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EXISTENCE THEOREMS FOR NONLINEAR INTEGRO-
DIFFERENTIAL SYSTEMS WITH UPPER AND LOWER
SOLUTIONS

BY

K. G. PACHPATIE

{. Introduction. In this paper we study the cxistence of solutions
of the nonlinear integrodifferential system of the form

1
(1) Ay F( 4oy, TR s, .\'(s)]d's). A0 =y,
)

provided we know the existence of a lower solution » and upper solution
w of (1) with vgw in I=10, 71, where T >0 is finite but can be arbitrarnily
large. Here x=ClL, K], ke ClL T xR, R, FeCl xR <K, K] and R
denote the r-dimensional Euclidean space. The problem (1} includes as
special cases the initial value problems for ordinary differential equations
and various types of nonlincar integrodiffercntial cquations studied by
many authors in the literature, scc [8, 10, 151 and the references given
therein. For equations of the form (1) some interesting results of the type
which we consider here have been obtained by V.S, Ruc hinskii (13,
147 by using Chaplyvgin's method [71. The results presented in this
paper are derived in a rather simple unificd way, which makes further
applications to more general boundary value problems casier. The main
tool rmploved in our analysis is based on the monotone iterative method
and the notion of upper and lower solutions. Besides their theoretical value,
the inclusion statements cstablished in this paper can be applied to obtain
numerical crror bounds for approximate solutions.

2. Main Results. In this section, we cstablish our main results on the
existence of maximal and minimal solutions of (1) by using the monotone
iterative method which in turn viclds the upper and lower Lounds on the
exact solution of the equation (). Throughout this paper, without further
mention, we assume that all incqualitics between vectors arc component-
wise,

Definition 1. The funciion WeCV I, R 1s called an wpper solution

of (1) 1f ‘
(2) :,-'(1)_>,F(t. w(f), BTt s, iefs)] ds), (0) > Xe.

Stmilarly, a function veCMI, R7] is called o lower solution of (1} 1f
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vy < [ ( Z v(t),l?f ki, s, :'(.\')}ds), #(0) £ x,.

Definition 2. 7 L o . .
nd n ho\n 2. I{i lunctions « and B, 5€CHL, R are called minimal
1 f:tu.\..'fml_50!:1{10”5 of (1) respectivel v if cvery other solution x VI, k)
of (1} salisfics the relation =Y < x{O) < B(1) for 1.
?‘]\’ic)llst fer convenience the following assumptions :
1,) the functions o, w e (1, R it i i
(1, flons o, w € R with e won T are lower ¢
selutions of (1) ; h ot
{(Hz} for cach /. k17, s 1] is monotone nondecreasing in a for fixed ¢
and s, {;nd f1-,-(:‘. x, 1) is monotone nondecreasing in u for fixed £ and x :
1.} fer cach 1, £ I {1 : = o
- /(-<"~). { [f (‘ ch ; 1.,(1’,‘ XL) J.;(i. Vo) 2 - M{x,—X) whenever () <
svgagw(fy for f=1, where M 20 is a consiant.
Forany =7, R such the % i
- any -, L7, such that ¢ < 4 <w on 7, consider the following
Inear svstem B

{3) Nl I~‘.~(f,-r,(i), (_f kit.s, 'r](.‘.)'ds)—J[(_\',-(/)——.g,.(f)), xi{0) =i,

\}'hmh possesses a unique solution v defined on 7. For cach we €V, R
such that v <7 < on 7, define the mapping 4 by 44n=x, where 1 is the
;]}Ilfl(;l]%! solut;on of (3). This mapping will be used to define the sequences
lat n\({_m'crgc to the minimal and maximal solutions of (1).
e next state and prove the [ollowing ! ‘hi i
: ‘ owing lemma which forms the ;
of our main results. ) ‘ b gt
Lemma 1. Jsswme that the hyvpotheses (H)—(H,) hold. Then
(}) vy, wzdw on I
(1) A 4s monotone operaior on the segment

vow = {veR ey s agw(l), tell
Proof. "To prove (i}, sct de=ux, where v is the unique solution of {3)

corresponding to . Settine () = . (1) —¢ s . P o
Sie P\_u o band Setting &1} = xi{() —v,{1), we have D,(0) = 1:(0) —,(0) >

bty = ]:,—(1, v(f}, {f kit. s, U(s)]ds)h—ﬂl(.\',-({)—vl(f))

