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Theorem 3.4. Assume that the hyvpolhesis of Theorem 3.3 hold. Then
the conditional wni formi asym ptotic stability of the AST sef x=0 of (1) implics
the p-order conditional uniform asvmptotic stability of the ASI sef I with
vespeel to the svsiem (1),

Proof. In Theorem 3.3, we can choose 8, and T of the proof independent
of /y and the result follows.

Remarke 3. 1If p=0in Theorems 3.1, 3.2, 3.3 and 3.4 then the results
reduce to similar results for conditional stability of an ASI set in (21 If
p#0, then we have the p™-order conditional stability results of an ASI set
which extend results of [1] to invariant sets. Morcover in view of the re-
marks of 1] we sce clearly that our work in this paper extend in many
ways known results of stability of asvmptotically invariant sets of differen-
tial equations in Euclidean spaces to differential cquations in Banach spaces.
Our work therefore improves the results of 717 and [2].
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ON THE STABILITY AND B()l'.\'])lil)\liSLS O_If‘ﬁ()[f.tél'l()‘\&, OF
HYPERBOLIC DIFFERENTIAL EQUATIONS
BY

. THANDAPANI

i Introduction. Consider the hvperbolic  differential equations of

the type: |
1) o= (X, X0 1, M, i), (v, ) E N,
i

culiject to the conditions
(2) w(x, 0)=M,(x), w{0. Vi by v), w0, 0)
here-FeC[R. R, R and K, is the rectangle defined as
where | ,
Ro=(0g x o0, Oy =)

i »x1 s v e Ry We shall assume
i '”(X’JI) N0 Sglmll;n:()nif:lgzlt)c'((lz)) (Z)Q]?(])iic[i‘cé tlic)tl'i\'i_ztl solution. ]
oy 5 : ¢ cstablish a hyperbolic differential inequality ‘mc’%
= t?]*lf;']?-a}l)\(c:"lr (L‘omplmi-s.;):'n theorem in the fr:(nm'\\'or]{ of Lyapunos
UM;}“'] . }u:\tl?: ‘1.1);)“:- hyvperbolic differential cquation. B
fumtlﬂ'l:ingr this ‘inuquali{\' we estaldish cmﬁl;tmn:_ flor(tl:l:‘ti;lt{; )Ell)_\ (7)
dnes . i ; » hivperbolic rential cque ., (2).
hnuml';‘dnl)(:;ir?iiii;;?n\({l'f I:(fw\\t'h}oi‘lﬁlll)l(lzlllt): hs(mi]c Ldlcfinitionl of stability and

dness of solutions of (1), (2). _
houm;ﬂil'i?:i‘;ionl. 1 rivial solution of the cqualion (.

stable 1] for gioen €, g0, €3 0 (

(2) is sard fo be
0.0)z Ny there cxisls & Bz >0 (i
surh that

1,2, 3

L0, 0) <3, 1 0. 0Y £ By 1,{0, 0) {3,
vy les vy ey for x, 20,
dablics | nle, V) =gy, tadx, v s tyly, v _ R T
””M“I;cfirngt\ioh?l. A !Irz'w'a.’ solution of H"i' t‘t{.’f(!l’i()” |)I 1), (2) 15 san
asym ploficdl v slable i f it is stable and for 8, 8s, 31

3 5 0, 0) <8, imply
u(0. 0) <3, @ {0, 0) <3.. iy( ) .

i vy 0.
lim (v, v) =0, lim () Loy, -‘.m (. 3
I Lok e ) o i el X fod
Definition 3. .1 soluiion of the cqualion (1), (2) is said fo he bowundo

if tiere vxist constaids M. . My sech thet
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[r{x, v) <My Dagx, A) MLy (6, 2) |€ M, for all x, v,20.

Now consider the auxiliary hyperbolic differential equation.

(3) Zry=g(x, 3. 2, 20, 2,)
with
() 2, O =Dy(x), 20, ¥y =d.(1), 2(0, 0)=z,,

where geC[R, <R,

(3). (4) sce [1] Let z (v, #) be any solution of (3), {4).

Concerning the auxiliary cquation (3), (4), we need the corresponding
definitions for stability and boundedness that mav be defined analogously.
For our subsequent discussion we need the following classes of functions.

Definition 4. 1 fusction b (7) 1s said fo belong to the class K ifbe C[E..
R1,0(0) =0, bir) 4s strictly increasing in r.

