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. HYPERHARMONIC CONES AND CONES OF HYPERHARMONICS
BY

SIRKKA-LIISA ERIKSSON

Introduction. E. Popa has defined a cone of hyperharmonics by
using H-integrals ({5], p. 33) and a morphism of H-cones ([53], p. 57). A
hyperharmonic cone has been introduced in {4}, p. 9, and a hyperharmonic
morphism in [4], p. 38. The main result in this paper is that any cone of
hyperharmonics is a hyperharmonic cone and any morphism of H-cones
i« 3 hyperharmonic morphism.

1. Preliminaries. We recall the definition of a hyperharmonic cone
(4. p. 9) and a hyperharmonic morphism ({4], p. 38).

Definition 1.1, An ordercd convex cone (W, +, <) s called a hyper-
harmonic cone if the following axioms hold :

(H)) for any non-empty upper directed family FCW there exisis the
least uppcr bound Y F salisfying

V{x+F)=x+VF
for all x=W,
{Hy) for any non-empty family FCW there exisis the greatest lower
bound * F salisfying
A{x+F)=x+ AF
for all xeW,
(Hy) for all u, vy, v, =W such that ugv, v, there exist elemenis u,,
u s W sadisfving wu,€0,, w80, and #=1ty > 1,.
Definition 2.1 Lot V and W be hyperharmonic cones, A mapping
g Ve W s called continuous in order from below if for any non-emptly upper
directed family FCV,

eV F)= o\é},fp(ﬁ)-

A mapping 5 V1V is called a Ahvperharmonic morphism if ¢ is additive
and continuous in order from below.

For other notations and concepts not defined or cxplained in this
text we refer to {4]. We also assume that the reader is familiar with the
theory of H-cones, see e.g. {2], and especially the vector lattice properties
ca»f1 H-cones (scc 2], p. 39--40). We also apply the algebraic potential theory

In this paper, we {requently use the following notations :

AAB={apdlacA, beB}, AvB={avblacd, beB},
{a} AB=aAB, {a}v B=aVv B.
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2. Hyperharmonic cones and cones of hyperharmonics. We first prove
(Proposition 2.2} that every fI-cone S can be extended to a hyperharmonic
cone W satisfving the axiom (H,) (sce [4], p. 51)-

(H,) for any non-cmpty, uppcr divected family FCW and any x €1V,
V{EAF)=x A (VEF).

\We remind that Hecones satisfy (H,) for all non-empty upper dircc-
ted and bounded families {{2], (¢) p. 40). In the proof of Proposition 2.2
we usc some idcas applied catlier by Donner ([3], p. 6--10). Since H-
cones are not distributive and the substraction is not generally defined,
the result and the proof of Donner ([3], 1.4 Theorem) arc not directly
applicable.

Lemma 2.1. Let S be an H-cone. If FCS and GCS arc_non-empty
upper directed familics and s€S, then

A (S N\ F) = (‘\ I G)
if and only if
J(SAEHEN SV (SA (TG
for ali t=S.
Droof. Suppose ihat
VEAFIE vV (sAG). :

Let £ belong to S. Using the Riesz decomposition property in S, we casily get
() Aw=(@pAwtoA) Aw for all #, », weS. Since S is and H-cone,
we obtain _

V{SAEF) =V (A ALEs AF))=sA (Y (sAtFsAF))=sA(sAt~+

+VSVENESAAIF V(s ) =sA(V(sitt+sAG))=V (s ({+G))

for all £=8S. _
Proposition 2.2. Every H-cone S can be extended to a hyperharmonic
cone W satisfving (H,) such that S is solid in order and dense in order in 1V,
Moveaver, this extension 1s uniqus up to an isomorphisnt. '
Proof. Let S be an H-cone and denote the family of all non-empty
upper directed subscts of S by Q. Defince the relation ~ on Q by setting

FrGai{V{sAF)=V(sAG) for all se5}. .
Clearly this is an equivalence relation. Denote the equivalence classes re-
lative to ~ by [F], FeQ, and further [F]={F]iF €5 CQ}. If seS, we
dencte [{s}]==[s]. We define the addition and the multiplication with strict-
ly positive rcal numbers by

(F]+[Ci=[F 4-G), F, G €0, a[F]=[aF], x s IR\ {0}, F =Q.

