) =0 such that 11(,6.’7(1,5, 5)H implics for f=tile
and fzt-T,, L{z) -, =0, (¢, fy, Hta) ES(B, €.

Given «(z) >0 and L= Ry, then 33=3(t). {:{e)2 0, is(s) — 0 a3 d'
n‘ . o= ol Z 1 =t :- T‘-’
-:‘lnd ]‘2=‘T-1(!;|. E) SUCh tha.t :‘l .\‘,‘(L |'IJ, 1‘0) .\“(;_) {Or {02/_('—) 1nd t/ 0

provided that

n ~ .
¥ a3 with xp=0 i=1.2, .., k

i=1
(Choose §,=min{3, g,‘ and set ).L. Nio=dlly, [P} then, by llypothcsis, 3t4(c),
i=1
(g}~ as g~0 and 3,=23(l,, =) such that
alte, |D(ua))< 3, and Do)l < B
i (), T==max{T,, T:} and
e 3,=minfd,, 8o, () =max{fil(c), to(e), fal=)}, X
ghggzi t}?at a(si{gla(A}a), then we prove that with #{e), 8;. 1 and A,
”(m)(f, ln, ”n) ES(B, A 3)

for f2ls+ T, tex{(z) and for mTll, %, o p pri(::t'icc::c(: l“o\its}gBOi})Q;ItS{;E;
ion 1 t true then for some rer 1, <p,

posc the assertion 15 no r some dnteger b 8 tach that

wvists a sequence £}, Lzi(e), fzleH 1 and & ) b

F(?)(S;u”(u, tuc,l 1)) z{iis "and  [O{ult, te 1)) <e for £2la T providec

1, S(B, 3.)NH. Hence by Theorem 3.1 of {1l

a(A s)éﬁ(l(b(“ 1;,(!j <ty ”n))l)saﬂ‘s‘zl\[ i(i:‘» ﬂ(fj, to. Ilo))s‘zlf (!, yr Vo)
Therefore, .
a(de)< T Vit ulty, fo, ) S B 7illy. fo. %0) <a(e)<a(de)
teel ne

Whidlléin::aiglt’ltml(flugl‘—c')'?b}}{;?c‘; ivtahgsgflsr;lzzt'that the set ©=01s self;ir;’a(rzi)ar;;
with (@} =l where [LI is a norm on X and 9.=10 ‘th tthe'l‘?‘bore-.-ms 0
self-invariant, then Theorems 3.1, 32 :}nd 3..3 rc_c’uu,_ 19 ‘ ‘g ks &0
2.5 and 3.6 of [1]. Thas our results in th}s section (hlsnela lf‘("r“\l'ie\‘v of‘thc
tien 3 of {11 to :isvmptotically sclf-invarlant_ sets. ‘\Ior(:(.)w.vr u:hcr PR
remarks of 11, our results contain as special cascs mﬁm I%ana,*}; s‘paccf:;.
results for diffcrential cquation in Euclidean spaces ag weli as e
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Theorem 3.4. Asswme that the hvpothesis of Theorem 3.3 hold. Then
the conditional uniforn: asvaptotic stability of the ASI set x=0 of (1) implics
the p-order conditional wniform asymptotic stabilitv of the ASI sef B with
respeel fo the svstem (1),

Proof. In Theorem 3.3, we can choose 3, and T of the proof independent
of {y and the result follows.

Repark 30 1f =0 in Theorems 3.1, 3.2, 3.3 and 3.4 then the results
reduce to similur results for conditional stability of an ASI sct in 2] i
P#0. then we have the p-order conditional stability results of an ASI sct
which extend results of [1] to invariant sets. Moreover in view of the re-
marks of 117 we sec clearly that our werk in this paper extend in many
ways known results of stability of asymptoticallv invariant scts of differen-
tial cquations in Euclidean spaces to differential cquations in Banach SpAces.
Our work thercfore improves the results of [1] and (2.
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AND BOUNDEDNESS OF SOLUTIONS OF
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HYPERBOLIC DIFFERENTI
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1. Introduction. Consider the hyvperbolic  differential cquations  of

e type:

P ]
(1 TP L€ P O [P i), (V¥ ER,
i1
cubject to the conditions
2) w(x, 0)=®,(x), u(v. V(v {0, 0) =,
(2 X 0 :
here feC[RyxR?, R] and R, is the rectangle defined as
where o , A
Ro=(0g x =00, Oy =0e)
tion of (1), (2) — exist for (v, V) L.'R'o.l“'cl 511';111 asslime
at .esses the trivial solution.

. - 0)=0 so that {1) (2} posstusses U trivial solu o
e fl{.\'t'?aiqoi)'?ﬁvr) we establish a hyperbolic d:ftl:clcntml 1}111,(}11]:133)‘“112?’
| il \pari yrem in the  framework ot L.y

i ral ¢ arizon {heorem in
ain a very general comparizon theorem in B L
}ﬂ)::tli()11 for.tl:!v above hyperbolic dlff_u(ntmi i_.(.]u‘mofn PR
u Using this incquality we cstu‘l:hsh'L-on.dltmns‘ lor «tion; NG
led " of solutions of the hyperbolic differential nqudf ns L s
bmm(';(nl)tut?initi(-)ns,‘ \We pow formulate some definitions ob stabiiity =
2. De .

dness sotlutions of (1), (2). _ . 5
houndl;((ztl']i?:ﬁi(?sil. A Irivial soliwtion of the equalion (1\).”()21(;5(;2;3 {30 e
stable if for given €, e, €5 >0, (0.0 Ry here exists B Bile » Ee o

surh that

Let (x.y) — the solu

Lae(0, 0} =38, Lo, {0, 0) '8y 1, {0, 0y €3,

fovzl.
' ' 2., | N Vg, Juyly, ¥ 2 for x, v20.

. v ey, b dn ) Ve iy ‘ I
””Pi“l';efiigt\ioh)?.. A ‘Irz';;ml solution of H"i' :‘(iua!\w.x.r U(l), (2) is saic
asym plolically slable if it is stable and Jor 8. 8. 8a>

1, (0, 0) <&, fmpiv

(0. 0) <A, w0, 0) 1< 3, )
lim |y, v) =0, lim vy p=0. ‘lef\ . v =t
TR Ir-: :— . \f . . . :"_l{,-._-,_:_-_r'._'_f
Definition 3. .1 so!:;h’m‘r of the cqualion (1), (2) Is suid lo I

Ef tiicry cxist conslaids Al L., My such thel