Definition 5. A function a(x, v, r) is said lo belong 10 S if a=C[R, x
ARy, Reloa(x, v, 0)=0, a(x, v, r)is increasing tn r for cach fixed {x, vy e
< N,

3. Hyperbolic differential inequalities. \Wc shall establish a result
that will be useful in the theory of hyperbolic differential equations.

Theorem 1. Assume that
LogeClRy <R3, R, glx, v, py. po. b3) is non-decreasing in Pi. pe

for each frxed (x, vy e R, and r(x. ¥) is the maximal solution of (3), (4) -
i m(y, ¥ €C(Ry, R] and m(x, v) satisfics

(5) me,Sg(a, vom, my, my), (v, YYER,

i m,(x, )7 {x, 0, m,(0, ¥)<7,(0, ¥), m{0, 0}<r{0, 0).
Then we lhave on R,

mix, 2)<r(y, v), m(x, vigrdx, ¥, m{x, <, (1, ).

Proof. From (5) and the fact that 7(x, v} is the solution of (3}, (4.
we have

) May—g(X. ¥, 1, Mg, M)V —g(X, ¥, 7, 7p, 7).
Let us assume p@=d,,—g(x, y, ©, ®,,®,) we have from (%) pmg pr
and the rest of the proof follows similar to Theorem 1 [2, p. 2561

4. Comparison Theorem. e shall develop a result which furnishes a
very gencral comparison theorem for hyperbolic differential equations.
This is achieved by using the hyperbolic differential inequalities that are
established in Theorem 1 and by introducing the concept of Lyapunov func-
tion. This result play an important role in studying the qualitative beha-
viour of solutions of (1), (2).

Let the function 1 €C[R, xR, R], and V{x, v, u) be locally lipschit-
zian in {x, v, 1} =R, <R and define

DoV yow)=Nm [(1/R) (7 (x-+0, v, x40, ) — T, v, w(x, v))].
horpy
Dy V(v vy =tim [(1R) (V(x, vk, ulx, v+ 2N —V(x, v, u(x. )],

-0
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R}, glx, 3. Py Py P3) is non-decreasing with  res-
pect to I’ PP.. P, Under these conditions, maximal solution exist for

g | RS ot s+ oy X, N :'h)—
Dy Vix, v, u)=1;ﬂ{(l_-k2) (V{xth, y4h, ulx+h, y)+u

ey, WyERflx v e 1)) —V(x-h, .0 (x+h, »)—F(y, v,
w(x, v+ Vx. v, u{x, NI

i : first ¢ -ariable
Tere [, and D, are derivatives with respect to th;, first and second variable
'\:nd D,...lis the mixed derivative for (v, 3, e Ry x K.

2

From here on, we shall assume that the function g in (3) and the func-

i " satisfv the following hypotheses @ o 3
j}?fn) L;?I[R;xR“, R, g{x, v, Py pu Pa) 18 non-decreasing in  py. P2 fu
\ 1 bed N

sach fixed (x, 3) € K. . r I
f(?{r )Ln:((‘il x})\its tl(lc njmxim;nﬂ solution of (3), (4) existing in R
(Ha) ¢(x,,0,0,0)=0 for (x, )R

Hy) V(e y,yeC [Rox R, R1 D7{x, x, u), D, V(x,j_l).u) exists in R,
(m(ll l’(.\:,’;','u) is locally lipschitzian in {x, v, i)=& Ky xR,
Further for (w. v, 1) € Rox R

Dy Vv, v, u)=g{y, ¥ ¥, DV, D).
(H,) For (x, » o) e R, xR

Loby (Ju DV (w v, 1)< (x, 3, |])

i, by {1 DDy V(v v, wyed, (¥, 4, 141,5.})
A, N, . ooy, 1)

i, by () uy N De V(s 3 u!)s\(r.J (x, v, |y |

wherea; (i=1, 2, 3)=5&b; (i=1, 2, 3)=K.