Plainly, the multiplication with strictly positive real numbers is well de-
fined. We also sce using Lemma 2.1 that the addition is well defined.
Woe define a partial ordering € in [Q] by

[FISIGT if V(SAF)SV(SAG) for all s=5.
Assumc F, G €Q be such that [F1€{G]. Let A €Q. By Lemma 2.1, we get
V{sA(@+-FNEV(sA(at+G))
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for all @ € A. Therefore we obtain VsA (A+F)SV (sA(4 +G)), which means

that
(A} [F]=[A+F)€[A+G]=[4]+[G].

The remaining properties to show that ([Q}, +, ) is an ordered convex

rone are trivial.
To prove {[Q], +, §)isa hyperharmonic cone, we need the following

results :

z.1) s€tes[s)€¢] for all 5, €5,

(2.2) . - Fi= s\e/l‘_{s] for all F €0,

(2.3) [F]v [G]=[FVG] for all F, G=Q,
(2.4) ' [F1A [G}={F AG] for all F, G=0Q.

The equivalence in {2.1) is trivial. To prove (2.2), let F Q. Plainly, we
have [F]z[s] for all seF. Suppose G &0 to be such that [G]z[s] for all
seF. Thismeans V (wAG) 2 wAs for all se F, which implies A(wAG) 2
z Jp(w A s). Hence (F]=V (er[s].
s€F

To prove (2.3), we need to show that [sVe]=[s]V[f] for alls, t=5.
From this we get easily {2.3) by (2.2). Plainly, sviejzisland [s At]Z[¢].
Let F={ be a non-empty upper directed family such that [F]Z[s] and
[F1z(¢]- Then

v{iwAaF)zuwAs, V@AF)ZwAL

for all weS. Setting w=s V!, we obtain V ((sV#} AF)Zs Af Since the con-
verse is trivial, we have V((sV#)AF)=sV¢ From this it follows

V(wAF)ZEVOAV(@AF)=wA V{SV)AF)=(sAt)Aw

for all we S, which implies {F]2 sV ¢]. Therefore {s]V [f]=[sV].

To prove (2.4), let F, G <Q. Trivially, [F] 2 [FAG] and [G]Z[F AG].
Suppose A €Q to be such that [A]€{F] and [4]§ [G]. This means V(s A A)})§
SV(AF), VEAA)SV(sAG), for all s e S, Therefore we have

V(SAAS(VAF)A(V(SAG)=V(sAFV V(sAG)=V (sAF AG),

and thus [A])€{F AG]. Therefore (2.4) holds.

) To prove that ([Q}, +, ) is a hyperharmonic cone, we use [4],
Theorem 2.3. To show (H,), let ([Ga])aer be a non-empty upper directed
family in [Q]. Denote

{2.5) G=UGsy V ... V Gg,.
sl

Then G is upper directed and hence G €Q. By induction and (2.3), we obtain
(2.6) [Ga, V ... VG, ]=[Gs ]V ... V[Gq,]
for all neN, «;«1, i=1,.,n. Plainly, {G]2[Gs] for all ««l. Suppose
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FeQ to be such that [F 2[G, forallx=l. Then [FiZ(Gay. * .. A Ga,.
for all neN, a,e1, i=1, ..., n, which implies [Fjz[G] by (2.6). Hence

Gl= VvV G0
2-7) ] er
Let a<S and assume 2, $=/. Then there exists v =] such that [G,12{G,.
and [G,] 2 [Gg). By (2. 3), we get [G,12[GalV [Gal=={Gs v Gg . Therefore

VG, +aiz G, aiz (G, Gy-al.
x€l '

By induction, we obtain V G,--aiz{G--a =G+ a . Since the converse
is trivial, we have %€l

[a]+\ [Gyi=1a’

By
_[_
3]
f

M <
o
"

-
kS
I
<
[*a}
]
{
Y

Let 4 Q. Then we have V ([G.]+

[N

agl
From this it follows by (2.1)
V([Gal+[A) 2 V (V([fi+1a) 2 ¥ (2+C)= / [a=Gi=IAi~G
€l a g

fe(, ) ecd FY-¥]
zel

AN fl-+[a]for all feG,, ael, ae 4.