— I (fw (), § ki, s, 2(s)] ds) = — M),
i

::Ez(]']hu]gmlics (i;,-(/)éfjl, i%c. vi(f) zedd) and hence o) < x{8) for tel. Thus
> have proved v gAe for F=/7. Similar arg show 2w
IR < r argument shows that w2 Aw for
To prove (i), let I, v C/ 7. R ; (v, w]
L . o LR, be such that 2, v e [z, w] and
U< 7. Suppose thal y=AY and v— J¢. Then setting (Di(f)=.v:({)— \';(;), we
: i

51—

have (D;([)\ :.\';(O)-—_\-f_(())=_\—n___\-"L__0 and (I)E(I) =1, (/‘ :([) i kL s, Z(H 1‘d)
0 ) h

i

— M (A~ ) =, (r, W) 1L s, -f,(s)]ds) F M) — (D)) -

3 NONLINEAR INTEGRODIFFERENTIAL SYSTEMS 41y

= F At T, (-!f k(£,s, a(s)]ds | — M (xlt) A —Fi(t, 'r,w(l),ﬁf‘ kit s, Tj(s)]dS)-I-

A M) — () £ M) =T — M{xi() — 2O} + M ft) — (D)=~ M@

which implics v {f} <) i.c. x(f) =¥ for tef. Tt therefore follows that
the mapping ~1 is monotone on the segment (v, @ . This completes the proof
of the lemma.

In view of Lemma !, we can define the sequences v, =A v,y wy=lw,_,,
with vo=2 and w,—w. It is easy to observe that the sequences f{v,} and
{&,} arc monotone nondecreasing, nonincreasing respectively, and v <o, €
<iw,<w on I. Furthermore, using standard arguments {(sce, {17, [6])
it follows that these sequences converge uniformly and monotonically to
solutions « and & of (1).

Lct v be any solution of (1) such that x<{v, w . Then, by the induc-
tion argument, it is casily scen that v <w, and x>, for every n=0, 1,2,..
Hence, we have o < x < f. This shows that 8 is a maximal solution and «
is a minimal solution of (1) on /. The above observation leads to the follo-
wing :

Theorem 1. Assume that the hypotheses (H))—(Hs) hold. Then the
sequence {w,} converges uniformly from above fo a maximal solution B of (1)
while the sequence §v,} converges uniformly from below o a minimal solulion
« of (1). Furthermore, if x is any solution of (1) such that x<[v, w], then

(4} ISUS .S S . oA BL.. LWL S, S0,

onl.

We note that, if the solutions of (1) are unique, then the assumptions
of Theorem 1 imply that a(f}= x{f) = p(?) for € 1. In this case, the itcration
scheme (4) has the advantage that {v,} and {w,} converge to x on I and
v,< x<w, That is an approximate solution can be constructed to any
degree of accuracy by making lv,—w,| sufficiently small.

3. Application to Boundary Value Problem. Recently, in [11], J.
Morchalo has studied the existence and uniqueness of solutions of the
boundary value problem (/51" F for short)

(5) .-v“(t)—-F(r. $(0). § kL., y(snds)).

with the given boundary conditions
(6) »(0) =y(b) =0.

In {117 the results arc obtained by using the general idea of Chaplygin

|71 which vicld the lower and upper bounds on the solutions of (3)—(6).
In this secfion we apply the monotonc method developed in Scction 2 tg
more general boundary velue problemn associated with the systems of inte-
grodificrential cquations of the form

i !
(n =[(£. PO O A O JU 'ds), 3k g(!, x,oa, v, [ Al s, y]ds).
0 0
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with the given boundary conditions

i8) May=2x,, y(b)=yr,,

where b, heC ([ ] x R <R, K], fLegeC[Jx R« R~ R, R, J=ia,b]
.1;1(] ;\,f.:md v, are given vectors. In [2—35, 12, 16] the authors ha'v;: ‘;tfld'icd
the existence and untquencss of the solutions of (7) when kb —0 sa‘;iaf\'ing

el t(.”“ I)Ollllddl\ { Ondltl(]n;} I)\ sy arious t( { ll][l(l‘l °s. [ l Y
\ Va L
. o (B3 I hL B p(:(.lal