(H.) f(x,%,0,0,0}=0 for (x, v} ER,

ing i theorem.
‘¢ shall state and prove the following comparison th
¥11Lets)r:m ; Let the hypotheses (H,) 1o {H,) be satisfied.
Assume that for any solution u(x, 3y of (1), (2)

7 (0, 0, (0, 0)}<r(0, 0), D10, 0, u(0, 0))<7r.(0, 0)
©) D.V (0,0, 20, 0) <7,(0, 0).

v (x, v, < ). DV (E y u)sn(n )
D.V {x, v, w)gnx, y) for all (x, ») € R
Proof: Set wm{x, W=V{x, 3. u(x, y)). Then, we have
)] =l h, v, u (x4
il 5) =i [(1)m{a-+, )=z, 5)] =S (R (tR

v b, W) - V(x, v, wlx, =D V{x v u(x. ¥))-

Similarly m,(x, ) =D.V{x, v, u(x, - ' | -
(m{x+1, y-|—fz)—m(x+k,_y)——m(x,y—l—i’a) by, v)) = {} (x-}—{a, vp b, 2 x
+ 1, y-|-h))—lf'(x-i—k-,}',u(.v—}-h,y)) iz, y+h. w(x, v+ V(v w{x,3)))
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| Pl vd-he w(v4-h, va-00) — (x4h vth, n{x4
Fh,ovia(x, VeI —a (xR (v v, RIS A \-—i—lr‘ v, v
/) — (S ) — (X, )2 (v i ) =T v h, '-'."-'f(.\'-;-.-".' \)—I
Pl v e, xR AT (e v (xR (s —{—."... \'—!-a’i);:r.(l\'—f-

Fav)—w(x, v FAY b, )= a2 (e, v oo a0, |- I \'—}-/r., \I L rz(\ :\'
. FhA-n (b Y —a(x, R (v oy, Nu)); -

N I (\\ Fhon(xes VR — 1V (x0 ve i v and, ) I"(‘\', vor(x, V)
Where Kois a local Lipschitz constant, This together with (-l) (5\ :lllL:i (7)
aet

vields the inequality
] ualitv s, <ofv, v .
Nontgsg{x. v, Now fr
g . ir. ®,). Now from (6) we o

il § )
: n( ), 0)< A0, 0), m,(x, 0)<rx, 0) and mA0. vi<r, (9. v)
Y (‘S})-\S'tl}}]}i‘?tn‘nl I we obtain the desired result - -‘

5. Stahi d — B

o smb;’h‘flvy r(':s'ults. Theorem 3. Lot the hvpotheses (H )/

oo theslabilil (u:s_\ mplolie stabilityy of trivial solilio o~
1_} O(f?_wliz[)!o!m stability) of trivial solution of (I)” (OZJ)- SR

roof. et 24, z,, €420, x4, v20 | 1 :

s 2 CFr g0 a0, v2 0 be given, Ag ivi

?ﬁi};{tj]o‘n._o[ SS) i stabie. i for !)1?3 )Lllb i‘:s_;m{m, that the trivial
exist 8,=3,(<=,) (i=1, 2, 3) such that ket e e

1200, 0) |< 3 7 .
im})l_\' ( ) I = ][-r(()’ O) <3, ,/'”(0' O) !I‘g- 8y

Lot us cho/:)(:e’ i) ('0< )(EI?/' I/"'*'("".t') Al ot
se £ (0, 0), Z,0. 0), Z,(0, 0) so that
(0,0, 200, 0))<Z(0.0), D, (0,0, u(0, )< 7, (0,0)
’ 22170, 0. 20, 0))< Z,(0,0) and |
| Z{0, 0} a0, 0 [ 1(0,0) ), 7, (0,0)=a,{0,0, |, (0, 0) )
(8) Zy (0.0)=a4(0.0, | 2#,(0.0) ) for {0, O)E.]\’ﬂ. |

Sinced, (0,0,)eS (i=1,2
. 0, . =1.2. 3) wecan find 8, 3., 3,
<8 0,0y <8, T, (0 0)) I< 3:111 find 8;. 8%. 3;>0 such that (0, 0)
X ) o 24 i E1 : 3
,(,)(“\. m\)c]‘.;m thlat the trivial sclution of (1) (2}
nly, gy e X, ) e, % -
true, there evicts ) [ e |y {v.v)Tey xovz0. 1 s s
e, (;‘“ /L.\.Ibt; fo=xg+vo, such that | u{x. 3) =z ’ !0 /.rmcll]“s B m—)t
S ,‘\'2-«..-' iy o 4 Lo I o ] ‘ '
as Witere f=y-tv. {'n the other hand weo h't\'n' the ”i(t.l‘t?(’ili\lol)it-
AV alitv

b,
0

oy

<

15 stable. That is to prove

(9) Pl v, ) r(y v).
Now by (H;) and (9) we have
(10) Ou( (. ) D 7 (v vy afe s r{x, v)

which  gives
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(l ]) ’-‘1(51:: = ,i'_.l(| f( o \’n) )--<.. I7{xa, A e il Xy, _-"U))“(x }’(.‘\'", .\’“) I '<!)1(Sl)