Since the converse is trivial, -/ is translation-invariant in (.

Let ({(Gal)aer Dbe an arbltrary family in [Q]. The set of lower bounds
of ([Gellaer is plainly non-empty and upper directed by (2.3). Hence
Ager[Ga] exists. To show that "0} is a hyperharmonic structure, we first
prove that the set

Ve {iX] e Q)] [FIS{4]+iX ]}
has the least element for all F, A €£). Let F, 4 0. Then
[[ISIFIS[A]+(X]={4 +X]
for all [X]=V and all feF. This means that
whf€ V(e (A+X)
for all we S and all feF. Setting w:f, we get for any feF
FE VA ALY SV(fAA)+ 7 (fAX)

which implies S,y nf < V(f ~ X) for all feF. Thereforew ASyy.afSw/

VIFAX) =V (e frX)s vieaX) for '111 w=Sand feF. Hence (X 2
> [Sainar f1 for all feF. The family M={S. 4.0 /1 fSF} is upper direcied.
Indecd suppose fi, f:=F and let geF bc such that gz h g2/ Since
gs SmM]g—i—V(g/\A) and (#-+v)As§unsteAs for all &, 9, seS by
(H3), we get

Ji=f NS fin(Svpuagt v (8A 4))1% viea s i k(0 (g7 A))=
~Sygongr V(AL A)=Suinagt (7 A)
for alli==1, 2. Hence Sv a2 S,y . fs for i=1, 2 and therefore the family
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i[ is upper directed. By (2.2}, we get "Xz M for ali (X =1" Since fg
S paf AL A )f()rallfeE[- we have f< M4 foralleFb\ {2.1)
,md (2 2). Hence [Fig M+ 4 which means that | M &1 Now we have
proved Prez "M

To show finallv that M - F: we have 1o prove thL translation
invariance of A. Suppose that “F is a lower bound of { s, « 47 ).cs. Then
Fi€.G, +1A47 for all wel. This implies ', 2 (M7 for all =/ and further
Mg 0 Galo Therefore we obtain

LY -¥

Feg A Msi e G,
ted

e

since M eV Moreover., ' - A 6,7 is clearly a lower bound of (G, —

1el
= 4 )aer. Thus /- is translation-invariant in Q.

Now we continue the prootf of {(Mi< F7. Since S is a mixed lattice
semigroup by ({47 Theorem 3.14), we remind that S;r--QLu—u for all
u, ves (11, (17.26)). Denote for f=f

‘-"f -[-!.I (ea h 1
‘eF
Then we get 'S, ;. f — ,L:\j 0 4,/.";-\_ ih'=F ,for all f=F. Therefore
MooV ouw, g 0F.L sinee '
' fet )
ty follows from the mnequality

ML 0 ohs 2 S il [0vm kb thls [ S a0, o a k1 2 [f1

for all Az f by taking. first the infimum /. and then the supremum . Con-
sequently, we have M- sgpTiw,l==(F which means M7 < 'F’. Hence
€} is a hyperharmonic cone.

To show (H,). let { (i, 1,e; be a non-empty upper directed family
in [Q1 and let [F helong 1o 3, Denote & as hefore in (2.5} We have to
show that

18 tra ns}atlon invariant. The converse inequali

G FisiGI ) iF= . {153 0 iF )= . F
r €1 1e ) =
by (2.4). Let g, =G, and ¢, &G; for x. 2=] Then therc exists v =/ such
that [G, ]2 G.12¢,] and ¥, 2'G. 2 g, From (1.3} we obtain (G. 2
2 g, Vgs . Using (2.4). we further get

PG AFIR G, F13 e v os) i F
i ; 1 8
By induction and (2.2). we obtain _.er 6, 2 F 2 C
1s trivial, {H,) holds in Q.