Bamf (1, 2, 30, [ R0, 55 0308 )=, vt et v a0 A 1
f( \ __1,6| R s, ,x,_\]ds)—_\, V=g (!, SR s, v, _ds),
the BVE (7)—(8) reduces to the following boundary value problem
i
(9) X =g (!, AL TR s, X .\"1(15).
] ]

with houndary conditions

{10} ay=x,, '{H=y,,

T\'hiCh‘ in turn is a further genceralization of the BV (5)— (6) and contains

as tdl fp}fgclal case, the boundary value problems studied by many authors

in lt_I) ;:ccraturc when £=0 (sce, {47 and the references given thérein)
efinition 3. d pair of functions (v, W), v, we C1| ) ds calle

upper solution of 1V D (1)—(8) if {v.w). v, weC[J, R'] is called an

5 (f. .5, § bl . B,Fcl]ds). Ba)> x,.

ngg(!.%, 0. )l R, s, B,z‘ﬁ]dq), w(a}< v,
{ - *

aund similuriv o pair of functions (v, W), ¢, We 1 i e
solution of B1D (7)—{34 if (v.%), v, ®=CV[J, R] is called o lower

f
r
e e e, [ R e . .
B \f( . ,l_! ]\!, S, 0, (IS). 1({!)..{_,1“.

i
wze (.’, doiw, § R s E u"ds), w(h)2 v,
£ -

Definition 4. The pairs of functions {(«, 8) % B

i . ffu CBY and (x. B > called minimal
q;..'d nya ximal .:‘ol-u!zons of BI'P (7) — (8) rcspir{r'm‘i \'(, ! th)'v(:‘ﬁ'“:){ll;ti ’g;;:::?oal
(v.vyof BU'D (7)—(8) satis[ics the relation S ' !

2(()< x(< a(l). 8()< v(1) < B(0),
fordllie].

We consider the BVE (7)—(8) under the following hypotheses :

NONILINEAR INTEGRODIFFERENTIAL SYSTEMS 1

(G,) the functions w=(z,w), u=(v,w0), v. @ o, we O[] R wih
() <u(t) for te] are lower and upper solutions of BVP (7) (8);

(Gy) for each 4. kL, s, v, v] and At s, ¥, v arc monotonc nondecrea-
<ing in & and y for fixed ¢ and s, fi{f, ¥, v.2) is monotonc nondecreasing
in v and z for fixed ! and x, g;{/, x. ¥, 2) 15 monotone decreasing 1n v and 2

for fixed 7 and v _
(Gy) for cach LSkt vy =Sy V2 — M(y;~X,;), whenever iy <

=
<3<, () for (=] and gt v v sy =gl v, ¥, 2)< —M(y;—F), whenever
ey T v<w() for (=], where M=0 1s a constant. B _
For any !.L=(?;,T,), £, qeC[/. R such that # <p < on J, consider
the following lncar system

\i =_}r; (l’, :, h- 'i Jr"[f, 5, a. 'f;]d.q)—- 1[(\, E[), _\,';(aj =y,

(1)
r(r :

which possess a unigue solution n=(x, v) defined on J. For cach p={&. %),
Z.ogeC[], R such that u (g u(fysull) for t= J, define the mapping B
Iy Bp=n. where w={x, ) is the unique solution of (11).

The following result concerning the mapping B holds. _

Lemma 2. Assume thal the hypolheses (G)—(Gy) hold. Then

() n< Bu. uz Bu:

(ii) B is monolone operalor o the segmoent

G w)={i=(5, 22). 5 2 € R u()<ognl), te Jh

3
3
o=
—
—
2
RS

h 'ﬁ]ds) SM{vi—e) iy =,

The details of the proof of this lemma follow by an argument similar

{o that given in Lemma 1 with suitable modifications (sce, also [9, 12 ).

We do not discuss it here. .

In view of l.emma 2, we can define the sequences iy Bu, .ty

Bit, ,, where 1, =(2,, ), #a= (Vn, w,) with trg=ut. and w,—u. Then by

following the same argument as in section 2, it is casy to cstablish the follo-
wing theorem.