4 contradiction.  Similarly we can prove v, v e Ly, V) e
and hence the theorem.
Next we prove that the asymplotic ctabilitv of the trivial selution of

(3}, (4) implics the asvmptotic stability of trivial solution of {1}, (2). 1t is
cnough to prove for 8,. 8., 3.0,
P00y <3, 1e{0.0) 1< 3a. 1,(0, 0) '€ 3yimply.
(12) lim | aefx, v} =0, Bm jag{, 3) 1= 0, lim | a{a, n) i=0
o e Aremrun roeer

e

Ry
<Since the trivial solution of (3). {4} s :!s_vmplntical]y stable, given &, .,
Sy =0
[2(0.0) <38, fo 0.0y 13, | -,(0,0) 1< 3;

unplics
(13) lim |a(a. ) f=0. lim |z {x. 0y =0, lim | z,{x, v) =0
X o e

As before choose 2(0.0], =(0,0), 5,40, n) so that (8) holds and choose 3,. 3.,
5,0 such that a0, 0) 1< 8, |0 0) (< ds Ly (0,0} |< 85
we claim that (12} bolds, then otherwise there exists a scquence {f}
fy=xy=v, fa—=o such thal

i, 1) 20 a3 12 ge Ll v) 129, 12ty hye 2 12=0.
This 1ogcther with (10), (13) will ostablish the validity of (12
pletes the proof of the theorem.

Theorem 4. Let the hypotheses (I1), (I, () and (H:) hold. Then
ihe bonndedness of solutions of (3). (1) fmplics the boundedncss of solutions
of (1), (2)-

Proof. Lot My, Mo, Al and v, 4z
of (3). {4) is bounded. Then for &y (). b.(A]2)

(M) Hx ) €0 {3L), g, 00 <ba{M). = R EPRY. E2%

). Thix com-

.0 be given. Assume that the solution
, bolMy) and for x a2

Now from the hypethesis (H.) and Theorem 2 we have
bo() o (5. 2) ¥ (x von(y Dy, vigh, (M)
bal| v, ¥) Y Dy(x, v u{x NSy (v, )< by (B)
XTI SRS JES 21 S G PR p(v, V)l Vighy (AL
From the definition of &, we get
U UREEIRY: Nt (b (ML pulx, vy €M

Similarly we can prove
(v v 1€ML and Dy (x.v) | €M, for x, 20

Henee the proof of the theorem.
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INISTENCE THEOREMS FOR NONLINEAR INTEGRO-
DIFFERENTIAL SYSTEMS WITH UPPER AND LOWER
SOLUTIONS

BY

B G. PACHIATTE

| Introduction. In this paper we study the existence of solutions
of the nonlinear intcgrodifferential system of the form

(1 v (1) —F(l, x(f), (_f kit s, 3‘(3)](1‘5), H{0)=xq,

provided we know the existence of a lower solution » and upper solution
. of (1) with v<w in I=[0, T], where T >0 is finitc but can be arbitrarily
large. Here xeC[I, K], keClU xI xR, K], FeCll <R <R, K] and R
denote the r-dimensional Euclidean space. The problem (1} includes as
special cases the initial value problems for ordinary differential equations
and various types of nonlincar integrodiffercntial cquations studied by
many authors in the literature, sec [8, 10, 15] and the references given
therein. For cquations of the form (1) some interesting results of the type
which we consider here have been obtained by V.S, Ruc hinskii 113,
147 by using Chaplygin's method [7]. The results presented in this
paper are derived in a rather simple unificd way, which makes further
applications to more general boundary value problems casier. The main
tool emploved in our analysis is based on the monotonc iterative method
and the notion of upper and lower solutions. Besides their theoretical value,
the inclusion statements established in this paper can be applied to obtain
numerical crror bounds for approximate solutions.

2. Main Results. In this section, we establish our main results on the
existence of maximal and minimal solutions of (1) by using the monotone
iterative method which in turn vields the upper and lower Lounds on the
exact solution of the equation (1). Throughout this paper. without further
mention, we assume that all incqualitics between vectors arc component-
wise,

; Definition 1. The function WeCV I, R 15 callcd an wpper solution
of {1) if

2) o'(0) ;1:( £y, TR s, 0s)] ds), (0) 3 %o

Stmilarly, a function veCI, R'] is called a lower solution of (1} 1f