Suppose [F€[s] for F=Q and s=5, Then (i - g« " s€s forall
<5 which implics

' F7. Since the converse

N [‘.i —— g fig [ Il ,.'.; L F.I.

for a_ll w =S This means that £ — (s 1) . Consequently the set '8
is solid in order. By (2.2}, it is also dense in order in 0.
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To prove uniquencss, we iy identify {s] by s and denote =11,
Then S is dense in order in 3. Let T be another hyperharmonic cone
satisfving (/1) such that 515 solid and dense in order in B, Define a map-
ping o =17 by

ey b3
=x
>
since 1715 a hyperharmonic cone,
s.= 11" such that s==5,}-$, 5§,

where is taken in I¥. Let x, y =117
for any sgY--Y, s= 5, there exist sy,

s;€ v, Since S s solid in B, we got s, €8 and s, 5. From this it follows
oy 4-3)e= M s 5 sen(xy -2 ()
=) =X sEY
SED sE €S

Hence o is additive. Plainly, o is increasing. Assuiie of{x)ge(y) for v, ¥ €
1. Then s€yv for all se§ with s§x. Since sg . fteStgy) forall se8
with s€x, by (H) we get s="/{{As (g, teS)for all s&S with sgx. Fur-

g Bl

ther, S is dense in order in 17 and therefore x= . {s=Ssgyj=" {t/ sig
=3

5
£v, {5} where is taken in 17 Hence v€+. This proves that 5 is an
iscomorphism from 7 to .
Propesition 2.3. [.et C be an H-caite. Denote by CO the set af maps o C—
TR such thal
s(s)==sup u.ls). for all seC,
ied
for some upper divected Fantilv i), er of H-vindcgrals i CI737, Defintion 1.1)
Then €008 a byvperkarmenic cone

Proof. By Proposition 2.2, an i{-cone € can be extended to a hyper-
harmonic cone W satisfving (H,) such shat C is solid and dense in order in 1.
The set. Hom (117, iR+4) is a hyperharmonic cone by (47, Corollary 6.16. Furt-
hermore, cvery ue(? can be extended o a hvperharmonic morphism from
W to TR- by (47, Theorem 6.20 and every f-integral u C-+TR 4 can be cx-
tended to a cancellable hyperharmonic no: phism frem W to TR by [47,
Theorem 0.24.

We use [4, Theorem 2.3, 10 prove that * 15 a hvperharmonic cone.

To show (f,), let (#)ier be @ non-cinpty upper direcied family
in C*. Then ' iert;i=supge: g5 bV 3], Proposition 1.2, Plainly supser 4
is translation-invariant in C°.

Let (wq).es be a non-empty family in C® By [3], Proposition 1.2,
*yen cxists in o, To prove that Co is a hyperharmonic structure, let g=
cstpier @ and L= sup, ey, for non-cinpty upper dirccted families of H-
integrals {o¢,er and ($i)ser.
respectively, to cancellable hyperharmonic morphisms [rom W to Xy (4],
Theorem 6.24). YVurther denote ¢ = suprer o} and U =sup,eY;. Since (pi)eer
and () ,es are upper dirccted, 0" and ¢ are hyperharmonic norphisms
such that o (C=% and 3"|C=% ([4], Theorem 6.13). By [4]. Theorem 6.15
and Lemma 3.21 ¢), we have S = sup;erSygi. Since Segs € o and ¢ 1s
cancellable, S..¢; is cancellable in Hom (17", IR4) for all 1 &/, Therefore

Denote ) and 4 the extensions of @ and ¢y,
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S.epi C s an H mtegral for all il by (4. Theorem 6.24. which implies
that Sy |C belongs to €0 If w=C* and ¢u i v then the extension u*
of » to a hyperharmonic morphism from 11 to BR .+ satisfics wige Ry since O
i« «dense in order in 1 Thus we have #'2S5,.4" and therefore w=1"Cx
S, 1Co This completes the proof of S,p— S.." (. Finally, we have to
prove that Sewe m. Since Hom (17, HR.}is a hvperharmonic structure by
4], Theorem 2.3, we have Spemit0Opemi=op. for all 1= /. Tet us denote
= A ym=iQuerr Since {S.epi i s/} is upper directed by (47 Lemma 3.2 {),

we  have
WtV Soomr=iti4- ¥ Seepe= V (Syeptin) &
kel AN =
V (Seepr i-Opemd= ¥V o= =R
k2 ki sl

for all 1=/, T'rom this we get
(2.8) VitV SLmso
el gl '
since
o € mae Doemn - Sovm € O