Theorem 2. Lcf the assumptions (G) —(G,) hold. Then the scquence
{(0,. w,)} converges wni formiy from above lo a maximal solution (, 8) of BVP
(7) = (8) while the sequence {len. wa)} converges wniformly from below o a
minimal solution (x. 8} of BVP (1) —(8). Furthermore, if (x, v) 1s any solulion
of BY'P (7)—(8) such that y< y<D, wgysw, then

VLY, €. SUE K 2 VLR E LTy ST, ST,

W, S € BE VS B S, L. S WS W,

e J .
\We note that the maximal and minimal solutions obtained in Iheorem
if the functions involvedin {7)

2 are not necessarily the same. However, 1
satisfy uniqueness conditions, then we obtain ()= u(fy=ult) for t< J-
For the uniqueness result of this tvpe, we refer the interested readers 1o

our recent paper |9, Theorem 21
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In our opinion. the main advantages of the approach presented in
this paper is that our results vield the inclusion and existence statements
for the sotutions of cquation (1) and BVP (7)-(8) at the same time. Al
thongth the results of this paper have a superficial similarity with the papers
of Ruchinskii 13, 14 and Morchalo 117t is vasilv scen that
the asscrtions and the proofs of the results cstablished in this paper are
decidedly distinet from  those of [I1, 13, 147
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AN EQUIVARIANT SHAPE THEORY
BY

1. ror

0. Introduction. Shape theory was first introduced ]by “‘1\%:-—::1
Bors u k. 721, for compact metric spaces. The notlorf 'o_f ?1 ]i‘lpg p i
extended ta the ¢ ompact Ha“,SdO]fI“ slpaccf b\ ‘SS ltli a[r] él]c 2;5 Ezén B mgtric

187, 1197, and also by W. olsztyn , SOttt
paces . ' g (11 In 1972 S. Marde

aces by K. Borsuk {3]and R. Fox {1 972 lare :

:?tfi’bliehcd shape theory for arbitrary topological spaces (20}, IlnctI 1\11-1-1'119‘Zd
K “Morita proved in [23] that the notion O‘\fl shape tlnap 1cjan .‘i tlcff,:t o
ing (R c syste K. Morita also showed the
sing ANR's inverse homotopy systems. al o that,
ELI;: flxomol:)gv and cohomology constructed by normal open coverings of
. lorrical spaces arc shape invariants. o
o (—ltn 19“}{)} F.\W. Bauer [t] defined shape theory for an a1b1t;)¢r}f
ategory K of topological spaces with respect to a fine suhcgtcg;ory _ c‘;{
(Liw ?:'1tbgorv K. as the study of thosc invariants of a topologica bpi(flcthe
in I\'(which' are determined by the maps from X to the fine spaces
8 '! ategorv ‘}). ) I ) - ' )
o gggmll.t}\' we showed [26], [27] and [28], [29] that sh.-}.)‘c nt?]e.?r} “:(:‘1511
al<o be extended to other categorics by constructing, follox\mlb” e n1 X
Z)f \lardesic-Morita, a shape theory for Beolean closure algebras and T
wpaces with two topologics. . _

. ﬁIn 1979 Yu. M. Smirnov proved [30] the possibility of the c}c&n{s}{
truction of a shape theory in the sensc of K. Borlsyk for aiat;]lgccl)r};_com_
Gospaees in the following situations @ 1) G is local y compact ;n | oeom,
)u,1 Cand K is the category of metrizable G-spaces ; 2) G is compact, ¢
I L, d H . )

" is the category of compact G-spaces. o ]
he 1LInc i'LhisLL;)a}ier wi :‘ois?:'uct an equivariant shap(i theory for the cate
sorv of arbitrary G-spaces, the group G being assumed f}nlte;r_ o
C We  will know afterwards that the transformation D1({g]p3nd ors
includes a series of aspects. In this order G. Bredon D]"va ] ar do
Broker [7] have constructed for dlscrct.? grOLtll)SJIth(’:t}?iqil;er Eof homo-

1 T 1 .V A } .2 t ]1 S i ‘

looyv and cohomology with preseribed  coctficients. this case
onfh'rliz(l‘]r(ctc m'uups;ﬁ3 the Cech cohomologry hased on invartant cov ;1 1(1‘152:21
was glc\-clop?;d (sec [4, p. 1351). Sdren Ilimann [14}i ‘11:15 ;;)1: |r !
the cquivariant singular homology and cohomolo‘gy"xn(_t]u}:‘3 Sl(‘ C"I:lll 15}
Steenrod axiomatical sense. I. M. James c\ 11\. By ;;L'h‘(: th}‘or}:
M6, T. Matumoto (221, G- Bredon [5]have deveiop
of the e¢quivariant homotopy.