Ly

VoS,
=}
for all Azr k iel and A ds translation-invariant. we obtain oigw -
L =g Seemn for all 1210 The converse inequality to (2.8) follows from this.
Further, €0 %€ and thercfore @ is cancellable for all i =7, SNince
{ serity) C==sup;e;(iry C). the element (Vv gerit) 1€ belongs to Cooand
(% w)C4 Sem—.
£
This means S.p <7 This proves that € is a hyperharwomce structure. By
"47, Theorem 2.3, the proof is complete.
Theorem 2.4. Let ¢ be an H-conc and C° the sct of H-iategrals on C.
The cone of hyperharmonics C= (N defined by Popa (131, p. 51} is a hy-
perharmontic cone. Moreoner an) maorphism of H-concs defined by Popa 75,
Defrnition 2.1, s a hyperharmonic miorphism i
Proof. By 2], Theorem 2.2.6, 7 is an H-cone. Hence (€737 1s a hyvper-
harmonic cone by Proposition 2.3. Using this we immediately get the re-
maining assertion,
Remark. All hyperharmonic cones are not isomorphic to the cone of

hyperharmonics, since the sct of cancellable clements is not alwavs dense
in order {{4], Example 3.12).
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LOCALLY H-CLOSED SPACES
BY
IULIAN HAIMOVICI

We characterize LHC spaces, study scme of their properties and
focus on a special class of LHC spaces, the Hausdorff spaces for which
any H-closed extension is obtained by adding only a finite set of points. We
also establish a theorem for the identification of the LHC extensions of a
Hausdorff space.

LHC spaces were studied by Obreanu 76}, C.T. Liu 4, Porter
'8, 9}, Blaszeczyk /1] and Ovsepjan {7}

As in {3], we denote by X a Hausdorff space, bv Sp(X) the set of
filters on X, by & the set of filters on X with an open base and no cluster
points, by XV the set of the maximal elements of & and by #(x) the neigh-
bourhood filter of x €X, 0, denotes the topology of Sp(X) generated by
the sets O(d)={F =Sp(X): 4 =F, A open subset of X} and O, the topology
generated by the sets {{(A) : A open subset of X} und {{AW{F}: A4 open
subset of X and A scz}. The same notations will be used for the topology
induced on different subspaces of Sp(X). If ACX, then cd denotes X\ 4,

We shall use extensively the following thcorem, proved in [37:

Theorem 1. Y 45 an H-closed extension of X ¢ff it is homeomorphic to
a subspuce @ of Sp(X) suchthat: i(X) < &, T\ I(X) D, any maximal element
of X has exactly onesubfilter in U, and thetopology of 7T is hetween O, and 0,.
) § 1. Characterizations of LHC spaces. X is locally H-closed (LHC)
U every point has an H-closed neighbourhooa. 1f we requested a fundamental
system of #-closed neighbourhoods, we should obtain only the class of
locally compact spaces, We ugreed that any space denoted by X is Haus-
dorff because there ecxist non-Hausdorff topological spaces in which every
point has an H-closed neighbourhood (and even a fundamental system of
compact neighbourhoods 2, 1, §9, 7)) but such spaces cannot have H-closed
extensions

X is LHC iff esther & has a least element or X Q.

.. X s LHC (ff cither the intersection of all the maximal elements of X
1S in & or X=(F

These characterizations are close to those obtained in 6.

The following result is a corollary to Theorem 1 from ;3] : a2 nowhere
solvable space is LHC iff @ contains the intersection of all the non-con-
vergent ultrafilters with open base.

In [3] we proved that X is not H-closed iff there is at least a cover
of X such that : it has an open subcover, it contains Ay B whenever it con-



